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F Total mass variable (Chap. 8) M/L3, Ibm/ft?
(kg/m?)

F, Total mass of component m M/L3, Ibm/ft® (kg/m?)

F, distribution function of saturation fraction

f Generic function

fi Fugacity function of component i M/(Lt?), Ibm/(ft D?)
(ke/(m d?))

fia Fugacity of component i in phase « M/(Lt?), Ibm/(ft-D?)
(kg/(m-d2))

Jm Friction factor dimensionless
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fw  Water cut

o Fractional flow function of phase o
F Right-hand side function
G?  Right-hand side vector

gi Boundary data (i = 1, 2, 3)
g Boundary datum

8u Boundary parameter

gp Boundary parameter

8«; Boundarydata (i =1,2,3)
8a,p Boundary datum
8« Boundary datum

H Reservoir thickness

H,  Enthalpy of a-phase

h Grid step size

h; Grid step size in x;-direction

n Spatial step size

n’ Spatial step size

I Identity tensor

J Diffusion/dispersion

Ji Diffusion/dispersion of component i
J Time interval of interest (0, 7]

J" Subinterval in time (#"~', "]

K;  Domain partition

K,,  Equilibrium K-value of component m
K,  Equilibrium value of component m in phase o
K Empirical or experimental constant

k Permeability tensor

k Permeability

ky  Horizontal permeability

ky  Vertical permeability

k, Effective permeability of phase «

kii Permeability in x;-direction

kij Binary interaction parameter

k.o  Relative permeability of phase «

k.ow Relative permeability of oil-water
kro¢  Relative permeability of oil-gas

ke Value of ko at Sye: krow (Swe)

k Certain average of k

ko,  Thermal conductivity of overburden
k.,  Thermal conductivity of underburden

kr Bulk thermal conductivity

fraction
fraction

L, ft (m)
L?/t?, Btu/lbm (J/kg)
L. ft (m)
L, ft (m)
L, ft (m)
L, ft (m)

M/(L?t), Ibm/(f2D)
kg-mole/(m?>d)

M/L2t, lom/(ft>D)
kg-mole/(m2d)

t, D (d)

t, D (1)

dimensionless
dimensionless
dimensionless
dimensionless

L2, darcy (um?)

L2, darcy (wm?)

L2, darcy (um?)

L2, darcy (um?)

L2, darcy (um?)

L2, darcy (nm?)
dimensionless
dimensionless
dimensionless
dimensionless
dimensionless

L2, darcy (um?)
ML/(Tt), Btu/(ft-D-R)
(J/(m-d-K))

ML/(Tt3), Btu/(ft-D-R)
(J/(m-d-K))

ML/(Tt3), Btu/(ft-D-R)
(J/(m-d-K))
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ks Fluid thermal conductivity ML/(Tt3), Btu/(ft-D-R)
(J/(m-d-K))
ks Solid thermal conductivity ML/(Tt}), Btu/(ft-D-R)
(J/(m-d-K))
L Length of domain €2 in x;-direction (Chap. 5) L, ft (m)
L Mass fraction of oil (Chap. 8) fraction
i Difference operator
L Phenomenological coefficient dimensionless
L Differential operator
M,, Number of perforated zones of vth well dimensionless
m Parameter in tortuosity dimensionless
N, Number of components dimensionless
Ny Number of wells dimensionless
n Parameter in tortuosity dimensionless
n Total number of moles mole
n; Number of moles of component i mole
Nona Number of moles of component i in phase «  mole
Ny Number of moles of phase « mole
P! Approximate pressure M/(Lt?), psi (kPa)
p Pressure M/(Lt?), psi (kPa)
D Averaged pressure M/(Lt?), psi (kPa)
Pa Pressure of phase o M/(Lt?), psi (kPa)
Pb Bubble point pressure M/(Lt?), psi (kPa)
pun  Pressure at 7, M/(Lt?), psi (kPa)
De Capillary pressure M/(Lt?), psi (kPa)
Deb Threshold pressure M/(Lt?), psi (kPa)
Pem Critical pressure of component m M/(Lt?), psi (kPa)
Peow  Capillary pressure p, — py, M/(Lt?), psi (kPa)
Dego  Capillary pressure p, — p, M/(Lt?), psi (kPa)
Di Pressure at node i M/(Lt?), psi (kPa)
pi.jx Pressure at block (i, j, k) M/(Lt?), psi (kPa)
p° Reference pressure M/(Lt?), psi (kPa)
PP Initial pressure M/(Lt?), psi (kPa)
Ds Formation pressure at std M/(Lt?), psi (kPa)
Dsp Specified surface pressure M/(Lt?), psi (kPa)
DPuw Pressure of wellbore M/(Lt?), psi (kPa)
Puwh Pressure of wellhead M/(Lt?), psi (kPa)
i Pressure at 7, M/(Lt?), psi (kPa)
» Initial pressure of phase o M/(Lt?), psi (kPa)
Q.  Heat source rate ML?/t3, Btu/D (J/d)
Q.  Heatloss rate ML2/t3, Btu/D (J/d)
0 Production/injection rate L3/t, RB/D (m3/d)
(oM Source/sink of phase o M/t, RB/D (m’/d)
or Flow rate of component i M/t, RB/D (m3/d)
Qi jx Production/injection rate at (i, j, k) M/t, Ibm/D (kg/d)
Ous  Source/sink rate L3/t, RB/D (m3/d)
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Qi,j,k
Qw,i,j,k
q

qi

.
o

gmax

iy hhth!hh
E'5 R 3§ EF RS

Production/injection rate at (i, j, k)
Water source/sink at (i, j, k)
Source/sink

Source/sink of component i
Heat source/sink

Total well flow rate
Perturbated source/sink

Production/injection rate at well i
Source/sink of phase o

Source/sink of phase «
Source/sink of phase « at std
Specified source/sink
Source/sink rate at std

Heat source

Heat loss

Universal gas constant
Gas/liquid ratio

Gas/oil ratio
Dissolved gas/oil ratio

Truncation error

Residual of Newton—Raphson iteration
Radial coordinate

Equivalent radius

Radius of well

Reference radius

Saturation of phase «

Maximum gas saturation
Irreducible water saturation
Critical gas saturation
Normalized saturation of phase o
Residual saturation

Residual oil saturation

Residual gas saturation

Critical water saturation
Saturation of water at x; = L
Water saturation at water front

L3/t, RB/D (m?*/d)
L3/t, RB/D (m?/d)
M/(L3t), Ibm/(f*D)
(kg/(m*d))

M/(L3t), Ibm/(f*D)
kg-mole/ (m3d))
M/(Lt3), Btu/(f*D)
(J/(m*d))

t=1, D7 d™h
M/(L?t), Ibm/(f’ D)
(kg/(m*d))

L3/t, f/D (m?/d)
M/(L3t),

Ibm/(f*D) (kg/(m3d)
t=, D1 d"

1/t, 1/D (1/d)
M/(L?t), Iom/(f*D)
t=1, D' d™"
M/(Lt3), Btu/(f3-D)
(J/(m’-d))

M/(Lt3), Btu/(f3-D)
(J/(m*-d))

L3/13, SCF/STB
(std m3/std m3)
L3/13, SCF/STB
(std m?/std m?)
L3/13, SCF/STB
(std m3/std m?)

L, ft (m)
L, ft (m)
L, ft (m)
L, ft (m)
fraction
fraction
fraction
fraction
fraction
fraction
fraction
fraction
fraction
fraction
fraction



2007/¢

ﬁ} page X

ST

XXii List of Notation

Swr Residual water saturation fraction

Swmax Maximum water saturation fraction

S0 Initial saturation of water fraction

s Skin factor dimensionless

T Temperature T, R (K)

T; Transmissibility in x;-direction (Chap. 3) Lt, ft-D (m-d)

T; Transmissibility in x;-direction (Chap. 5) L*/M, STB/(D-psi)
(std m3/(d-kPa))

T Formation temperature at std T, R (K)

T, Transmissibility of water L*/M, STB/(D-psi)
(std m3/(d-kPa))

T Transmissibility of fluid Lt, ft-D (m-d)

T, Transmissibility of component m Lt, ft-D (m-d)

T, Transmissibility of « phase (Chap. 9) Lt, ft-D (m-d)

T, Transmissibility of o phase (Chaps. 6, 8) L*tM, f*D/Ibm
(std m*d/kg)

T, Transmissibility (numerical) (Chap. 6) L*t/M, STB/(D-psi)
(std m3/(d-kPa))

T.e  Transmissibility of component m in phase o (Chap. 9) Lt, ft-D (m-d)

T,. Transmissibility of component m in phase a (Chap. 8) L*/M, STB/(D-psi)

Tem Critical temperature of component m T, R (K)

T Reduced temperature of component i dimensionless

Top Temperature of overburden T, R (K)

T Temperature of underburden T, R (K)

t Time t, days (d)

g Water breakthrough time t, D (d)

to Initial time t, days (d)

t" Time level n t, days (d)

U, Specific internal energy of phase o L2/t2, Btu/Ibm (J/kg)

u Darcy velocity (u;, us, usz) L/t, ft/D (m/d)

u, Darcy’s velocity of phase « L, ft/D (m/d)

u(r)  Velocity in r-direction L/, ft/D (m/d)

1% Volume (Chaps. 2, 3,4, 5, 6,8,9) L3, f (m%)

1% Molar volume of fluid (Chap. 7) L3, f8 (m?)

Vv Mass fraction of gas (Chap. 8) fraction

Vi Critical volume of component i L3, f® (m?)

Vs Volume of gas component at std L3, SCF (std m®)

Ve Volume of gas phase L3, f® (m?)

Vijx  Volume of block (i, j, k) L3, f8 (m?)

Vos Volume of oil component at std L3, STB (std m?)

v, Volume of oil phase L3, ft® (m?)

Vi Volume at std L3, std m?

Vi Water volume L3, {8 (m?)

V(f)  Cumulative liquid production L3, f (m%)

v Nondimensional V(¢) fraction

V()  Cumulative water production L3, f® (m?)

Vo Nondimensional V,(f) fraction
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V()

§gg~:c§

x®
x®

Hw
Mo
Mob
Mig
Mio

Cumulative oil production
Nondimensional V,(¢)

Interstitial velocity (Chap. 5)

Pore velocity (Chap. 3)

Molar volume of component i
Molecular weight

Molecular weight of component i
Well index

Molecular weight of gas

Molecular weight of oil

Total well productivity

Spatial variable (x;, x, x3) (Chaps. 3,4, 5,6,7,8,9)
Mole vector (Chap. 7)

Mole fraction of component i

Mole fraction of component i in phase o
Total mole fraction of component m
Location of well

Location of well

Location of well

Spatial variable

Spatial variable

Raw gas gravity

Gas compressibility
Compressibility factor of phase «
Depth

Datum level depth

Datum level depth

Total mole fraction of component m
Thermal diffusion factor of component i
Fluid gravity

a-phase gravity

Weighted fluid gravity

Viscosity

Viscosity of water

Viscosity of phase «

Oil viscosity at py

Viscosity of ith component in gas
Viscosity of ith component in oil
Viscosity of component m at low pressure
Viscosity of fluid at low pressure
Chemical potential of component i

Density

Density of injected fluid
Reference density

Air density

Density of gas at std

L3, ft* (m?)

fraction

L/t, ft/D (m/d)

L/t, ft/D (m/d)

L3, ft* (m?)

M/mole, Ibm/mole
M/mole

L3, ft* (m?)

M/mole, Ibm/mole
M/mole, Ibm/mole
L3, 3 (m?)

L, ft (m)

mole

fraction

fraction

mole/mole

L, ft (m)

L, ft (m)

L, ft (m)

L, ft (m)

L, ft (m)
dimensionless
dimensionless
dimensionless

L, ft (m)

L, ft (m)

L, ft (m)

fraction
dimensionless
M/(L?t?), psi/ft (kPa/m)
M/(L*?), psi/ft (kPa/m)
L/t, ft/D (m/d)
M/(Lt), cp (Pa-s)
M/(Lt), cp (Pa-s)
M/(Lt), cp (Pa-s)
M/(Lt), cp (Pa-s)
M/(Lt), cp (Pa-s)
M/(Lt), cp (Pa-s)
M/(Lt), cp (Pa-s)
M/(Lt), cp (Pa-s)
ML2/t2, Ibm-ft>/D?
(kg-m?/d?)

M/L3, Ibm/ft® (kg/m?)
M/L3, Ibm/ft® (kg/m?)
M/L3, Ibm/ft® (kg/m?)
M/L3, Ibm/ft® (kg/m?)
M/L?, Ibm/ft® (kg/m?)
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0Go  Partial density of gas component in oil M/L3, Ibm/ft® (kg/m?)
oo  Partial density of oil component in oil M/L3, Ibm/ft® (kg/m?)
Los Density of oil at std M/L3, lbm/ft? (kg/m3)
pws  Density of water at std M/L3, Ibm/ft® (kg/m?)
Pa Density of o phase M/L?, Ibm/ft® (kg/m?)
b Bulk density M/L?, Ibm/ft® (kg/m?)
Lo Density of oil M/L3, lbm/ft? (kg/m3 )
Ps Density at std M/L3, lbm/ft? (kg/m3)
Ps Mass density of solid M/L3, Ibm/ft® (kg/m?)
oop  Density of overburden M/L?, Ibm/ft® (kg/m?)
ou»  Density of underburden M/L?, Ibm/ft® (kg/m?)
O] Potential M/(Lt?), Ibm/(ft D?)

(kg/(m d%))
P’ Pseudopotential L, ft (m)
¢ Porosity fraction
@° Reference porosity fraction
4 Pseudopressure M/(Lt3), Ibm/(ft D?)
(ke/(m d*))
Di Fugacity coefficient of component i in phase « dimensionless
o Surface tension M/t?, Ibm/D? (kg/d?)
0 Contact angle (Chap. 2) rad (rad)
0 Polar coordinate (Chaps. 3, 4) rad (rad)
Ay Mobility of phase o Lt/M, ft D/Ibm (m d/kg)
A Total mobility Lt/M, ft D/Ibm (m d/kg)
Be Parameter in Stone’s permeability dimensionless
Bo Parameter in Stone’s permeability dimensionless
3 Time derivative t=, D1 (d™")
% Spatial derivative L' ft' (m™
%22 Second spatial derivative L2, ft2 (m2)
v Gradient operator L~ ft ! (m™h)
V. Divergence operator L' ft! (m™h
8(x)  Dirac delta function /L3, 18 (1/m?)
) Constrictivity dimensionless
Sk Kronecker symbol dimensionless
A Laplacian operator L2, ft2 (m™2)
Ah Well length in a gridblock L, ft (m)
Al Length step size in well direction L, ft (m)
op Pressure increment M/(Lt?), psi (kPa)
dppr, ~ Bottom hole pressure increment M/(Lt?), psi (kPa)
Apa  Acceleration pressure drop M/(Lt?), psi (kPa)
Apg  Friction pressure drop M/(Lt?), psi (kPa)
Apg  Hydrostatic pressure drop M/(Lt?), psi (kPa)
Apw External work pressure drop M/(Lt?), psi (kPa)
N Saturation increment fraction
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At Time step size
At"  Time step size at level n
At,  Time step size for pressure
Atg  Time step size for saturation
Ax;  Spatial step size in x;-direction
A% Second difference quotient
Az Length step size in vertical direction
A®, Potential difference of phase o
© Gravitational acceleration
€ Small parameter
r Boundary of €2 (02)
Q Solution domain
& Molar density of fluid
& Molar density of component i
& Reduced density
Eia Molar density of component i in phase «
&y Molar density of phase «
Qua Equations of state parameter of components m
Q.  Equations of state parameter of components m
W Acentric factor of components m
T Tortuosity
v Outward unit normal
Subscripts

Symbol Quantity

SR g g™ IOQIZIITTRQ

Gas component

Gas phase

Component number
Newton—Raphson iteration level

t, days (d)
t, days (t)
t, days (d)
t, days (d)
L, ft (m)

L, ft (m)
M/(Lt?), psi (kPa)
L/t2, f/D? (m/d?)
dimensionless
L2, ft2 (m?)

L3, ft* (m?)
mole/L3, mole/ft3
(mole/m?)
mole/L3, mole/ft?
(mole/m?)
dimensionless
mole/L3?, mole/ft3
(mole/m?)
mole/L?
dimensionless
dimensionless
dimensionless
dimensionless
dimensionless

Layer, well, or perforation number (Chaps. 4, 5, 6, 8, 9)

Component number (Chap. 7)
Final time level

Time iteration level

Oil component

Oil phase

Rock

Solid (Chaps. 2, 6, 7, 8, 9)

Standard conditions (Chaps. 2, 3, 6)

Water phase (Chaps. 4, 5, 6, 8, 9)
Well (Chaps. 4,5,6,7,8,9)
Phase index

Well number
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Preface

This book evolved from the lectures I presented at the U.S. NSF-CBMS Regional Research
Conference, University of Nevada, Las Vegas (UNLV), May 23-27, 2006, on the subject
of multiphase flows in porous media and simulation. It can be used as a text for senior
undergraduate students and first-year graduate students in geology, petroleum engineering,
and applied mathematics. It can also serve as a reference book for geologists, petroleum
engineers, applied mathematicians, and scientists in the area of petroleum reservoirs. In
addition, it can be used as a handbook for employees in the oil industry who need a basic
grasp of modeling and computational method concepts. Calculus, basic physics, and some
familiarity with partial differential equations and matrix algebra are necessary prerequisites.

The ten chapters correspond to the ten respective lectures I presented at UNLV. In
Chapter 1, an overview of classical reservoir engineering and basic reservoir simulation
methods is presented. In Chapter 2, a glossary of terms used in petroleum engineering and
their units are reviewed. In Chapters 3 and 5-9, governing partial differential equations
and their numerical solutions are given for, respectively, single-phase, two-phase, black oil
(three-phase), single-phase with multicomponents, compositional, and thermal flows. For
each of these flows, (1) basic flow and transport equations are first given; (2) the corre-
sponding rock and fluid properties are stated; (3) peculiar features of these equations are
discussed; (4) the procedure to obtain their numerical solution is described in detail; and
(5) difficulties and practical issues in the solution are addressed. Particularly, the treatment
of rock, fluid, and rock/fluid properties at the internal boundaries of gridblocks is studied
in great detail. Well representations used in numerical simulation of these flows are de-
scribed in Chapter 4. Some practical aspects of reservoir simulation, such as data gathering
and analysis, selection of a simulation model, history matching, and reservoir performance
prediction, are summarized in Chapter 10. In the numerical solution, as an example, the
discretization procedure is carried out in detail for the finite difference method; finite volume
and finite element discretizations can be found in the book by Chen, Huan, and Ma (2006).
Numerical benchmark examples have been presented for all the flows under consideration
by Chen et al. (2006) except for the single-phase, multicomponent flow, for which a couple
of numerical examples are given.

I take this opportunity to thank many people who have made this book possible. I
thank Professor Jichun Li and Professor Yitung Chen, who spent incredible time and en-
ergy in organizing this NSF-CBMS Regional Research Conference. I also thank the U.S.
NSF for their generous support of the conference. In addition, I thank the editors of the
CBMS book series in the Society for Industrial and Applied Mathematics, who are enthu-
siastic in publishing this book. Furthermore, I thank all the conference participants whose
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attendance and encouragement made the conference enjoyable and successful. Finally,
I want to acknowledge financial support from Foundation CMG (Computer Modelling
Group).

Zhangxin Chen

Calgary, Alberta, Canada

Professor of Mathematics and Engineering
Foundation CMG Chair in Reservoir Simulation

May 5, 2007



Chapter 1
Introduction

1.1 Petroleum Reservoir Simulation

A petroleum reservoir is a porous medium that contains hydrocarbons. The major goal of
reservoir simulation is to predict future performance of the reservoir and find ways and
means of optimizing the recovery of some of the hydrocarbons under various operating
conditions. It involves four main interrelated modeling stages—establishment of physical
models, development of mathematical models, discretization of these models, and design of
computer algorithms—and requires a combination of skills of physicists, mathematicians,
reservoir engineers, and computer scientists. This book is devoted to the development
of mathematical models and their numerical solutions for a wide variety of fluid flows,
including single-phase, two-phase, black oil, compositional, and thermal. To show the
role of reservoir simulation in optimizing the management and production of hydrocarbon
resources, this chapter briefly touches on classical reservoir engineering methods used in
hydrocarbon recovery and their relations to the reservoir simulation.

1.2 Classical Reservoir Engineering Methods

Classical methods of predicting reservoir performance include analogical, experimental, and
mathematical methods. The analogical methods utilize features of mature reservoirs that
are analogous to the target reservoir in an attempt to forecast the performance of this target
zone or reservoir. The experimental methods measure physical properties, such as pressure,
saturation, and/or rates, in laboratory cores and then scale them up to the whole hydrocarbon
accumulation. Finally, the mathematical methods use model equations to forecast reservoir
performance. These methods are described in detail in reservoir engineering books (Ahmed,
2006; Chen et al., 2007; Gates, 2007). Here we briefly mention the mathematical methods
because of their direct relationships with reservoir simulation.

1.2.1 Material Balance Methods

Mathematical methods are the most widely used classical reservoir engineering methods
in the petroleum industry in predicting reservoir performance. These methods include
material balance, decline curve, statistical, and analytical methods. In general, graphical

1
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or hand computations suffice when these methods are applied. With the advent of personal
computers, software for these methods is now available.

The classical material balance methods use a mathematical representation of a reser-
voir or drainage volume. Their basic principle is based on mass conservation; i.e., the
amount of mass for water, oil, or gas remaining in the reservoir after a production period
equals the difference of the amount of mass originally in place and that was removed
from the reservoir due to production, plus the amount of mass added due to injection and
encroachment. The literature is rich in the material balance methods (Ahmed, 2006; Chen
et al., 2007; Gates, 2007).

1.2.2 Decline Curve Methods

The classical decline curve methods use one of three mathematical declines (exponential,
hyperbolic, and harmonic) to describe the rate of oil production decline. A decline curve

has the general form
b 1 dg
Cq’ = P 1.1
where C is a decline rate parameter, g is the production rate (m?/d), and ¢ is time (d). The
casesb = 0,0 < b < 1,and b = 1 correspond to the exponential, hyperbolic, and harmonic
declines, respectively.

The decline curve methods match historical production data to select a proper form
of the rate equation (1.1). After the form is chosen, historical data are matched by choosing
the parameters C and b that minimize the error (often using the least squares error) between
the data and the equation. Extrapolating the historical data into the future predicts reservoir
performance using the matched equation. A major assumption of any extrapolating method
is that all processes occurring in the past will continue in the future. The decline curve
methods cannot be used for “what-if”” scenarios.

1.2.3 Statistical Methods

Statistical methods employ empirical correlations that are statistically obtained using the
past performance of some reservoirs to forecast the future performance of others. They
are a generalization of the analogical methods. A correlation is developed with data from
mature reservoirs in the same region, with the same lithology (e.g., carbonate or sandstone)
and under the same operating conditions (e.g., solution gas drive or water flood). For
the reservoir engineer to be confident in using an empirical correlation model, reservoir
properties must be within the limit of the regression database used to develop such a model.
Predicting errors with the statistical methods can be as high as 20 to 50%.

1.2.4 Analytical Methods

Analytical methods, such as pressure-transient and Buckley—Leverett methods, use the
analytical solution of a mathematical model. The model consists of a set of differential
equations that describe the flow and transport of fluids in a petroleum reservoir, together with
an appropriate set of boundary and/or initial conditions. To solve these equations exactly,
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1.3. Reservoir Simulation Methods 3

simplifying assumptions must be made to reduce the complexity of the model. In general,
these assumptions are very restrictive. For example, in the pressure-transient method, the
assumptions require single-phase flow in a horizontal reservoir with uniform thickness and
small pressure differences under the laminar flow condition. The Buckley—Leverett method
for two-phase flow ignores gravity and capillary forces under the incompressibility condi-
tion. However, since much of the physics of a problem is preserved, the analytical methods
are often used to determine how various parameters influence reservoir performance. Fur-
thermore, these methods can be used to validate reservoir simulators. Advanced reservoir
engineering includes other sophisticated analytical methods such as separation of variables,
Laplace transform, and integral methods (Chen et al., 2007).

1.3 Reservoir Simulation Methods

Reservoir simulation has become a standard predictive tool in the oil industry. It can be
used to obtain accurate performance predictions for a hydrocarbon reservoir under different
operating conditions. A hydrocarbon recovery project usually involves a capital investment
of hundreds of millions of dollars, and the risk associated with its selected development and
production strategies must be assessed and minimized. This risk includes such important
factors as the complexity of a petroleum reservoir and the fluids filling it, the complexity
of hydrocarbon recovery mechanisms, and the applicability of predictive methods. These
complexities can be taken into account in reservoir simulation through data input into
the simulation model, and this applicability can be estimated through sound engineering
practices and accurate reservoir simulation.

1.3.1 Reservoir Simulation Stages

Reservoir simulation involves four major interrelated stages (Fig. 1.1). First, a physical
model of relevant processes is developed incorporating as much physics as is deemed nec-
essary to describe the essential features of the underlying physical phenomena. Second, a
set of coupled systems of time-dependent nonlinear partial differential equations is devel-
oped and analyzed for existence, uniqueness, stability, and regularity. Third, a numerical
model with the basic properties of both the physical and mathematical models is derived and

Physical Computer
model < codes

+ 4

Mathematical N Numerical
model model

Figure 1.1. Reservoir simulation stages.
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4 Chapter 1. Introduction

analyzed. Fourth, computer algorithms (and codes) are developed to solve efficiently the
systems of linear and nonlinear algebraic equations arising from the numerical discretization.
Each of these stages is essential to reservoir simulation, and a number of iterations among
these stages are sometimes necessary to adjust the physical, mathematical, and numerical
models and computer algorithms so that accurate reservoir performance forecast can be ob-
tained. The widespread acceptance of reservoir simulation can be attributed to the advances
in computing facilities, mathematical modeling, numerical methods, solver techniques, and
visualization tools.

1.3.2 Reservoir Simulator Classifications

Reservoir simulators can be classified in different approaches. The most common approaches
are based on the type of reservoir fluids being studied and the recovery processes being mod-
eled. Other approaches include the number of dimensions (1D, 2D, and 3D), the number of
phases (single-phase, two-phase, and three-phase), and the coordinate system used in the
model (rectangular, cylindrical, and spherical). The type of reservoir simulators can also
be determined by the rock structure or response (ordinary, dual porosity/permeability, and
coupled hydraulic/thermal fracturing and flow).

Reservoir simulators based on the classification of the type of reservoir fluids include
gas, black oil, and compositional simulators. The black oil simulators are conventional
recovery simulators, and are used in cases where recovery processes are not sensitive to
compositional changes in the reservoir fluids. Compositional simulators are used when
recovery processes are sensitive to compositional changes, and include primary depletion
of volatile oil and gas condensate reservoirs, pressure maintenance operations in these
reservoirs, and multiple contact miscible processes.

Reservoir simulators classified using recovery processes include conventional recov-
ery (black oil), miscible displacement, thermal recovery, and chemical flood simulators
(cf. Fig. 1.2). Primary oil recovery processes, such as water drive, solution gas drive, gas
cap expansion, gravity drainage, and capillary imbibition, can be all modeled with the black
oil simulators. Moreover, secondary recovery stages, such as water or gas injection, can
also be modeled with these simulators. Thermal recovery mechanisms involve steam floods
or in situ combustion, and use an equation of energy conservation in addition to the mass
conservation law. Chemical flood simulators include alkaline, surfactant, polymer, and/or
foam (ASP+ foam) flooding and can be used to change the mobility ratio dynamically in
the displacement (polymer) or mobilize the residual oil (surfactant). Additional effects
such as adsorption onto rock, permeability reduction, and non-Newtonian fluid need to be
considered (Chen, Huan, and Ma, 2006).

1.3.3 Reservoir Simulation Applications

Reservoir simulation is usually applied in the following steps (Ertekin, Abou-Kassem, and
King, 2001):

» Set simulation study objectives. The first step in any reservoir simulation study is
to set clear objectives. These objectives must be achievable and compatible with
available reservoir and production data.
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Primary
recovery | | | |
Gas cap Solution Rock Water Gravity
expansion gas drive expansion drive drainage
Secondary
recovery |
Water Pressure
flood maintenance
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recovery I I I
Miscible: Thermal: Chemical:
Hydrocarbon flood Steam injection Alkaline
CO, flood In situ combustion Surfactant
Alc%)hol flood Wellbore heating Polymer
Enriched gas drive Hot water injection Foam
Vaporizing gas drive

Figure 1.2. Recovery processes.

Gather and validate reservoir data. After the simulation objectives have been set,
reservoir and production data are gathered. The data meeting the objectives are
incorporated into the simulator.

Design the reservoir simulator. Once the data are gathered and validated, the sim-
ulator is designed. This step involves the four major interrelated stages outlined
above: construction of a conceptual physical model, development of mathematical
and numerical models, and design of computer codes.

* History match the reservoir simulator. After the reservoir simulator is constructed, it
must be tuned, or history matched, with available reservoir and production data since
much of the data in a typical simulator needs to be verified.

* Make predictions. In the final application step, various development and production
plans are evaluated, and a sensitivity analysis of various reservoir and production
parameters is carried out.

The above reservoir simulation steps will be further discussed in Chapter 10. While
reservoir simulation is the most comprehensive method, the classical reservoir engineering
methods are still in use to predict reservoir performance. These classical methods can
be used to generate input data for reservoir simulators. For example, a pressure build-up
analysis can be used to obtain formation permeability in reservoir characterization, and
material balance methods yield information on water encroachment and aquifer size during
history match.
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6 Chapter 1. Introduction
1.4 Sl Metric Conversion Factors
The units used throughout this book are customary English and metric. The conversion
factors are listed below.
API  141.5/(131.5+API) = g/cm?
BBL x 1.589 873E-01 = m?
cp x 1.0E-03 = Pas
ft  x3.048-01 =m
ft>  x9.290 304E-02 = m?
ft*  x2.831 685E-02 =m’
Ibm x 4.535 924E-01 = kg
md x 9.869 233E-04 = um?
psi  x 6.894 757E+09 = kPa
psi~!x 1.450 377E-01 = kPa™!
R x5/9 =K
Btu ~ kJ
R



Chapter 2

A Glossary of
Petroleum Terms

Reservoir simulation requires an understanding of the reservoir rock and the fluids (water,
oil, and gas) filling it. Reservoir rock properties of interest reflect the capacity of the
rock to transmit and store fluids in its pores, and include porosity and permeability. Fluid
properties of interest include those that heavily depend on pressure such as fluid densities,
viscosities, formation (i.e., reservoir at high pressure and temperature) volume factors,
compressibilities, and gas solubility factor. The rock-fluid interaction properties (capillary
pressures and relative permeabilities) depend on saturation. This chapter gives a glossary
of these petroleum terms.

2.1 Reservoir Rock Properties

The concepts of pores, porosity, and permeability are described.

Pores and pore throats. Pores are the tiny connected passages that exist in a perme-
able rock, typically of size 1 to 200 um and easily visible in scanning electron microscopy.
They can be lined by diagenetic minerals (e.g., clays). The narrower constrictions between
pore bodies are pore throats. It is these pore throats that control the capillary entry pressure
in a drainage process.

Porosity. Porosity is the fraction of a rock that is pore space. There are two types
of porosities: total and effective. The total porosity includes both interconnected and
isolated pore spaces, while the effective porosity includes only the former. Because only
the interconnected pores store and transmit fluids, one is mainly concerned with the effective
porosity. Hereafter, the term porosity will solely mean the effective porosity. In this sense
it measures the capacity of the reservoir to store producible fluids in its pores.

Porosity is commonly denoted by ¢ (fraction) and varies from 0.25 for a fairly per-
meable rock down to 0.1 for a very low permeable rock. A reservoir rock property, such
as porosity, often varies in space. If a property is independent of reservoir location, the
reservoir rock is referred to as homogeneous with respect to this property. If it varies with
location, it is termed heterogeneous. Variation of pore volume with pore pressure p can be
taken into account by the pressure dependence of porosity. Porosity depends on pressure

7
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8 Chapter 2. A Glossary of Petroleum Terms

due to rock compressibility, which is often assumed to be constant (typically 1076 to 107
psi~!) and can be defined as

1d
cr= 2 @1
¢ dp
After integration, it is given by
¢ = ¢, 2.2)

where ¢° is the porosity at the reference pressure p°. Using a Taylor series expansion, we
see that

1
¢=¢”{1+CR(p—p")+56%(17—1)”)2+-~-},
S0 an approximation results:

¢~ ¢°(1 + cr(p — p%). 2.3)

The reference pressure p? is usually the atmospheric pressure or initial reservoir pressure.

Permeability. Permeability is the capacity of a rock to conduct fluids through its
interconnected pores. This conducting capacity is sometimes referred to as absolute per-
meability. It is commonly indicated by k, with dimensions of area and units darcy (d) or
milli-darcy (md). To the reservoir engineer, permeability is probably the most important
quantity because its distribution dictates connectivity and fluid flow in a reservoir. Typical
values of permeability for reservoir rocks are given in Table 2.1.

Permeability often varies with location and, even at the same location, may depend
on a flow direction. In many practical situations, it is possible to assume that k is a diagonal
tensor:

ki1
k= k2o = diag(kiy, ka2, k33).
k33

Furthermore, it is even possible to assume that ky = kj; = ky, in the horizontal plane
since directional trend is not apparent in many depositional environments. The vertical
permeability ky = ki3 is usually different from kpy since even very thin shale stringers
significantly influence ky. The horizontal permeability is generally larger than the vertical
permeability. If k;; = kyp = k33, the porous medium is called isotropic; otherwise, it is
anisotropic. Homogeneity, heterogeneity, isotropy, and anisotropy each correspond to a
single reservoir property, so these terms are always used in reference to a specific property.
For example, a reservoir can be homogeneous with respect to porosity but heterogeneous
with respect to thickness.

Table 2.1. Classification of rock permeabilities.

Classification | Permeability range (md)
Poor to fair 1-15

Moderate 15-20

Good 50-250

Very good 250-1,000

Excellent over 1,000
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2.2. Reservoir Fluid Properties 9

10,000

Core porosity (%)

Figure 2.1. Permeability-porosity correlation.

Permeability-porosity correlation. In many systems there is an approximate corre-
lation between the permeability k and the porosity ¢. This is not always the case, and much
scatter can be seen in a k/¢ crossplot (cf. Fig. 2.1). In general, the larger the porosity, the
higher the permeability.

2.2 Reservoir Fluid Properties

The definitions of fluid densities, viscosities, formation volume factors, compressibilities,
and gas solubility factor are now introduced.

Phase. Phase refers to a chemically homogeneous region of fluid that is separated
from another phase by an interface, e.g., oleic (oil), aqueous (mainly water), or gas. Phases
are frequently subscripted by w (water), o (oil), and g (gas). The solid (rock) phase is
indicated by s (R).

Component. Component is a single chemical species that may be present in a phase.
For example, the aqueous phase contains components water (H,O), sodium chloride (NaCl),
and dissolved oxygen (O,), and the oil phase contains hundreds of components, e.g., Cy,
C,, Cs, etc.

Type of reservoir fluid. In general, water, oil, and gas can exist simultaneously in a
hydrocarbon reservoir. These fluids can be classified as incompressible, slightly compress-
ible, or compressible, depending upon how they respond to pressure. An incompressible
fluid has zero compressibility; its density is independent of pressure. Water and gas-free
(dead) oil can be incompressible. A slightly compressible fluid has a small but constant com-
pressibility that typically ranges from 107> to 1076 psi~!. At reservoir conditions, water,
dead oil, and undersaturated oil behave like slightly compressible fluids. A compressible
fluid has a compressibility typically in the range 103 to 10~ psi~!; its density increases as
pressure increases but tends to be stabilized at higher pressures (cf. Fig. 2.2). At reservoir
conditions, gas is compressible.
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10 Chapter 2. A Glossary of Petroleum Terms

T ncompressible

.......... Slightly
compressible

----------------- = — — _Compressible

\ , /7 —.—._Oilandits
\ 7 / solution gas

Figure 2.2. Density-pressure relation.

In general, in reservoir simulation, water is either incompressible or slightly com-
pressible, and natural gas is compressible. Oil and its solution gas are treated as slightly
compressible when the reservoir pressure is higher than the oil bubble point pressure (pp)
and as compressible when the reservoir pressure is lower than p,.

Compressibility. Compressibility of a fluid can be defined in terms of the volume
(V) or density (p) change with pressure:

Il% 19
cp=—mr| =22 2.4)
Viplr poply
at a fixed temperature 7'. After integration, equation (2.4) is expressed as
0= poecf(l?—P”), (2.5)

where p° is the density at the reference pressure p°. Using a Taylor series expansion, we
see that

1
p=p”{1+cf(p—p”)+Ecﬁ(p—p”)2+---},

S0 an approximation is obtained:
p~p°(1+cr(p—p%). (2.6)

A different form of equation (2.6) can be derived if we use the real gas law (the
pressure-volume-temperature (PVT) relation)

o= 2 2.7

where W is the molecular weight, Z is the gas compressibility factor, and R is the universal
gas constant. If pressure, temperature, and density are in atm, K, and g/cm? (physical unit
system), respectively, the value of R is 82.057. For the English units (psia, R, and Ibm/ft?),
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2.2. Reservoir Fluid Properties 11

R = 10.73; for the SI system (N/m?, K, and kg/m3), R = 8,314. Substituting (2.7) into
(2.4) gives (with ¢, = c¢y)
Cg = » " Zopl, (2.8)
Gas solubility factor. Gas solubility factor R, (also called the dissolved gas/oil
ratio) is the volume of gas (measured at standard conditions) dissolved at a given reservoir
pressure and temperature in a unit volume of stock tank oil:

Ry(p, T) = VG.Y/ Vos, (2.9

where the subscript s in the volumes denotes standard conditions and the capital letters G
and O represent the gas and oil components, respectively. It usually has the unit SCF/STB
(standard cubic feet/stock tank barrels). Note that

Vos = WO/IOOSv Ves = WG/IOGSv (210)

where Wy and W are the weights of the oil and gas components, respectively. Then
equation (2.9) becomes
W pos
Rso = -
Wopcs
Formation volume factors. Formation volume factor describes the ratio of volume
V of a phase (measured at reservoir conditions) to the volume V; of the phase measured at
standard conditions:

@2.11)

B(p.T)=V(p.D/Vs. (2.12)

It has the unit RB/STB (reservoir barrels/stock tank barrels) for liquids. For gas, the unit is
RB/SCF. For a single phase (water, dead oil, or gas), it can be written in density:

B(p, D = ps/p. (2.13)
For the black oil model, since the oil phase contains both oil and solution gas,
W W,
y, = vot+ We (2.14)
Po

Consequently, combining (2.10), (2.12), and (2.14), the oil formation volume factor becomes

_ (Wo+ Wg)pos

(2.15)
WOIOO

Fluid density. The density of a single phase (water, dead oil, or gas) can be obtained
from equation (2.13):
p = ps/B. (2.16)

Using (2.11) and (2.15), the mass fractions of oil and solution gas in the oil phase are,
respectively,

Wo POs
COo = = s
WO + WG Bopo
W R
CG(; — G — 50PGs ’

WO + WG Bopa
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12 Chapter 2. A Glossary of Petroleum Terms

Table 2.2. Typical viscosity values of oils.

Classification Viscosity range (cp)
Light oil 0.3-1

Medium oil 1-6

Moderate oil 6-50

Very viscous oil 50-1,000

Heavy oil and oil sands | over 1,000

which, together with Cy, + Cg, = 1, yield the density of the oil phase:

_ Rsost + Pos

5 (2.17)

Fluid viscosity. The viscosity of a fluid is a measure of the (frictional) energy
dissipated when it is in motion resisting an applied shearing force, with dimensions of
force/area - time and units Pa - s (metric) or poise (customary). The most common unit in oil
field practices is cp (centipoise). For a gaseous fluid, the molecules are far apart and have
low resistance to flow as a result of their random motion. On the other hand, a dense fluid
has high resistance to flow since the molecules are close to each other. The water viscosity
at standard conditions is 1 cp. At reservoir conditions (4,000-6,000 psi and 200°F), typical
viscosity values of oils are given in Table 2.2. The viscosity of bitumen can be 4,500,000 cp.
In general, fluid viscosity depends on pressure, temperature, and its compositions and is
commonly denoted by .

2.3 Wettability

Wettability of a reservoir rock affects a fluid displacement process, particularly the form of
relative permeability and capillary pressure functions.

Wettability. Wertability measures the preference of the rock surface to be wetted
by a particular phase—oleic, aqueous, or some mixed (intermediate) combination. The
wettability of a porous medium determines the form of the relative permeability and capillary
pressure functions.

Water wet. Water wet formation is where water is the preferred wetting phase.
Water occupies the smaller pores and forms a film over all of the rock surface, even in the
pores containing oil. Water flood in such a system will be an imbibition process; water
spontaneously imbibes into a core containing mobile oil at the residual oil saturation S,,,,
thus displacing the oil.

Oil wet. Oil wet formation is where oil is the preferred wetting phase. In the same
basic principle as above, oil occupies the smaller pores and forms a film over all of the rock
surface, even in the pores containing water. Water flood in such a system will be a drainage
process; oil spontaneously imbibes into a core containing mobile water at the residual water
saturation S,,, thus displacing the water.

Intermediate wet. An intermediate wet formation is where some degree of both water
and oil wetness is displayed by the same rock. Various types of intermediately wet systems
have been known as mixed or fractionally wet. Both water and oil may spontaneously
imbibe into such a system to some extent.
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2.4. Fluid Displacement Processes 13

2.4 Fluid Displacement Processes

The choice of a simulation model depends on the fluid displacement process being modeled.

Imbibition. An imbibition displacement process occurs when the wetting phase
increases. For example, in a water wet porous medium, imbibition will be water displacing oil.

Drainage. A drainage displacement process occurs when the nonwetting phase
increases. For example, in a water wet porous medium, drainage will be oil displacing
water. The imbibition and drainage capillary pressure and relative permeability functions
are distinct because these petrophysical functions depend on the saturation history.

Spontaneous imbibition. A spontaneous imbibition process is when a wetting phase
invades a porous medium in the absence of any external driving force. The wetting phase
invades under the action of surface forces. For example, for a water wet core at irreducible
water saturation S,,., water may spontaneously imbibe and displace oil.

Oil recovery methods. Oil recovery methods include primary depletion, secondary
recovery (usually water flood), and tertiary recovery (or enhanced oil recovery). A range of
methods that are designed to recover additional oil that cannot be produced by primary and
secondary recovery methods includes thermal methods (steam injection or in situ combus-
tion), gas injection (N, CO,, and hydrocarbon gas), chemical flooding (alkaline, surfactant,
polymer, and/or foam injection), and microbial methods (using bugs to recover oil).

Process simulation models. Various types of model formulations of the flow and
transport equations for multiphase, multicomponent systems are used to simulate the differ-
ent recovery processes. They include the black oil, compositional, thermal, and chemical
models (cf. Fig. 1.2).

2.5 Reservoir Rock/Fluid Properties

Now, we describe the rock and fluid interaction properties.

Fluid saturation. The saturation of a phase (water, oil, or gas) is the fraction of the
pore space that it occupies. It is commonly indicated by S (fraction). For two-phase flow
of water and oil, for example, the saturations S,, and S, satisfy

Sw+S()=1,

which means that the two fluids jointly fill the voids. For three-phase flow of water, oil, and
gas, the fact that the three fluids jointly fill the pore space gives

Sw+So+ S, =1.

Multiphase flow functions such as capillary pressure and relative permeability depend
strongly on saturations.

Residual saturation. The residual saturation of a phase is the amount of that phase
(fraction of pore space) that is trapped or is irreducible. For example, after many pore
volumes of water displace oil from a reservoir, the residual oil saturation S, is reached;
the corresponding connate (irreducible) water level is Sy, and the associated residual gas
saturation is S,,. At the residual saturation of a phase, the corresponding relative permeabil-
ity of that phase is zero. Strictly, a phase should be referred to as a wetting or nonwetting
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14 Chapter 2. A Glossary of Petroleum Terms

imbibition
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Figure 2.3. Typical capillary pressure curve.

phase. The residual nonwetting phase is trapped in the pores by capillary forces. In a mod-
erately water wet sandstone, S,, typically ranges from 0.2 to 0.35. The amount of residual
or trapped phase depends on the permeability and wettability of the rock.

Capillary pressure. In two-phase flow, a discontinuity in fluid pressure occurs across
an interface between any two immiscible fluids (e.g., water and oil). This is a consequence
of the interfacial tension that exists at the interface. The discontinuity between the pressure
in the nonwetting phase (say, oil), p,, and that in the wetting phase (say, water), p,,, is
referred to as the capillary pressure, p.:

Pc = Po — Pw> (2.18)

where the phase pressures at the interface are taken from their respective sides. A typical
curve of the capillary pressure is shown in Fig. 2.3. The capillary pressure depends on the
wetting phase saturation S,, and the direction of saturation change (imbibition or drainage).
The phenomenon of dependence of the curve on the history of saturation is called hysteresis.
While it is possible to develop a model that takes into account the hysteresis resulting from
the saturation history (Mualem, 1976; Bedrikovetsky, Marchesin, and Ballin, 1996), in most
cases the direction of flow can be predicted and only a set of capillary pressures is needed.
Various curves describing a drainage or imbibition cycle can be found in Brooks and Corey
(1964), van Genuchten (1980), and Corey (1986).

The value p,; that is necessary to start displacement is termed a threshold pressure
(Bear, 1972). The capillary pressure curve has an asymptote at whose value the pressure
gradient remains continuous in both phases. This can be observed by considering vertical
gravity equilibrium. When the value of the irreducible saturation of the nonwetting phase is
approached, an analogous situation occurs at the other end of the curve during the imbibition
process (Calhoun, Lewis, and Newman, 1949; Morrow, 1970).

In the discussion so far, the capillary pressure has been assumed to depend only on the
saturation of the wetting phase and its history. In general, however, it also depends on the
surface tension o, porosity ¢, permeability k, and the contact angle 6 with the rock surface
of the wetting phase, which, in turn, depend on the temperature and fluid compositions
(Poston et al., 1970; Bear and Bachmat, 1991):

sy = 2 K,
ogcosf\ ¢
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2.5. Reservoir Rock/Fluid Properties 15

which is the J-function. If the contact angle is ignored, this function becomes

_ pe [k

J —.

o\o¢

Using the J-function, typical curves for p. can be obtained from experiments. This function

is also the basis for some theoretical methods of measuring permeability k£ (Ashford, 1969).
For three-phase flow, two capillary pressures are needed:

Pcow = Po — Pw; Pcgo = Pg — Po- (219)

Note that the third capillary pressure, p.q,, can be found using p,,, and pego:

Pcgw = Pg — Pw = Pcow + Pcgo-

The capillary pressures pcoy, and pcg, are usually assumed to take the forms (Leverett and
Lewis, 1941)

Pcow = pcow(Sw)7 Pcgo = pcgu(Sg)a (220)

where §,, and S, are the phase saturations of water and gas, respectively. These forms
remain in wide use, though revised forms have been proposed (Shutler, 1969).

Relative permeability. Relative permeability is a quantity (fraction) that describes
the amount of impairment to flow of one phase on another. In two-phase flow, it is a function
of the phase saturation; in three-phase, it may depend on the saturation of another phase.
The relative permeabilities to the water, oil, and gas phases are, respectively, denoted by
krws kro, and kyg.

Mobility. The mobility of a phase is defined as the ratio of the relative permeability
and viscosity of that phase. For example, the mobilities of the water, oil, and gas phases
are Ay = Kpw/Mws Ao = Kro/ o, and Ag = kg / 1L g, TESPECtiVEly.

Fractional flow. Fractional flow is a quantity (fraction) that determines the fractional
volumetric flow rate of a phase under a given pressure gradient in the presence of another
phase. Symbols for water and oil in a two-phase flow system are f,, = A,,/Aand f, = A,/A,
where A = A,, + A, is the total mobility.

2.5.1 Two-Phase Relative Permeability

Measurements on relative permeabilities have been made mostly for two-phase flow. Typi-
cal curves suitable for an oil-water system with water displacing oil are presented in Fig. 2.4.
The value of S, at which water starts to flow is termed the critical saturation, Sy, and the
value at which oil ceases to flow, S, is called the residual saturation. Analogously, dur-
ing a drainage cycle S,. and S, are referred to as the critical and residual saturations,
respectively.

The slopes of capillary pressure curves at irresidual saturations must be finite in
numerical simulation, so these curves themselves cannot be utilized to define the saturation
value at which the displaced phase becomes immobile. This saturation value is found using
the residual saturation at which the relative permeability of this phase is zero. Darcy’s law
implies that the phase stops flowing because the mobility becomes zero (not because the
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16 Chapter 2. A Glossary of Petroleum Terms

o Sw : 1
Swa ] —Snc

Figure 2.4. Typical relative permeability curves.
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Figure 2.5. Hysteresis in relative permeability curves.

external force becomes zero). As a result, it is not necessary to distinguish the critical and
residual saturations.

As for capillary pressures, relative permeabilities depend not only on the wetting
phase saturation S,,, but also on the direction of saturation change (drainage or imbibition).
Fig. 2.5 shows the phenomenon of dependence of a relative permeability for the nonwetting
phase on the history of saturation. Note that the curve in imbibition is always lower than
that of drainage. For the wetting phase, the relative permeability does not depend on the
history of saturation.

Wettability of the rock also strongly influences relative permeabilities (Owens and
Archer, 1971). Because of this, reservoir fluids should be employed for experiments instead
of refined fluids.

Relative permeabilities must be determined empirically or experimentally for each
particular porous medium of interest. However, the literature is rich on analytical expres-
sions for the relationship between relative permeabilities and the saturation of the wetting
phase (Corey, 1954; Naar and Henderson, 1961). These expressions were usually obtained
from simplified porous media models (e.g., bundle of capillary tubes and capillary tube
networks).

Corey’s two-phase relative permeability model. Corey’s model applies to the
drainage process in a consolidated rock. The normalized wetting phase saturation is

Sw - ch

Spw = ————,
1- ch
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2.5. Reservoir Rock/Fluid Properties 17

and its relative permeability is given by

krw = Sy (2.21)
The relative permeability of the nonwetting phase is
kro = (1 = Syu)*(1 = S3,). (2.22)

Naar and Henderson’s relative permeability model. Naar and Henderson’s model
is applicable to a water-oil system for the imbibition process. The water phase relative
permeability is the same as (2.21),

K = Sy (2.23)

nw’

while the oil phase relative permeability is
kro = (1= 28,,)"2 (2 = (1 = 285,,)"%) . (2.24)

Note that k,, = O for all values of S,,,, > 0.5.

2.5.2 Three-Phase Relative Permeability

In contrast, the determination of relative permeabilities for three-phase flow is rather diffi-
cult. From experiments, a ternary diagram for the relationship between the relative perme-
abilities and saturations can be shown as in Fig. 2.6. This diagram is based on the level curve
of the relative permeability being equal to 1% for each phase. From it we can figure out
where single-, two-, or three-phase flow occurs under different combinations of saturations.
In the triangular region bounded by the three level curves, for example, three fluids flow
simultaneously.

Starting from Leverett and Lewis (1941), most of the measurements on three-phase
relative permeabilities have been experimental. These measurements have indicated that
the relative permeabilities for the wetting and nonwetting phases in a three-phase system
are functions of their respective saturations as they are in a two-phase system (Corey et al.,
1956; Snell, 1962):

krw = krw(Sw)v krg = krg(Sg)- (225)

gas (100%)

water (100%) oil (100%)

Figure 2.6. A three-phase ternary diagram.
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18 Chapter 2. A Glossary of Petroleum Terms

The relative permeability for the intermediate wetting phase is a function of the two inde-
pendent saturations:

km = ro(Swa Sg) (226)

The functional form in (2.26) is rarely known. In practice, the estimation of three-phase
relative permeabilities is based on two sets of two-phase data: the relative permeability in
an intermediate and wetting system,

krow = krow(Sw)a (227)
and that in an intermediate and nonwetting system,
kmg = kmg(sg)~ (228)

The underlying concept is that for the wetting phase, both the intermediate and nonwetting
phases act like a single nonwetting phase, while for the nonwetting phase, both the inter-
mediate and wetting phases behave as a single wetting phase. Fig. 2.7 illustrates typical
relative permeability curves for a water, oil, and gas system in an isotropic porous medium.
The point where k,,,, = 0 indicates the maximum water saturation rather than the critical
oil saturation since the oil saturation can be further reduced by increasing the gas satura-
tion. It has been experimentally observed, however, that a nonzero residual (or minimal)
oil saturation S, exists when oil is displaced simultaneously by water and gas. The earlier
remark on hysteresis of the relative permeability for the nonwetting phase also applies to
the three-phase system.
The simplest procedure to determine k., is

kro = krowkrog- (229)

Other models were suggested by Corey et al. (1956), Naar and Wygal (1961), Stone (1970,
1973), and Delshad and Pope (1989). As an example, we describe Naar and Wygal’s model
and two of Stone’s models, model I and model II.

' 1 1 ' Sg '
Swe Swmax Sec ) Sgmax
oil-water system gas—oil system

Figure 2.7. Relative permeability curves in a three-phase system.
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2.5. Reservoir Rock/Fluid Properties 19

Naar and Wygal’s model. The relative permeabilities of the water, oil, and gas
phases are
Sw - ch !
krw =\ < s
1- ch

31— Sy + 28, — 38,0)

2.30
ro 15, , (2.30)
_ S§(2 - Sg - 2ch)
" (1= Sue)*

This model does not have the effect of S, and S,, so the following constraints must be
imposed on the second and third equations in (2.30):

ko =0 if S, < Sor,

. (2.31)
kg =0 if §; < Sec.
Stone’s model 1. The saturations are normalized as follows:
So - Sor
Sno - T 4 4 So > Sora
1 - ch - Sar
Snw = &’ Sw > ch’
1 - ch - Sor -
N
Sug = £
A 1 - ch Sor
Note that
Sno + Snw + Sng =1
The relative permeability of oil is defined by
kyo = no/gw:Bg' (2.32)

To determine B, we take S, = S,,, = 0; i.e., the three-phase system reduces to a water and
oil system. In this case, B, = 1 and k., = k,,,,, which, together with equation (2.32), gives

krow(Sw)

w=—. 2.33

ﬁ 1 - Snw ( )

Similarly, to determine B, we choose Sy, = Sy, so that 8, = 1 and k,, = k,g. Then using
equation (2.32) yields

kg (S)

Pe= 12 Sng

Substituting (2.33) and (2.34) into (2.32) gives the expression of k,, for Stone’s model I.
This model reduces exactly to two-phase data only if the following condition is sat-
isfied:

(2.34)

krow(ch) == krog(Sg - O) =1. (235)

Otherwise, the relative permeability &, (S, Sg) provides only an approximation of the two-
phase data. A model that does not have this limitation can be obtained if the oil-gas data

2007/¢
page 1

ST



20 Chapter 2. A Glossary of Petroleum Terms

are measured in the presence of irreducible water. In this case, a water-oil system at S,
and a gas-oil system at S, = 0 are physically identical; i.e., both systems satisfy S, = Sy
and S, = 1 — S,.. Hence equation (2.35) is equivalent to the definition of the absolute
permeability being the effective permeability of oil in the presence of S,,..

Set

krow(ch) = krog(Sg = 0) = krc~

Then Stone’s model I can be modified as follows:

km = krcSntwﬂg’ (236)
where
kmw(Sw) kro (1 ) )
IBw = T4 < ,Bg = M
(1 - Snw)krc (] - Sng)krc

Stone’s model II. In the definition of Stone’s model I, S, must be specified. In fact,
this value can be predicted from an equation derived from channel-flow considerations:

km = (kmw + krw)(krog + krg) - (krw + krg)v (237)

where k,, > 0 is required (i.e., negative values of k,, mean immobile oil). As for Stone’s
model I, to satisfy equation (2.35), model II can be altered as follows:

kro = ke { krow / re + k) (krog / Kre 4 kirg) = (ki + kg } - (2.38)

2.6 Terms Used in Numerical Simulation

Finally, we briefly review some of the terminologies used in numerical reservoir simulation.
More will be given in each of the subsequent chapters as needed.

Numerical method. A numerical method for solving a differential equation problem
involves discretizing this problem, which has infinitely many degrees of freedom, to produce
a discrete problem, which has finitely many degrees of freedom and can be solved using a
computer. For a collection of numerical methods including finite difference, finite volume,
and finite element methods, the reader should refer to the books by Chen (2005) and Chen,
Huan, and Ma (2006).

Grid structure. A grid structure is the geometry of a computational grid that is used
for the numerical simulation of a reservoir. This grid can be Cartesian, radial, or distorted
and 1D, 2D, or 3D.

2D areal grid. A 2D areal grid is a 2D grid structure that is imposed from looking
down onto the reservoir. For a Cartesian coordinate system, it is a division of the reservoir
in the x;- and x,-directions using spatial steps ;| and A, (cf. Fig. 2.8).

2D cross-sectional model. A 2D cross-sectional model is a 2D grid structure that
is imposed on a vertical slice down through the reservoir. For a Cartesian system, it is a
division of the reservoir in the x; - and x3-directions using spatial steps /1 and /3 (cf. Fig. 2.9).
Cross-sectional models are used to asses the effect of vertical stratification in the reservoir
and to yield pseudofunctions in upscaling.
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2.6. Terms Used in Numerical Simulation 21

*

1

Figure 2.8. 2D areal grid.

Figure 2.9. 2D cross-sectional grid.

Transmissibility. The transmissibility between two adjacent gridblocks measures
how easily fluids flow between them. For example, for two-phase flow, the transmissibility
at the interface of two blocks for water is

kA Kpu
n= () () . 2.39)
h av Mwa av

where A is the cross-sectional area of the interface. This quantity consists of two parts,
each of which is an average between the blocks: the single-phase part (kA/h),, and the
two-phase part (ky,/(ttwBw)),y- The single-phase part average will be a harmonic average
between blocks (cf. Chapter 3). The two-phase part average is more complex. An upstream
weighting will be used for the averaged relative permeability, and an arithmetic average
between blocks will be used for the viscosity and volume formation factor (cf. Chapter 5).

Spatial discretization. Spatial discretization refers to a process of dividing the reser-
voir domain in space into small subdomains with spatial steps /i, h,, and k3 and then
modeling the flow by a numerical method. In numerical reservoir simulation, one always
divides the reservoir into gridblocks and then models the flow between blocks.

Temporal discretization. Temporal discretization refers to a process of dividing a
time interval of interest into subintervals with temporal step A and advancing the simulation
in time.

Grid orientation. A grid orientation effect exists when fluids flow both oriented with
the principal grid direction and diagonally across the grid. Simulation results differ for
each of the fluid paths through this grid. This problem stems from the use of a five-point
(respectively, seven-point) difference scheme in a 2D (respectively, 3D) spatial discretiza-
tion. It may be alleviated by using more accurate discretization schemes such as a 2D
nine-point scheme (respectively, a 3D 27-point scheme) or other numerical methods (Chen,
Huan, and Ma, 2006).
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22 Chapter 2. A Glossary of Petroleum Terms

Numerical dispersion. Numerical dispersion is the spreading of a flood front in a
displacement process such as a water flood. This phenomenon is due to numerical effects.
Specifically, it comes from the spatial and temporal discretization or a truncation error that
arises from gridding. This front spreading tends to lead to early water breakthrough and
other errors in recovery. How bad the error is depends on the actual fluid recovery process
being simulated (e.g., water flood and water-alternating-gas flood), spatial and temporal
steps, and numerical methods used.

Mass conservation. Mass conservation is a general principle used in checking the
accuracy of a numerical method in reservoir simulation. It is simply stated as follows:

(mass into a block) — (mass out of the black)

= mass accumulation within the block.

Reservoir simulation models are basically composed of mass conservation and Darcy’s law
relating a fluid velocity to a pressure (or potential) gradient (cf. Chapter 3). In thermal
methods, energy conservation is added. Material balance is an engineering terminology
for mass conservation over a fixed volume, which is usually the hydrocarbon reservoir.
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Chapter 3

Single-Phase Flow and
Numerical Solution

The basic differential equations that govern the flow of a single phase through a reservoir
are described. They include a mass conservation equation, Darcy’s law, and an equation of
state relating the fluid pressure to its density. The cases of incompressible, slightly com-
pressible, and compressible fluids are considered. Then an analytic solution for a 1D radial
flow is obtained, which is usually used to estimate the pressure of a wellbore. As an exam-
ple, a numerical solution of single-phase flow equations using finite difference methods is
presented, for which these methods for transient (parabolic), stationary (elliptic), and wave
(hyperbolic) problems are reviewed. For applications of other numerical methods such as
finite volume and finite element methods to the numerical solution of the flow equations,
the reader may refer to the books by Chen (2005) and Chen, Huan, and Ma (2006). Much
attention in this chapter is paid to the treatment of practical issues in reservoir simulation,
such as gridblock transmissibility, material balance, and the treatment of nonlinearity. The
solution of linear systems of algebraic equations will not be discussed here. For more in-
formation on linear solvers, the reader should consult with reservoir simulation books by
Aziz and Settari (1979), Ertekin, Abou-Kassem, and King (2001), and Chen, Huan, and Ma
(2006). In particular, this last book contains all advanced solvers to date such as Krylov
subspace linear solvers.

3.1 Basic Differential Equations

3.1.1 Mass Conservation

We briefly derive the governing differential equations for the flow and transport of a fluid
in a porous medium in order to introduce the terminologies and notation used throughout
this book.

The spatial and temporal variables will be represented by x = (x;, x3, x3) and ¢,
respectively. Denote by ¢ the porosity of the porous medium, by p the density of the
fluid per unit volume, by u = (uy, u,, us) the superficial Darcy velocity, and by g the
external sources and sinks. Consider a rectangular cube such that its faces are parallel to
the coordinate axes (cf. Fig. 3.1). The centroid of this cube is denoted (x, x2, x3), and its

23
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24 Chapter 3. Single-Phase Flow and Numerical Solution
AX3
Flofrim Flow ouf
A X, X3) I
AXz
AX]

Figure 3.1. A differential volume.

length in the x;-coordinate direction is Ax;, i = 1, 2, 3. The x;-component of the mass flux
(mass flow per unit area per unit time) of the fluid is pu;. Referring to Fig. 3.1, the mass
inflow across the surface at x; — % per unit time is

(Pul)xl-%,m Axy Axs,

and the mass outflow at x| + % is

(pul)xl+A.2rl X2 A)CQA)C3.

Similarly, in the x,- and x3-coordinate directions, the mass inflows and outflows across the
surfaces are, respectively,

(pu2)y o, _dn  Ax1AX3, - (pu2), oy an  AX1AX,

and

(,0u3)xl,xz7x37A;3 Ax1Axy, (p”3)xl,;f2,x}+% Ax1Ax;.

With 9/0¢ being the time differentiation, mass accumulation due to compressibility per unit

time is
a(¢p)
ot
and the removal of mass from the cube, i.e., the mass decrement (accumulation) due to a
sink of strength g (mass per unit volume per unit time), is

Axi Axys Axs,

—qAx; Axy Axs.

The difference between the mass inflow and outflow equals the sum of mass accumulation
within this volume:

[(pul)xl_%m,x} - (pu1)xl+%1,xl,x3] AxyAx3

+ [(puz)xm,m - (puz)xl,xﬁ%m] Ax1Axz

= %3
+ I:(pu3)xl,xz,xz—% - (’OMS)Xl,Xz,X3+LzY3:| AxiAx

= (% — q) Ax1AxrAxs.
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3.1. Basic Differential Equations 25

Divide this equation by Ax; Ax;Axs to see that

(pul)X1+Ale P (pu1)xl,%,n,x3

Axl
p2)y oy — (PHD) 0
AXZ
) i T (PR ot B(gp)
Ax; ot q

Letting Ax; — 0,i = 1, 2, 3, we obtain the mass conservation equation

a(;ip) =V (pu) +4. 3.1

where V- is the divergence operator:

Bul 8u2 8“3
Viu= — 4+ — .
0x1 0xo 0x3

Note that g is negative for sinks and positive for sources.
The formation volume factor B of the fluid is

=2
B

’

where p; is the fluid density at standard conditions. Substituting p into (3.1), we have

AN 1 q
a (E) __v. (Eu) +1, (32)

Equations (3.1) and (3.2) are equivalent; they are the most general forms of the single-phase
equation.

3.1.2 Darcy’s Law

Darcy’s law (Darcy, 1856) was originally a law for single-phase flow that relates the total
volumetric flow rate of a fluid through a porous medium to the pressure gradient and the
properties of the fluid (viscosity, ) and the medium (permeability, k, and a cross-sectional
area, A). It can be used to define the permeability in one of the flow directions, for example,

in the x;-direction (cf. Fig. 3.2):
kA op

wooxy’

Darcy’s velocity is calculated by u = g/ A, so

ko
w=-—2 (3.3)
W 0xy

Note that the pore velocity v is the fluid velocity: v = u/¢.
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26 Chapter 3. Single-Phase Flow and Numerical Solution
,,,,,,,,,,,,,,,,,,, Ap -
q———m —q
,,,,,,,,,,,,,,,,,,,,
_kAAp
uL

Figure 3.2. Volumetric flow rate.

For a 3D flow system with the gravitational force, the differential form of Darcy’s
law is

1
u= —;k (Vp —ppVz), G4

where k is the absolute permeability tensor of the porous medium, g is the magnitude of
the gravitational acceleration, z is the depth, and V is the gradient operator:

dop dp p
Vp ={— —,— ).
0x; 0xpy 0x3

The x3-coordinate in equation (3.4) is in the vertical downward direction.

3.1.3 Units

In this book the basic units are customary (English) and metric. Their conversion factors
are stated in the preceding chapter. Here we describe these units for the variables used
in single-phase flow; multiphase flow uses similar variables and units. One multiplies
a customary unit by a conversion factor to obtain the corresponding metric unit. STB
(standard barrel) and SCF (standard cubic feet) are measured at 60°F and 14.696 psia, while
std m? (at standard conditions) is measured at 15°C and 100 kPa. In Table 3.1, FVF stands
for formation volume factor.

3.1.4 Different Forms of Flow Equations

Substituting (3.4) into (3.1) yields

o) _ g (51( Vp— ppVZ)> +a. (3.5)

An equation of state is expressed in terms of the fluid compressibility c -

19V

1 do
cr L3V
I~ "V

= (3.6)
T

T
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Table 3.1. Customary and metric units.

Quantity Symbol | Customary Metric Conversion factor
Time t day day 1.0

Angle 0 rad rad 1.0

Length Xi, Z ft m 0.3048
Area A f2 m’ 0.09290304
Volume 14 £t m’ 0.02831685
Porosity ¢ fraction fraction 1.0
Permeability k darcy um? 0.9869233
Density P Ibm/ft3 kg/m? 16.01846
Gravitational acceleration | g 32.174ft/s? 9.8066352 m/s? | 0.3048
Fluid gravity Y psi/ft kPa/m 22.62059
Pressure P psia kPa 6.894757
Velocity u ft/D m/d 0.3048
Viscosity " cp Pa:s 0.001
Compressibility c psi~! kPa~! 0.1450377
Compressibility factor V4 dimensionless | dimensionless 1.0

Flow rate q Ibm/(ft3- d) kg/(m3. d) 16.018653
Liquid FVF By, B, | RB/STB m3/std m? 1.0

Gas FVF B, RB/SCF m?/std m3 5.5519314
Solution gas/oil ratio Ryo SCF/STB std m%/std m* 0.1801175
Gravity conversion factor | . 0.21584E-3 1.0E-3

at a fixed temperature 7, where V stands for the volume occupied by the fluid at reservoir
conditions. Combining equations (3.5) and (3.6) gives a closed system for the main unknown
p or p. Simplified expressions such as a linear relationship between p and p for a slightly
compressible fluid can be used.

It is sometimes convenient in mathematical analysis to write equation (3.5) in a
form without the explicit appearance of gravity by the introduction of a pseudopotential
(Hubbert, 1956):

P 1
P = — dé — 7z, 3.7
/,Jo pop T C G7)

where p° is a reference pressure. Using (3.7), equation (3.5) reduces to

2
0(¢p) =V. <%kvqy> +q. (3.8)
ot %

In numerical computations, we often use the usual potential (piezometric head)

@ =p—ppz,
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28 Chapter 3. Single-Phase Flow and Numerical Solution

which is related to @’ (with, e.g., p° = 0 and constant p) by
D = ppd’.
If we neglect the term gz V p, in terms of ® equation (3.5) becomes

d(¢p)

—v. <£kvq>) +q. 3.9)
ot "

Incompressible flow

When the rock and fluid are incompressible, the density p and porosity ¢ are assumed to be
constant. In this case, equation (3.9) reduces to

v. <£kV<I>) +g=0, (3.10)
“w

which is an elliptic equation in ® (cf. Section 5.1.3). For the flow of an incompressible fluid
in a homogeneous and isotropic medium with a constant viscosity, equation (3.10) further

becomes

Ap = P4 G.11)
pk
where the Laplacian operator A is defined by
A — PP N G N GRS
- ax2 dx3 ax3’

Equation (3.11) is the Poisson equation in ®. If there is no external source/sink term (well),
it is called the Laplace equation.

Slightly compressible flow

It is sometimes possible to assume that the fluid compressibility ¢ ; is constant over a certain
range of pressures. Then, after integration, we write (3.6) as

p = pleSrP=P), (3.12)
where p° is the density at the reference pressure p°. Using a Taylor series expansion, we
see that .

pzp”{1+Cf(p—p”)+56§(p—p”)2+-~-},
S0 an approximation results:
p~p°(1+cr(p—p%). (3.13)
The rock compressibility is defined by

1 do

CR = a@ (314)
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3.1. Basic Differential Equations 29

After integration, it is given by

¢ = ¢, (3.15)
where ¢° is the porosity at p°. Similarly, it is approximated by
¢~ ¢°(1+cr(p — p). (3.16)
Then it follows that
d¢ ,
— = ¢‘cp. (3.17)
dp

After carrying out the time differentiation on the left-hand side of equation (3.5), this
equation becomes

<¢8_p + pd_¢> 8_p =V. <£k (Vp — psz)) +q. (3.18)
op dp) ot 22

Substituting (3.6) and (3.17) into equation (3.18) gives

9 P
p (der + ¢%cr) 8—1: =V. (;k (Vp— p@Vz)> +4.
Defining the fotal compressibility
¢ =cyp+ ¢—CR, (3.19)
¢
we see that
ap p
¢pCz§ =V (;k (Vp— p&)Vz)) +4q, (3.20)

which is a parabolic equation in p (cf. Section 5.1.3), with p given by (3.12).

Compressible flow

For gas flow, the compressibility ¢, of gas is usually not assumed to be constant. In such a
case, the general equation (3.18) applies; i.e.,

p p
C(P)a— =V-|=k(Vp—ppVz) | +gq, (3.21)
t n
where 3 dé
e(p) = b+ P, (3.22)
p dp

A different form of equation (3.21) can be derived if we use the real gas law (the pressure-
volume-temperature (PVT) relation)

pW

) 3.23
ZRT (323)

10=

where W is the molecular weight, Z is the gas compressibility factor, and R is the universal
gas constant. For a pure gas reservoir, the gravitational constant is usually small and
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30 Chapter 3. Single-Phase Flow and Numerical Solution

neglected. We assume that the porous medium is isotropic; i.e., kK = kI, where I is the
identity tensor. Furthermore, we assume that ¢ and u are constants. Then, substituting
(3.23) into (3.5), we see that

¢ <p> p RT
o (8Yov. [ Ly —g. 3.24
AV wz Pt e (3.24)
Note that 2pV p = V p?, so (3.24) becomes
20uZ 0 <p ) d (1 5 2WZRT
= _(=)=A 2pZ— | =) IV —q. 3.25
kazz) prrapz o\ 7 )IVel e (3.25)
Because
1 dp 1 1dz
Cop — —— = = = =—,
$pdply p Zdp
we have

9 (L) =2 L

a\z) Z d

Inserting this equation into (3.25) and neglecting the term involving |V p|? (often smaller
than other terms in (3.25)), we obtain

pucg Ip* Ap? 4 2ZRTu

, 3.26
K o P wk ¢ (3.26)

which is a parabolic equation in p?.
There is another way to derive an equation similar to (3.26). Define a pseudopressure by

P
p
A

Note that ) 3 2p 8
Zn ot Zu ot
Equation (3.24) becomes
pucg oY 2RT
— =A —q. 3.27
oo AT e 27

The derivation of (3.27) does not require us to neglect the second term on the right-hand
side of (3.25).

Boundary and initial conditions

The mathematical model described so far for single-phase flow is not complete unless nec-
essary boundary and initial conditions are specified. Below we present boundary conditions
of three kinds that are relevant to equation (3.5). We denote by I" the external boundary or
a boundary segment of the porous medium domain €2 under consideration.

Prescribed pressure. When the pressure is specified as a known function of position
and time on I', the boundary condition is

p=g onl.
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3.2. An Analytic Solution 31

In the theory of partial differential equations, such a condition is termed a boundary condition
of the first kind, or a Dirichlet boundary condition.
Prescribed mass flux. When the total mass flux is known on TI', the boundary
condition is
pu-v=g, onl,

where v indicates the outward unit normal to I'. This condition is called a boundary condition
of the second kind, or a Neumann boundary condition. For an impervious boundary, g» = 0
(i.e., a no-flow boundary condition).

Mixed boundary condition. A boundary condition of mixed kind (or third kind) takes
the form

gpp+ gupu-v =gz onl,

where g,, g,, and g3 are given functions. This condition is referred to as a Robin or Dank-
werts boundary condition. Such a condition occurs when I" is a semipervious boundary.
Finally, the initial condition can be defined in terms of p:

p(x,0) = p’(x), x € Q.

In general, in reservoir simulation, an initial pressure is given only at a datum level depth.
The pressure at other locations is determined by the gravity equilibrium condition (cf.
Section 3.4.1).

3.2 An Analytic Solution

In this section, we obtain an analytic solution for equation (3.20) that can be used to check
the approximation accuracy for a numerical method for fluid flow in porous media and find
the pressure near a wellbore. We assume that €2 is an isotropic medium (cf. Section 2.1), so
k = kI, where I is the identity tensor. In cylindrical coordinates (7, 6, x3), equation (3.20)
takes the form

19 [k (9 5
+=— [p— (—p - ,OKJ—Z>:| (3.28)

n o [pk (Op 0z
oxs | w \ 9x3 op axs ) |°
We consider a reservoir €2 with an infinite extent in the horizontal direction. Assume that
there is an isolated production well (located at (0, 0, x3)) in this reservoir, all its properties
are symmetric with respect to the axis of this well, and the reservoir is homogeneous in

the vertical direction (cf. Fig. 3.3). In addition, if the gravity effect and density change are
ignored, equation (3.28) reduces to

18p_82p 10p

b _op, 1o 3.29
X Ot oz ror (3-29)
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32 Chapter 3. Single-Phase Flow and Numerical Solution

Sl
AN

!
1

Figure 3.3. 1D radial flow.

where
k

e .
Thus pressure p is a function of » and ¢ only. That is, the flow is 1D in the radial direction.
We find an analytic solution to this 1D equation. Initially, we assume that

X:

pr,0)=p’  0=<r<oo, (3.30)
where p° is constant. The boundary conditions are given by
pr ) =p° asr — 00,1t >0,

b (3.31)
r—pz On asr— 0, r>0,
or 2rwkH

where Q is a fixed production rate of the well and H is the thickness of the reservoir.
To solve (3.29), we introduce the Boltzmann change of variable

72

=—, t>0.
Y 4ty ~
Then we see that
dp _dpdy dp r
or  dydr dy2x’
2 2 2
1
Yp_d(dp r \_dp(r\  dp 1 (3.32)
o2 or \dy 2y dy? \ 2ty dy 2ty
dp _dpdy  dp r?
o dyd  dydy
Substituting (3.32) into (3.29) yields
d’p dp
—+ (1 — =0. 3.33
ygr TV (3.33)
Using the method of separation of variables, from (3.33) we obtain
d c _
P Ze, (3.34)
dy 'y
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3.2. An Analytic Solution 33

where C is an arbitrary constant. Applying the boundary condition (3.31) to (3.34) gives

d -y
d _ Qu e (3.35)
dy " 4mkH 'y
Note that
p=7p° wheny =00, =0,
2
p=pr1 wheny = -—, t>0.
4tx
Integration of (3.35) from ¢ = 0 to any ¢ implies
00 -y
pern = pt— 22 = ay. (3.36)

drkH 2/ (4tx) y

The function f yy dy is the exponential integral function and is usually written as

e8] e r2
/ ¢ dy=—Ei (—-) — —FEi(—y).
2@y Y drx

Consequently, it follows from (3.36) that pressure at any r is

2/(41x)

o . 1
p(r 1) = p + Ak Ei ( 4fX> , t>0. (3.37)
The graph of — Ei(—y) in terms of y is displayed in Fig. 3.4, which shows that as y increases
(r increases or ¢ decreases), — Ei(—y) decreases, so p(r, t) increases and p® — p decreases.
That is, the farther we are from the well, the larger the pressure but the smaller the pressure
drop. The same phenomenon can be observed as ¢ decreases.

If the well starts to operate at t = t; instead of # = 0, the pressure becomes

_ o . r?
p(}" [) p + m Ei (-m) s t> 1. (338)

Figure 3.4. The graph of —Ei(—Yy).
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Similarly, if the well is located at (x g, x2,0) instead of (0, 0), the pressure becomes

0 On . ( (x1—x10)%+ (x2 — x20)?
V1) = ———Fi|— s t 0.
L l< 41y g

The exponential integral function can be expanded in the series

] (P s o577 7y (7 2 t>0
—— ) =—-In(—+ . -t - > 0.
! 4rx r2 4ty 4 \dry ’

When r2/(4tx) < 0.01, this function can be approximated by

2 4t 2.25t
Ei - ~ —In 2X +0.5772 =—1n X ,
4tx r2 r2

and the resulting approximation error is less than 0.25%. The corresponding simplified
analytic solution from (3.37) is

ou 2.25tx

(3.39)

At r = r,, (the radius of the well), r2/ (4tyx) is small because r,, is small. Then, in a few
seconds r? /(4tx) < 0.01. Hence equation (3.40) can be used to find the pressure of the

wellbore: 0 505
0 1 AT
H=p ———1 . 3.41
pw(® =p AnkH n( 2 ) (3.41)

3.3 Finite Difference Methods

As shown above, an analytic solution can be obtained only for a simplified reservoir system.
In general, a numerical solution must be sought. For this, we very briefly touch on the finite
difference methods. The books by Peaceman (1977a), Aziz and Settari (1979), and Ertekin,
Abou-Kassem, and King (2001) gave detailed information on the use of these methods in
reservoir simulation.

3.3.1 First Difference Quotients

We describe first and second difference quotients for functions of two space variables, x; and
X,, and of time, 7. Reduction to functions of one space variable and extension to functions
of three space variables are straightforward.

Consider a function p(xy, x3, f) of x1, x», and ¢. The first partial derivative of p with
respect to x; can be defined in one of the following ways:

p(xi +hy, x2, 1) — p(x1, X2, 1)

b3}
—p(xl, X2, ) = lim
h1—0

3x1 ]’l[

ap . px1,x2,0) — p(xy —hy,x2,0)
—(x1, x2, 1) = lim )

0x1 h1—0 hy

ap . p(x1+hy,x2,0) — p(xy — hy, X2, 1)
—(x1, x2, 1) = lim .
ox h1—0 2h,
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We replace this derivative by a difference quotient. For this, we utilize the Taylor series
expansion

p Fp fi
p(-xl + hla X2, t) == p(-x] » X2, t) + _(.X], X2, t)hl + _2(x19 X2, t)_a
0x1 ox 2
where x| < x7 < x; + hy and h; > Ois a fixed number. The last term in this equation is a
remainder that involves a second partial derivative of p. Then dp/dx; can be obtained:

ap pxi+hi,xo,0) = plxi, x2,0)  3p
—(XI, X2, t) =

ax1 h] a 2( 17 27t) (342)

The expression
p(xi + hy, x2, 1) — p(xy, X2, 1)
h
is referred to as a forward difference quotient, and it approximates the derivative dp/dx;
with an error of the first order in ;.
Similarly, we have

pxi, X2, 1) — p(x1 — hi, x2,0) e

p
,Xo, 1 3.43
I o2 — (7, x ) (3.43)

ap
— X1, x,0) =
8X1

where x| — h; < x7* < xy, and the quantity

p(x1, x2, 1) — p(x1 — hy, x2, 1)
hy

is called a backward difference quotient. This quantity also gives a first order approximation
to dp/ox;.

Next, we use the Taylor series expansions with remainders involving a third partial
derivative of p:

op
pxi+hy, x2, 1) = p(x1, x2, 1) + a(xuxz, Hh
1
Zp t)h2 TPt
X1, X2, X)X, D=,
T T T
op
p(x1 — hi, x2,8) = p(x1, X2, 1) — a_(xl»x% Hh

p h2 Fp
—+ X1, X2, t - 5 ) t )

™ 2( 1, X2 ) ox; — (7, x )
where x; < x] < x; + hy and x; — h; < x7* < x;. Subtracting these two equations and
solving for dp/dx; yields

px1 +hy, x0, ) — p(x1 — hy, X2, 1)
2h

)
1,52, 1) =
3x1

" a* . (3.44)
- (a 3(x]7x27t)+ a 3(-x] ,XZ,t)) _2
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The quotient
pxi +hy, x2,0) — p(xy — hy, X2, 1)
2h,

is termed a centered difference quotient, and it approximates dp/dx; with a higher order,
i.e., second order in A1.

From equations (3.42), (3.43), and (3.44), it would appear preferable to employ the
centered difference approximation to dp/dx;. This is not always the case. Which quotient
is used depends on the particular problem (cf. Section 3.3.8).

Itis sometimes necessary to use a difference quotient to approximate dp/0x; computed
halfway between x; and x; + /. Analogously to (3.44), we can obtain

ap hy p(x1+ hy, x2,8) — p(x1, X2, 1)
— X1+ =, x, 1) =
3x1 2 hl

(3.45)

83p 33p f
(Sl x )+ L x0.0) ) 2L,
(aﬁ (¥, 02, ) + ox] (7" x2 )> 43

where x; < x7, x7* < x{ 4 h,. In summary, we have defined three first difference quotients
in x;. The same quotients can be introduced in x, and ¢.

3.3.2 Second Difference Quotients

We exploit the Taylor series expansions with remainders involving a fourth partial derivative
of p:

0,
px1 + hy, x2,8) = p(x1, x2, 1) + f(xl, X2, Hhy
1

2 2 3 3 4 4

op hi  @p noootp 1
+§%(X1,X2,t)§+8—)6?()61,)62,t)§+8—ﬁ(x1,x2,t)m,

ap
p(x1 — hy,x2,8) = p(x1, X2, 1) — g(xh X2, hy
1
2 2 3 3 4 4

P 1 a P hl 0 P, o
+ @(Xl, X2, 1‘)5 - B_X:I)(XI,XQ, l‘)§ + M(xl X, ) —

1
4

where x| < x] < x;+h;and x; —h; < x7* < x;. Adding these two equations and solving
for 8*p/ 8x% yields

O p _ plar+hy,x0,0) = 2p(xy, x2, 1) + p(x1 — hy, X2, 1)
a_x%(xl’xz’t) = 2
¥p ) 2 . h% (3.46)
- ax? (xls X2, t) + alet (-xl » X2, t) ﬂ
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The expression

p(x1 4+ hy, x2,8) — 2p(xy, X2, ) + p(x1 — hy, X2, 1)
h3

A p(xy,xp, 1) = (3.47)

defines a centered second difference quotient, which approximates the partial derivative
3%p/ Bx% with a second order accuracy in h;.

Equation (3.46) is derived with the left and right intervals at x| of equal length. We
now consider p on the intervals (x; — A7, x1) and (x;, x; + hY), where 1} and k] are not
necessarily the same, and introduce a difference quotient for the second derivative

ad ap
9 ’t 9
o, ( (x1, x2 )8x1>

where a is a given function. Using Taylor series expansions as above, the following
approximations hold:

op h} h} p(x1,x2,0) — p(x; — A}, x2, 1)
a_— Xp— —, X, t)=Ra|\xg— —,x,t s
o, 2 2 "

" , (3.48)
p hy h 1+, x2, 1) = p(xi, x2, 1)
a. A ’ t ~ A ) t .
(aBXI)(xl—i— ) X ) a<x1+ 3 X2 7
Note that
D (a2 o~ [ (a22) (4 2
—a— ) (1, x2, )= {la— ) | x , X2,
3x1 8x1 b2 0. 1 ! 2 2
op 1
—\a— ) |x1— 5.xt
8x1 2
n hY h)
X1 > X1 )
Consequently, using (3.48), we see that
a ap
" . 9 9 t
3x1 (a8x1> (XI 2 )
h// h//’ 3 1) — 3 3 t
~la x1+—',x2,t p(x1 + hY, x2, 1) — p(x1, x2, 1)
2 hY
h p(x1, x2,0) — px; — h,x2, 00| Jh)+h"
—alx ——,x,t ,
2 h 2
which we write as
Ay (aAy D). (3.49)

This approximation to % (a%”l) is of second orderin /1, where i, = max{h/, h}. Asimilar
definition can be given for A,, (aA,, p).
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°
(Xl, 11 X, j)

Figure 3.5. A block-centered grid.

3.3.3 Grid Systems

There are two types of grid systems commonly employed in reservoir simulation: block-
centered and point-distributed. Let the integer i indicate the index in the x;-direction, and
the integer j denote the index in the x,-direction. Furthermore, let x;; and x; ; represent
the ith and jth values of x| and x,, respectively. Then we set

Dij = p(x1,i, x2,j).

Block-centered grid

A rectangular solution domain §2 is divided into rectangles, and the point (x;;, x2 ;) is at
the center of the rectangle (i, j), as in Fig. 3.5. The left side of the rectangle is at Xyt
and the right side is at x +1 Similarly, x, -1 and x, ; 1 are the bottom and top sides of
the rectangle (i, j). This type of grid is called a block-centered grid. It is specified by the
sequences 0 = x; 1 < X3 < and 0 = Xpl < Xp3 < .- if @ = (0, 1)? is the unit

square, for example. Also, we see that

1
=5 (xl,i—% +x1,i+%)’

hy; = XlLivd —ALi-
hy

1,
2
il = XL T X1

Similar notation can be given for the x, variable.

Point-distributed grid

In the other type of grid, the point (x; ;, x» ;) is now a vertex of a rectangle, as in Fig. 3.6.
This grid is referred to as a point-distributed grid. In this case, the grid is specified by the
sequences 0 = x;09 < x11 < --- and 0 = xp0 < X2 < -+ for Q = (0, 1)2. Also, note

that

1
By = 3 ().

hii=X1;— X1,i-1.
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( Xi,i0 Xy, j)
Figure 3.6. A point-distributed grid.

3.3.4 Treatment of Boundary Conditions

As we will see, the difference equations written for the two grid systems are the same in
form. There are, however, significant differences between them. Specifically, when the
grids are not uniform, the locations of points and block boundaries do not coincide. Also,
the treatment of boundary conditions is different. Here we introduce difference equations
to approximate the boundary conditions described in Section 3.1.4.

Boundary conditions of first kind

Suppose that we are given the boundary condition at x; = 0:
PO, x2, 1) = g(x2, 1). (3.50)

This is a boundary condition of the first kind, i.e., the Dirichlet kind. In reservoir simulation,
Dirichlet boundary conditions arise when pressure on the reservoir boundary or at a well is
specified. For a point-distributed grid (cf. Fig. 3.7), this boundary condition is given by

Poj = &j- (351)

Equation (3.51) is utilized whenever pf; is required in a difference equation.
For a block-centered grid, the closest point to the boundary is (xy 1, x», ;) (cf. Fig. 3.8).
The value of p; must be extrapolated to this point. The simplest approach is

pij =8> (3.52)

(X1 0r %5, 5)

Figure 3.7. The Dirichlet boundary condition for a point-distributed grid.
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°
(21,1, % 5)

Figure 3.8. The Dirichlet boundary condition for a block-centered grid.

(X1} %5 5)

Figure 3.9. The use of half blocks at the Dirichlet boundary.

which is only of first order accuracy in space. A second order approximation uses

1

5 Bpij—p2j) =g (3.53)
Note that equation (3.53) must be included in the system of difference equations to be
solved. For this reason, the block-centered grid is sometimes modified by use of half blocks
at Dirichlet boundaries (cf. Fig. 3.9).

Boundary conditions of the second kind

Consider the following boundary condition at x; = O:
p
(O’ X2, t) = g(-x27 t) (354)
a)Cl

This is a boundary condition of the second kind, i.e., the Neumann kind, and can be used to
express a flow rate across a boundary or to specify an injection or production rate at a well.
For a point-distributed grid, equation (3.54) can be approximated by

P1j — Poj

=g (3.55)
T

which is a first order approximation. A second order accurate scheme uses a reflection
(ghost) point; for each j, we introduce an auxiliary point (x; 1, x2,;) (cf. Fig. 3.10). The
boundary condition (3.54) is discretized using the centered difference at x; = O:

P1j— P-1j

=g 3.56
20, 8j ( )
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(%1, 2 %, 5) (21,00 %,5)
Figure 3.10. A reflection point for a point-distributed grid.

Equation (3.56) is exploited to eliminate p” | ; from the difference equation for the differential
equation at x; = 0. The first and second order approximations for (3.54) can also be defined
for a block-centered grid, using a modification similar to that for (3.50).

Boundary conditions of the third kind

A boundary condition of the third kind has the form

0,
<a§ + bp> 0, x2, 1) = g(x2, 1), (3.57)
1

where the functions a and b are given. Such a condition occurs when part of the external
boundary is semipervious. For a point-distributed grid, this equation can be approximated by

Pi1j — P-1j
ag;————L + bo;poj = g;. (3.58)
2/’11,1
where we recall that (x; _p, x ;) is a reflection point. It is difficult to approximate (3.57)

for a block-centered grid.

3.3.5 Finite Differences for Stationary Problems

We consider the stationary problem in two dimensions on a rectangular domain €2,
=V (@Vp) = f(x1,x), (x1,x2) € Q, (3.59)

where the functions @ and f are given. Function a is assumed to be positive on Q2. A
pressure equation for incompressible flow is stationary, for example. As pointed out earlier,
there are two types of grids widely used in reservoir simulation; the difference equations are
the same in form for both grids. Equation (3.59) at grid point (i, j) can be approximated by

Pi+1,j = Pij —a Pij — Pi-1,j

a., 1 - L.
i+5.J i—3.j
2 hy g Py
hyi
(3.60)
a Pi.j+1 — Pi,j Pi,j — Pi,j-1
i,j+3 ] T %5 ]
hy jet haj-1 _
— — = fii,
2,j
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Figure 3.11. A five-point stencil scheme.

where p;; = p(xy;, x2, ;) and Q1= a(xl’H%,xz,j). If we define
ai+%,jh2,1
a; ., 1 .=
Lits3,j >
: hyivy
a I
20 j+5 = d
’ Ry,

equation (3.60) can be then written as

—ayist j(Piv1j = Pig) Fayio1 j(Pij = Pie1y) 3.61)
— a4 L (Pijrt = Pij) + @ -1 (Pij = pij-1) = Fij,

where Fj; = f;;h;hy ;. F;j may be interpreted as the integral of f(x1, x;) over a rectangle
with area hj;hy ;. The truncation error is the error incurred by replacing a differential
equation by a difference equation. From the discussion in Section 3.3.2, the truncation error
in the approximation of the difference scheme (3.61) to (3.59) is of second order in both £
and h;. This scheme is the commonly used five-point stencil scheme for 2D problems (cf.
Fig. 3.11). For some points near or on the boundary of the solution domain, it involves one
or two fictitious points outside the domain. The values of p at these points are eliminated,
depending on which type of grid and boundary condition is employed. Equation (3.61)
can be written in matrix form involving unknowns {p; ;} and must be solved via a direct or
iterative algorithm (Chen, Huan, and Ma, 2006).

3.3.6 Finite Differences for Parabolic Problems

We turn to the transient (parabolic) problem in two dimensions on a rectangular domain €2,
p
¢o; Vo @Vp) = fxx, 0, (x,x) €Q, 1> 0, (3.62)

where a, f, and ¢ are given functions of x;, x,, and . Functions a and ¢ are assumed to be
positive and nonnegative on €2, respectively. A pressure equation for slightly compressible
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and compressible flow is parabolic. For a parabolic problem, in addition to a boundary
condition, an initial condition is also needed:

p(x1, x2,0) = p°(x1, x2).

Let {¢"} be a sequence of real numbers such that

0= <t <. <" <" <.,

For the transient problem, we proceed from the initial solution at 9 to a solution at ¢'; in
general, we obtain a solution at #"*! from solutions at the previous time levels. Thus the
solution procedure advances through time. Set

A" = n=12,...,

and
PZ = p(x1,i, X2,j, ).

Forward difference scheme

The simplest difference scheme for (3.62) is to replace the second partial derivatives in
space by a second difference at t* and dp/dt by a forward difference. The resulting scheme
is a centered second difference in space and a forward difference in time and is called the
forward difference scheme (or forward Euler scheme):

pn-H p

L i,

(/J)lr;;hl zh2 j— 1,i+l'j(p?+1,j - P?]) + arll,i—%,j(p:‘l,j _ p;l—]‘j) (363)
_ azyl‘,j+%(p?,j+l p11)+a21j 1(p,J pi,j_l) = FS

forn =0, 1,2, .... Note that this equation can be solved explicitly for pn+1 The use of an

explicit scheme brmgs about a stability problem. Fora = ¢ = 1 and f = 0, for example,
a stability analysis (cf. Section 3.3.7) shows that the time and space step sizes must satisfy

the condition l | |

to obtain stability, where At = max{At” :n =0,1,...}. Hence the forward difference
scheme is conditionally stable.

Backward difference scheme

The stability condition (3.64) on the time steps is inherent in the forward difference scheme
and can be removed by evaluating the second partial derivatives at "+

n+1

pij —Pi;
154, L]
¢77+ Atn h]’ihzvj
Yﬂ S - p771)+a’;f‘ Pt =P (3.65)

n+l n+1 n+1 n+1 n+1 n+1 _ n+1
21]-4—1(le+1 p,])+a2” (P P,Jl)—Fij .
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As we go from n to n+ 1, equation (3.65) defines pZ}“l implicitly and is termed the backward
difference (or backward Euler) scheme. At each time level #**!, a linear system of algebraic
equations must be solved. This system has the same form as that arising from the stationary
problem. A stability analysis indicates that scheme (3.65) is unconditionally stable; that is,
there is no restriction on the time step Af that can be used (cf. Section 3.3.7).

The truncation errors for both the forward and backward difference schemes are of
second order in h; and h; and of first order in Af. To improve accuracy in time, the
Crank—Nicolson difference scheme can be exploited, for example.

Crank—Nicolson difference scheme

Another implicit difference scheme for equation (3.62) is to replace the average (dp(t"*+) /ot
+3p(t") /1) /2 by the difference quotient (p"*+! — p)/ At

1
pit =l
¢Z+l %’n iha,j
1 7i
__{ 'lh;lr (p:lrl]j p:l-]H)_ 1+1 (pn+1_p:l+l|j)

2
n+1 n+1 n+1 n+1 n+1 n+1
a1 Pijer = Pij ) — a1 (P = Pijoy) (3.66)

n n '
i Pl = i) — a1 (P = Piay)
+a;,i,j+%(p?’j+l p’])_Qsz 1(171/ ij—l)}

1
— _ n+1 n
2 (F"f * F"J')‘
The truncation error for this scheme is of second order in &y, hy, and At. This implicit
scheme is also unconditionally stable. Moreover, it gives rise to a system of simultaneous
equations that is of the same form as that arising from the backward difference scheme.

3.3.7 Consistency, Stability, and Convergence

We give the basic definitions of consistency, stability, and convergence of a finite difference
scheme. We concentrate on pure initial value problems. When boundary conditions are
included, the definitions must be extended to initial boundary value problems (Thomas,
1995). Furthermore, we focus on 1D transient problems, and the solution domain is the
entire x;-axis; i.e., —00 < x; < oo. Letx;; = ih,i = 0,+£1,+£2,..., and " = nAt,
n=0,1,2,...

Consistency

For two real numbers € and & > 0, we write

e =0(h)
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if there is a positive constant C such that
le] < Ch.

A finite difference scheme L! P’ = G is (pointwise) consistent with the partial
differential equation Lp = F at point (x, #) if for any smooth function v = v(x, 1)

R = (Lv—F) [} — {LIv(ih,nA1) — GI} — 0 (3.67)

as h, At — 0 and (ih,nAt) — (x,1). Note that the truncation errors for the forward
difference scheme (3.63) and the backward difference scheme (3.65) take the form

R = O(h?) + O(AY),
whereas the truncation error for the Crank—Nicolson scheme (3.66) has the form
R} = O(h*) + O((AD?).

Hence these schemes are consistent with equation (3.62).

Stability

A finite difference scheme is stable if the effect of an error (or perturbation) made in any
stage of computation is not propagated into larger errors in later stages of the computation;
i.e., if local errors are not magnified by further computation. A difference scheme can be
examined for stability by substituting into it perturbed values of the solution.

We consider the 1D version of equation (3.62) (with x = x;):

i _

= —. 3.68
ot ox?2 ( )

Let P! be a solution of the corresponding forward difference scheme, and let its perturbation
P!' 4 €} satisfy the same scheme:

P et — (Pr el
At
P e 2P )+ (P +€y)
B h2 .

Because of the definition of P!, we see that

G?Jrl — e B € —2€ +e€ (3.69)
At h? ' |

We expand the error € in a Fourier series of the form

e = explikx;),
k
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where i = +/—1. The analysis can be simplified somewhat if we assume that a solution to
the error equation (3.69) has one term (dropping the subscript & in '),

€' = y" exp(ikx;). (3.70)
We substitute (3.70) into (3.69) and solve for the amplification factor
,)—/ — 7—/n+1/)—/n.

The von Neumann criterion for stability is that the modulus of this factor must not be greater
than 1 (Thomas, 1995). Using (3.69) and (3.70), we see that

y i — " y"exp(ikh) — 29" 4 7" exp(—ikh)

3.71
At h? @71
Since . .
exp(ikh) — 2 + exp(—ikh) = 2cos(kh) —2 = —4 sinz(kh/Z),
it follows from (3.71) that
4At
yl = (1 - sinz(kh/2)> "
h2
Dividing this equation by )", we obtain
_ 4Ar .,
y=1- T sin“(kh/2).
Thus the von Neumann criterion for stability is satisfied if
4At
‘1 - sin?(kh/2)| < 1. (3.72)
Inequality (3.72) is satisfied when the stability condition
At - 1 3.73)
h? — 2 '

holds. Therefore, the forward difference scheme for equation (3.68) is stable under condition
(3.73); i.e., this scheme is conditionally stable, as noted earlier.

We perform a similar von Neumann stability analysis for the backward difference
scheme (3.65) for (3.68). In this case, the error equation takes the form
n+1 n n+1 n+1 n+1
T — € € =2 +¢€
’ e = (3.74)

At h?

Substituting (3.70) into (3.74) and performing simple algebraic calculations yields the equa-
tion for the amplification factor y,

€

1
1 4+ (4A1/h2) sin®(kh/2)’

y =

which is always less than or equal to 1 for any choice of k, Az, and /. Hence the backward
difference scheme is unconditionally stable. An analogous analysis shows that the Crank—
Nicolson scheme is also unconditionally stable.
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Convergence

Finite difference schemes are used because their solutions approximate the solutions to
certain partial differential equations. What we really need is that the solutions of difference
schemes can be made to approximate the solutions of the differential equations to any desired
accuracy. Namely, we need convergence of the finite difference solutions to those of the
differential equations. Specifically, a finite difference scheme L? P! = G} approximating
the partial differential equation Lp = F is (pointwise) convergent if, for any (x, 1), P!
converges to p(x, t) as h, At — 0 and (ih, nAt) — (x,1).

As an example, we consider the forward difference scheme (3.63) for equation (3.68):

prtt—pr Pl 2P+ P

3.75
At h? (-75)
Using the analysis in Section 3.3.7, it follows from (3.68) that
n+1 n n n n
pi =P Pl 20 P 2
= O(h O(Ad). 3.76
= 3 + O + O(A (3.76)

Define the error
g =P =i
and subtract (3.76) from (3.75) to yield
4 =1 =2R)Z + Ry +2y) + Oh*An + O((A1?),
where R = At/h%. If0 < R < 1/2, the coefficients on the right-hand side of this equation
are nonnegative. Thus we see that
<"+ CAt (h* + A1), '

where 7" = supl-{|z? |} and the constant C is a uniform constant used to bound the “big O”
terms. Taking the supremum over i on the left-hand side of (3.77), we obtain

2 <"+ CAt (R + At). (3.78)
Applying inequality (3.78) repeatedly implies
2 <224 Cn+ DAL (h? + Ar).
Initially, let 7% = 0. Then we have
| P — p(ih, (n + DAD| < 2!
< Cn+ DAt (h* + At)
— 0,

as (n + 1)At — tand h, Ar — 0. Therefore, we have proven convergence of the forward
difference scheme for (3.68) under condition (3.73). Convergence of the backward and
Crank—Nicolson difference schemes can be shown without such a condition.

There is a connection between stability and convergence. In fact, a consistent, two-
level difference scheme (i.e., it involves two time levels) for a well-posed linear initial
value problem is stable if and only if it is convergent. This is the Lax equivalence theorem
(Thomas, 1995).
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3.3.8 Finite Differences for Hyperbolic Problems

For the introduction of finite differences for hyperbolic problems, we consider the model
problem ) ;

P /4

o TP T
where b is a constant and x = x;. This problem is a one-way wave problem. The 1D
Buckley—Leverett equation is of this form (cf. Section 5.1.3). A boundary condition for
(3.79) depends on the sign of b. If this problem is imposed on a bounded interval (I, [3),
for example, only an inflow boundary condition is needed. That is, p is given atl; if b > 0,
and it is given at [; if b < 0. For brevity of presentation, we consider problem (3.79) over
the entire real line R. Of course, in any case, an initial condition must be given:

p(x,0) = p°(x).

0, (3.79)

Explicit schemes

We consider an explicit scheme for problem (3.79):

n+1 n n n
P  —D; Piy1 — P
b =0, 3.80
A + 7 (3.80)
which is consistent with (3.79). The amplification factor y for (3.80) satisfies
b

_ At DAt .
y=1+ (1 — cos(kh)) — ZT sin(kh).

h
In the case b > 0, |y| > 1. Thus, by the von Neumann criterion for stability, the difference
scheme (3.80) is always unstable. In the case b < 0, it can be checked that scheme (3.80)

is stable, provided that

b| At
et (3.81)

This is the Courant—Friedrichs—Lewy (CFL) condition. That is, scheme (3.80) is condition-
ally stable if b < 0.

It is not surprising that scheme (3.80) is a good choice for problem (3.79) when b < 0,
and a bad choice when b > 0. When b < 0, the characteristic for (3.80) through any point
runs down to the right towards the x-axis (cf. Fig. 3.12). Scheme (3.80) must then follow
back in the same direction. For this reason, when b > 0, a good choice for (3.79) is

pitt = p! PPl

At h
In fact, when b > 0, it can be seen that scheme (3.82) is stable under condition (3.81). (It
is always unstable for b < 0.)
The explicit difference schemes (3.80) and (3.82) are one-sided. Based on the stability
analysis above, only the upwind versions are conditionally stable.
There are other difference schemes for solving problem (3.79). The centered scheme
in space is

=0. (3.82)

P?H - P} +bpzr‘l+1 — Py

At 2h

=0. (3.83)
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th
(x,, )

\\& .
X

Figure 3.12. Characteristics for problem (3.79) when b < 0.

This scheme yields the amplification factor y:

-bAt
=1- iT sin(kh).

<

Since |7]> = 1 4+ b*(Af)? sin? (kh)/ h* > 1, we see that scheme (3.83) is always unstable.

Implicit schemes

A stability analysis analogous to that in the explicit case shows that one-sided, stable, fully
implicit difference schemes must be upwind. When b < 0, the upwind implicit scheme is

n+1 n n+1 n+1
P — D Piv1 — Di
b =0, 3.84
AL + . (3.84)
and when b > 0,

n+1 n n+1 n+1

pi D Pi — Di
+b =0. 3.85
At h ( )

Scheme (3.84) has the amplification factor y,

B bAt _bAt -
y=[1- T(l — cos(kh)) + IT sin(kh) ,

bAt kh bAL\\ !
171> = (1 —4T sin® <7> <1 - T)) <1 ifb<0.

Hence scheme (3.84) is unconditionally stable when b < 0. A similar argument can be used
to prove that scheme (3.85) has the same stability property when b > 0.
Now, we consider a fully implicit analogue to scheme (3.83):

SO

n+1 n n+1 n+1
pi  —Di Piy1 — Piny
i i + b i+ i

At 2h

=0. (3.86)
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The amplification factor y of this scheme is
_ -bAL B
y=|1+ zT sin(kh) ,

which satisfies || < 1. Therefore, scheme (3.86) is unconditionally stable, in contrast with
the always unstable (3.83). A centered scheme in time (e.g., the Crank—Nicolson scheme)
can be also defined for the solution of problem (3.79).

Numerical dispersion

The local truncation error associated with the upwind version of the difference scheme
(3.80) for problem (3.79) with b < 0 is

At 3 p

”__bh 82p At dp
2 02

P= Ty g - (i) +O(*) + O((AD?). (387

Differentiation of equation (3.79) with respect to ¢ gives

3*p _ *p

B ~ Uoxor

and differentiation with respect to x yields

3’p _ ?p

axar  ax?’
Consequently,

Fp  L¥p

a2 w2’

which is substituted into (3.87) to give

. bh bAL\ ?p
Rl =-= (1 + T) T+ O(h*) + O((aD?). (3.88)

This is the local truncation error associated with scheme (3.80).
By the definition (3.67) of the local truncation error, equation (3.88) can be written as

n+1 n n n 2
P — D Dit1 — Pi op op 0°p
b =14 b— num i» "

N { or T Ogy Tz [ @it (3.89)

+ Oh*) + O((AD?),

where
bh 1+ bAt (3.90)
Anum = 7 - |- .
2 h

Therefore, we are, in fact, solving the difference equation (3.80) for the diffusion-convection
problem
p . op p

num

+
ot 0x

w2
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3.4. Numerical Solution of Single-Phase Flow 51

rather than for the pure hyperbolic problem (3.79). That is, the truncation error of (3.80)
includes the numerical dispersion term a,,,, .
If we consider the diffusion-convection problem

0, 0, 92
o Fp

a——=0, a>0,
ot ox ox2

and develop a difference scheme similar to (3.80), then the above truncation error analysis
indicates that the solution of the resulting difference equation will be associated with the
problem

op 3*p

op
- b— — — Unum) 5 = 0
or T0ay ~ @7 Gmn) s

When the physical diffusion coefficient a is small, a serious problem arises. If numerical
dispersion is severe (it is frequently so), a,,,, can easily dominate a. Consequently, the
numerical dispersion swamps the physical dispersion, leading to a sharp front being severely
smeared.

Grid orientation effects

Another drawback of finite difference methods is that the solution of a partial differential
problem using these methods heavily depends on spatial orientations of a computational
grid, known as grid orientation effects. In petroleum reservoir simulation, this means
that drastically different predictions from simulators can be obtained from different grid
orientations.

If an upwind technique is used as in (3.80) for a 2D counterpart, the resulting numerical
dispersion is related to the quantity (cf. equation (3.90))

hy*p  hy &p

2 92 2 a2

which is not rotationally invariant and is thus directionally dependent. When modeling
multiphase flow with a high mobility ratio (mainly due to a large viscosity ratio), once a
preferential flow pattern has been established, the greater mobility of the less viscous fluid
causes this flow path to dominate the flow pattern. With the five-point in 2D or seven-
point in 3D finite difference stencil schemes, preferred flow paths are established along the
coordinate directions. Then the use of an upwind stabilizing technique greatly enhances
flow in these preferred directions. This grid orientation effect is dramatic in cases with very
high mobility ratios.

3.4 Numerical Solution of Single-Phase Flow

The development of finite difference methods will be carried out for the general single-phase
flow equation (3.21), which applies to all the cases: incompressible, slightly compressible,
and compressible. The discretization of these cases will be different, particularly in the
treatment of transmissibility terms, and the difference will be pointed out as appropriate.
Most noticeably, the flow equation in the incompressible case is linear and does not contain
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52 Chapter 3. Single-Phase Flow and Numerical Solution

the accumulation term, while the equations in the other two cases are nonlinear and involve
the accumulation term; nonlinearity in the slightly compressible case is weaker than that
in the compressible case.

Assume that the permeability tensor Kk is diagonal: k = diag(ky, k22, k33). Then
equation (3.21) is expanded as follows:

op o (pky [ dp 0z o ([ pkyn ( Ip 0z
o= (EE (= ) )+ (B2 (e — v
ot 0x1 % 0xq 0x1 0x, I 0x7 0x>
0 pk33 3]) 0z
+8x3 ( J (3X3 y8x3 te

where y = pg is the fluid density in terms of pressure per distance (usually called fluid
gravity). The grid point (xy ;, X2, j, X3 ) and spatial steps Ay ;, ho j, and h3; will be simply
written as (i, j, k) and hy, hy, h3, respectively. In addition, Az will simply indicate A¢".
Because the difference equations are the same in form for both types of grid systems, the
block-centered grid structure is used as an example.

(3.91)

3.4.1 Treatment of Initial Conditions

In reservoir simulation, in general, an initial pressure pg is given at a datum level depth
z4- The pressure at other grid points (i, j, k) is determined by the gravity equilibrium break
condition:

Pk =pPy+ v (@ijk—za) . (3.92)

For slightly compressible and compressible flow, the fluid density y depends on p. Hence
an iteration procedure may be required in the application of equation (3.92).

3.4.2 Time Discretization

The time discretization of equation (3.91) is similar to that given in (3.65) for a linear
parabolic problem:

ap\" Py
veen 2~ (ve (! , 3.93
< “p) ot )i.j,k ( ‘ (p ) At ik G99

where V; ; is the volume of the gridblock at (i, j, k). For incompressible flow, ¢ is zero.
In slightly compressible case, c¢(p) = ¢pc;, with p, ¢, and ¢, given by (3.13), (3.16), and
(3.19), respectively. For compressible flow, c(p) is defined by (3.22); particularly, for gas
flow, the real gas law (3.23) can be applied.

2007/¢
page S

ST



3.4. Numerical Solution of Single-Phase Flow 53

3.4.3 Spatial Discretization

An extension of the difference equation (3.61) to equation (3.91) in three dimensions gives

(Alpkn) (r pise) (Alpkn) (v » )
it1,jk = Pijk) — ik = Di—1,jk
why )i why )ik

Aok Az pk2
+ < h (Pi,j+1,k - pi,j,k) - A (pi,j,k - pi,j—l,k)
KHha )i iv12.k Ky )12,k

; ) (v piir) <A3,0k33> (v » )
e ikl — Pijk) — | —— ik — Pijk-1
whs i jk+1/2 ! ] fhs i, jk—1/2 ] ]

Apkuy
—) (Zi+1,j,k - Zi,jk + i (Zi,j,k - Zifl,j,k)
i+1/2, )k 2 i—1/2,jk

Az pkory Azpkary
—_— (Zi,j+1,k - Zi,jk + (Zi,j,k - Zi,j—l,k)
mhy )ik Cuhy )

A3z pk33
y (Zi,j,k - Zi,j,k—l)
i,,k—1/2

—_— (Zi,j.k+1 —Zi,/k +
whs )i,j,k+l/2 phy

+ Qi jiks (3.94)

where Q; j« = gi, .« Vi jk is the injection/production and A; is the cross-sectional area normal
to the x;-direction, i = 1, 2, 3.

3.4.4 Treatment of Block Transmissibility

The transmissibilities A
Ty ix1)2,jk = <Lk“> (3.95)
why S iz, g
(and analogously in the x;- and x3-directions) are evaluated at gridblock boundaries (as
shown by the subscripts i + 1/2, j &+ 1/2, and k & 1/2). The gridblock dimensions and
labeling are displayed in Fig. 3.13. The grid dimension in each direction and other properties,
such as formation thickness, permeability, and porosity, can significantly differ from one
block to another. The rock and fluid properties are often given only at the block centers,
but the transmissibilities are computed at the gridblock boundaries. Hence some sort of
averaging techniques must be utilized to estimate these properties between two adjacent
gridblocks.
Several averaging techniques are available for a set of real numbers {a;, az, ..., a,}:

* Arithmetic averaging,
ai+a+---+ap

m

Ap =

* Geometric averaging,
1/m
Ag = (@ay...an)"".
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54 Chapter 3. Single-Phase Flow and Numerical Solution

Figure 3.13. Grid labeling.

~— A
ki ki
Pi-re  —mq o)
Aj— !

hi
h;

Figure 3.14. Two cells.

* Weighted averaging, with weights wy, ws, ..., Wy,

wiap + waay + -+ - + Wy

Aw =
YT witun et wy,

* Harmonic averaging,

1 1(1 1 1)
— =4+ — 4+ 4+ —]).
Ay m\a ap

Note that Ay < Ag < A4. These averages are equal if a; = a, = -+ - = a,,.

The transmissibilities in equations (3.95) have two distinct quantities: A;ky;/h; rep-
resents the rock and grid properties and p/u represents the fluid properties. What average
should be used for these quantities?

Consider a 1D example with two cells (cf. Fig. 3.14) and a constant viscosity, without
gravity. The flow rate ¢ in the left and right cells is, respectively,

= _kic1Aic1 pici2 — pici 4= _kiAi pi — picip
2 hi—1/2 H hi/2
Consequently,
hi_y 1 hi 1
Pi-12 — Pi-1 = —QMT kA’ Pi — Di-12 = —Clllzmo
Adding these two equations yields
hi_ h;
Pi— Pi-1 = —% (m + @) : (3.96)
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3.4. Numerical Solution of Single-Phase Flow 55

On the other hand, the single-phase Darcy law is

kA Pi — Di—-1

i (o +h)2 oD

q:

where kA is some average of kA at the two cell interface. Comparing equations (3.96) and

(3.97), we see that
_ hi 1+ h;
kA = h,ll—+h (3.98)
(kA)i—1  (kA);

which is the (weighted) harmonic average for kA. This average weights the effect of a lower
permeability. To see this, letting h;—; = h;, A;—; = A, ki1 = 200 md, and k; = 2 md,

then we have
1 _ 1 1 n 1
ky 2 \k_ k)’

ie., kg = 3.9 md. As a result, the flow between gridblocks is affected more by lower
permeability blocks. The same argument carries over to the multiphase flow to be studied
in the subsequent chapters.

From the above argument, the harmonic average is used for the rock and grid properties
in the transmissibility 77 ;+1/2, jk:

(A1k11> 2(Ark1n)i jk (Arki)itr, jk (3.99)
i£1/2,jk

hy C(Arki)ijr(h)izn x4 (Arknizn ()i x

similar quantities can be defined in the x,- and x3-directions.

Since the fluid properties in the transmissibility term for the single-phase flow do not
change much from block to block (they are slowly varying functions of pressure only), the
usual arithmetic average can be used for them. Two of the common methods are used in
petroleum industry practices: The first one averages the pressure before the properties are
computed:

Pix1/2,jk = Bpijk + (1 — B pit1 ik,

P 0 (3.100)
<—> = (—) (Pi:l:l/z,j,k) )
K/ ix172, 5k I

where 8 is a weighting factor of either 0.5 for the standard arithmetic average or the fraction
of the pore volumes for the pore-volume weighted average. The second method uses the
block-centered pressures and then averages the properties:

p o )
m =B\~ ) Pijx) + A =B | — ) (Piz1jk) - 3.101
(/JL)HEUZ’M B (M) (Pijx) + (1= B) (M) (pix1,jx) ( )

We end with a remark that the transmissibilities are constant for incompressible flow. It
is in the slightly compressible and compressible cases that they must be carefully evaluated.
For multiphase flow, the relative permeabilities can change a great deal from block to block,
which will require use of a different averaging (cf. Chapter 5).
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56 Chapter 3. Single-Phase Flow and Numerical Solution

3.4.5 Solution Approaches in Time

Note that the above definition of transmissibilities has not involved time. To obtain the
pressure at a certain time level #**!, the pressure equation must be advanced from an initial
datum. For the discretization of linear parabolic problems in Section 3.3.6, there are essen-
tially three different solution approaches: forward, backward, and Crank—Nicolson. The
flow equation under consideration raises another difficulty: nonlinearity; i.e., the coefficients
in this equation depend on the pressure. Four approaches for linearizing the coefficients are
discussed: explicit, linearization, extrapolation, and fully implicit.

Explicit approach

In the explicit solution approach, which is also called the forward difference scheme in
Section 3.3.6, all the coefficients and pressure in spatial derivatives are evaluated at the
previous time:

n+l _ n
<VC (pn-H) p p )
At ik

= T in (Phor e = PLis) = T in (Pl = Pl i)
+ Tz’f,»,jﬂ/z,k (p?fHLk - p;fj,k) - T2n,i,j71/2,k (pzr'fj,k - p?,j—l,k)
T 15 jas12 (pzr‘fj,kﬂ - Pﬁj,k) ~ i ju-1p (P?,j,k - pff_,-,k_,) (3.102)
— (TP o @ik = Zaji) + TN i @ik = 21k
— (Ty)g,i,j+1/2,k (Zi,j+1,k - Zi,j,k) + (T)/)’zl,i,jq/z,k (Zi,j,k - Zi,jfl»k)
- (T)/)’;’i’j’kﬂ/z (Zi,j,kﬂ - Zi,j,k) + (T)/)§,,<,,;k71/2 (Zi.j,k - Zivjakfl)
+ Q?]k

Each gridblock (i, j, k) contributes only one equation in one unknown p:’ﬁ Advancing the

pressure from 7 to n + 1 is achieved by moving through all blocks in a systematic fashion
and solving equation (3.102) for pfﬁ To preserve material balance, some iteration may be
needed in the evaluation of the compressibility coefficient ¢"*!. For slightly compressible
flow, an iteration may be not required in practice; this coefficient can be computed just
at time level ", and equation (3.102) is solved in a noniterative manner. However, for
compressible flow, this iteration is required.

As discussed in Section 3.3.6, the forward difference scheme is conditionally stable.

That is, the time step must satisfy the stability condition for (3.102) to be stable:
Ve(p)).. .
At < min m , (3.103)
i,j,k Di,j,k
where the minimum is taken over all gridblocks and
Dijix = Tviviyzjk + Tric12k + Toijrryok + Toijo12k + T3 k172 + T3 jk—1/2-

Consequently, the explicit solution approach suffers from severe restrictions on time step
sizes and is not used in numerical simulation of the single-phase flow.
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3.4. Numerical Solution of Single-Phase Flow 57

Linearization approach
A way to avoid the stability problem in the explicit approach is to use the explicit treatment
only in the transmissibilities:
n+l _ n
(VC (pn+1) p p )
At ik
_ n+1 n+1 n+1 n+1
=T{it12.k (pi+l,j,k - pi,j,k) — 110k (Pi,j,k - pi—l.j,k)
n+1 n+1 n+1 n+1
+ 15 j1/0 (pi,j+l,k - pi,j,k) =T i1k (pi,j,k - pi,j—l,k)
n+1 n+1 n+1 n+1
+ T3n,i,j,k+1/2 (Pi,j,k-H - Pi,j,k) - T3n,i,j_k—1/2 (P,',j,k - P,-,j,k_l) (3.104)
- (Ty)rll,i+1/2,j,k (Zi+1qj,k - Zi»j,k) + (Ty)rll,ifl/z,j,k (Zi,j.,k - Zifl»j,k)
- (Ty)g,i,jJrl/Z,k (Zi,Hl,k - Zi,j,k) + (Ty)g,i,j—l/z,k (Zi,j.k - Zi,jflﬁk)
—(TV)5, k12 (Zi,j,kJrl - Ziqj,k) + TV)3, k12 (Zi,j,k - Z[,j,k—l)

n+1
+ O -

For slightly compressible flow, the pressure-dependent fluid properties, p (or B) and w,
are weakly nonlinear and can be evaluated at the previous time level. Fig. 3.15 shows the
value of transmissibility used in the explicit treatment of the linearization approach. The
source/sink term Q?j,: needs special consideration, depending on the type of the constraint
of the well (cf. Chapter 4).

Equation (3.104) can be rearranged in the seven-point stencil scheme (cf. Fig. 3.16):

n n+1 n n+1 n n+1
T3,i.j,k—1/2pi,j,k—l + T2,i,j—l/2.kpi,j—l,k + Tl,i—]/z,j,kpi—l,j,k

1 1
—{ E (VC (1’7nJr ))i,j,k + T3n,i,j,k—1/2 + T2n,i,j—l/2,k + T]n.i—l/2,j,k

n n n n+1
120 T D jrrjon + T3 a2 [ Pijik

n n+1 n n+1 n n+1
+ Tl,i+1/2.j,kpi+l,j,k + Tz,i,j+1/2,kpi,j+1,k + T3,i,j,k+1/zpi,j,k+1

1 ! i’ (3.105)
A (VC (p +]))i.j,k Dijk
+ (TV)?,Hl/z,j,k

(zis1,jk — Zijk) — TV 212k (zijk — zi-1,jk)
+ TV 10k (Zi,Hl,k - Zi,j,k) — (V)5 -0k (Zi,j-k - Zi,jflqk)

+ V)3 jkr12 (Zi,j,k+1 - Zi-j,k) = (T3 k-12 (Zi,j,k - Zi,jqk—l)
n+1
= Qi

Again, some iteration may be needed for the compressibility coefficient c(p). Unlike the
explicit solution approach, equation (3.105) is now a system of equations, which must be
solved by either a direct algorithm or an iterative algorithm. When the entire grid system
is written in natural ordering (i.e., when the unknowns are ordered by lines vertically or
horizontally, in increasing orders of i, j, and k in a nested manner, where i is the innermost
index, jis the intermediate index, and k is the outermost index) (Chen, Huan, and Ma, 2006),
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A

A e N :

pn pn+1 >p

Figure 3.15. Value of transmissibility in linearization.

i,3,k+1
i,9+1,k
i-1,3,k i3,k 41,3,k
i,3-1,k
1,9,k-1

Figure 3.16. Seven-point stencil.

Figure 3.17. Tridiagonal, pentadiagonal, and heptadiagonal matrices.

the coefficient matrix associated with (3.105) is heptadiagonal (cf. Fig. 3.17). For 1D and
2D flow, the coefficient matrix will become tridiagonal and pentadiagonal, respectively
(cf. Fig. 3.17). If there is no irregularity on the outer boundary of the reservoir, this matrix
always exhibits a well-structured manner. However, this well-defined structure is usually
spoiled by wells that perforate into many gridblocks and/or by irregular gridblocks.
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Figure 3.18. Boundary of a domain.

Treatment of boundary conditions

If a Dirichlet boundary condition is imposed on the external boundary of the reservoir
domain, the pressures on the boundary are given. Thus, after the transmissibilities are
properly evaluated on the boundary, the known pressures are moved to the right-hand side
of equation (3.105).
When a Neumann boundary condition is given, for example, at the left boundary (cf.

Fig. 3.18),

dp

8)6] =&

the reflection point method (cf. Section 3.3.4) is used:

P1,jk — Po,jk

=gik 3.106
hl 8k ( )

A no-flow boundary condition (i.e., g = 0) is the most commonly used in reservoir simu-
lation. This type of boundary condition can be alternatively modeled by assigning a zero
value to the boundary transmissibility.

Extrapolation approach

The explicit handling of the transmissibility terms may result in a stability problem, espe-
cially for multiphase problems. Furthermore, the linearization will reduce the accuracy of
time discretization if a more accurate discretization method in time, such as Crank—Nicolson
(cf. Section 3.3.6), is used. That is true for any higher order time discretization method with
the present linearization technique. This drawback can be overcome by using extrapolation
techniques in the linearization of the transmissibility coefficients.

In the extrapolation approach, the pressure at the new time level is obtained from the
previous two time levels,

(1) At |
A A n—
Pijx = DPijkt Ap (P jk = Piji)s (3.107)

and the corresponding transmissibilities are evaluated at the extrapolated time level,
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Figure 2.14: Adult PB at high altitude: blood gases. Upper oscillating line—P; o,,
lower oscillating line—P; co,, solid line—P, co,, dashed line—Pyp co,,
dotted-dashed line—P, o, .

fiters per minute

Figure 2.15: Adult PB at high altitude: dashed line¥, lower solid line—¥c, upper
oscillating solid line F¢.

line) along with minute ventilation (strongly oscillating heavy solid line). The simulation
clearly shows how the Vp response plays the main role in ventilatory stimulation. This
introduces the potential for unstable behavior, because the carotid bodies are highly per-
fused with arterial blood, producing a quick response time with high gain. This is con-
sistent with analytical results found in Batzel and Tran (2000b, 2000c), and Fowler and
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n+1 n
n+1 p - P
(Vc (p ) —A )
t ijk
_ gn+l n+l _ _n+l) _ pntl n+l _ n+l
=Ti w12k (Pi+1,_/,k pi,j,k) iz jk (pi,j,k pi—l,j.k)
n+1 n+1 n+1 n+1 n+1 n+1
+15 ik (pi.j+l,k - pi,j,k) 0 ik (l’z:,j.k - pi.j—l,k)

n+1 n+1 n+1 n+1 n+1 n+1
+15; kv 2 (pi,j,k-H - pi,j,k) 13 i (Pi,j,k - I’i,j,k—1> (3.109)

1 1
- (T)/)'fjﬂ/z,j,k (zis1,jk — Zijk) + (TV)ijl/z,j,k (zi.jk = zio1,j)
1 1
— (T3 o @igere = 2igi) + (T3 L5y o (2w = Zij-1)
1 1
- (Ty)gl,Jri,j,kJrl/Z (Ztlj.,l<+1 - Zi,j,k) + (Ty)gj,j,k—l/z (Zi,j,k - Zi,j,kfl)
+1
+ 07
Now, system (3.109) is a system of nonlinear equations in p"*!, which must be solved at
each time step via an iteration method. Here the classic Newton—Raphson method is applied.
The Newton—Raphson method. Consider a general system of nonlinear differential

equations:
£, {Fn [P(X)]}=fm(x), m=1,2,....,.M, xeQ, (3.110)

where £,, denotes a linear differential operator, F,,(-) is a nonlinear function, p = (p1, p2,

.., pm)T is the vector of dependent variables, f = (f1, f>, ..., fu)! is a given vector, M
is the total number of equations, and the superscript 7 denotes the transpose. The Newton—
Raphson iteration for solving (3.110) establishes an iterative equation system. Taylor’s
series expansion for F,, (p + p) is

Fp(p+3p) = Fu(p) + VE,(p) - Sp + O(sp?), (3.111)

where |8p| is the Euclidean norm of 8p. If the higher order term O(|8p|?) (relative to |5p]|)
is truncated, F,,(p + Sp) can be approximated:

Fn(p +6p) = Fu(p) + VE,(p) - op. (3.112)
If we substitute (3.112) into (3.110), we obtain the iterative equations

£ [Fn®) + VE, () - 8p™] = fn(x),
m=1,2,....M, xeQ,

(3.113)

where p’ is the /th iterative solution of p and VF,,(p") is VF,,(p) at p = p’, with an initial
solution p’. In the iterative equation system (3.113), the correction vector 8p'*! is the
unknown. This system can be rewritten:

£, [VF.(p) -0 ] =gu(x), m=1,2,....M, xeQ, (3.114)

where g, (X) = fi,(X) — £, [Fm (p’)], and F,, (p') and VF,, (p') are treated as fixed. Now,
(3.114) is a linear system for §p/*!. Note that VF,,(p') is the Jacobian matrix of F,, and
that g,,, is the residual of equation (3.110) at p'.
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62 Chapter 3. Single-Phase Flow and Numerical Solution

A new solution vector p/*! is obtained by adding the correction vector p'*! to the
previous iterative solution vector pl e,

p'tl = pl +spitl.
This iteration proceeds until the Euclidean norm of 8p*! is smaller than a prescribed value.
The Newton—Raphson method is now applied for linearization of equation (3.109).

Below we write

n+1,1+1 — n+1,1 +6pn+1,l+1 l+1.

p p simply by p"*' = p' + 6p

The residual of equation (3.109) at the Newton—Raphson iteration level [ is

1 n
p—p
R! ik = (VC (Pl) )
b At )ik

[ ! / [ [ |
—= Ty iy (Pist i = Pija) + iz (P = Pici i)
[ ! [ 1 ) |
=Ty jyryok (Pijirk = Pijx) + Toijorjon (P = Pljori)

[ 1 | [ 1 )
~= T3 jivry2 (Pijaar = Piji) + T jierye (Phju = Pijiet)

+ (Ty)ll,i+l/2,j,k (ziv1jk = Zijk) — (TV)ll,i—l/z,j,k (zijk — zi-1,jk)
+ (T ja1yoi @ik = zijk) = TV 1ok (@ijk = Zij-1k)
+ (T e (Zijat = 2ij) = (T3 ucya @ik — zija-1)
- Qe

where the source/sink term Qﬁ! ik requires special consideration (cf. Chapter 4). Then
application of the Newton—Raphson iteration yields a linear system of equations in terms

of 8p'*!:
i [ [
ORijk s 141 n OR: e 111 n OR; jk spit!
_api,j,k_l i, jk—1 9 L, i,j—1,k 9 i1k i—1,j,k
IR ., dR. ., OR!
+ st + —Espltl L —— sl (.115)
api,jk i,k 8pi+1,j ‘ i+1, ),k 8pi,j+1 t i,j+1.k
oR!
i jk+1 bRk bk
I+1

which is the seven-point stencil in the increment 6p

In system (3.115), the derivative of the residual R in pressure p can be computed
either numerically or analytically. When the numerical approach is used, the following
approximation can be adopted, for example:

Ty Ti(p+e)—Ti(p)
p € '

The parameter € should be chosen in such a way that it is small enough to produce a reason-
able approximation to the derivative but large enough that a machine roundoff error does
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A

T

pn (1) 2) pr+l >p

Figure 3.20. Transmissibility in the fully implicit approach.

not dominate the approximation. The convergence behavior of the fully implicit approach
is indicated in Fig. 3.20.

In summary, we have developed explicit, linearization, and implicit time approxima-
tion approaches for numerically solving equation (3.21). In terms of computational efforts,
the explicit approach is the simplest at each time step; however, it requires an impractical
stability restriction. The linearization approach is more practical, but it reduces the order
of accuracy in time for high order time discretization methods (unless extrapolations are
exploited) and introduces stability problems. An efficient and accurate method is the fully
implicit approach; the extra cost involved at each time step for this implicit method is usu-
ally more than compensated for by the fact that larger time steps may be taken. Modified
implicit methods such as semi-implicit methods (Aziz and Settari, 1979) can be applied; for a
given physical problem, the linearization approach should be applied for weak nonlinearity
(e.g., the dependence of viscosity u and density p on pressure p for slightly compressible
flow), while the implicit one should be used for strong nonlinearity (e.g., the dependence
of density p on p for compressible flow).

3.4.6 Material Balance Analysis

Material balance is engineering terminology for mass conservation over a fixed volume,
which is the hydrocarbon reservoir. To ensure the accuracy of the numerical solution, the
material balance must be checked over the entire reservoir: For a closed reservoir (no-flow
boundary), the accumulation of mass must be equal to the net mass entering and leaving the
boundary. That is, over each time step, it holds that

el pn+l _ pn _ ]
> ve(p )A— => 0. (3.116)
- t Lig L TR
i,k s J i,j.k

This material balance can also be checked over the whole time period:

Do (Ve () (P =)= DY QA (.117)

ik noijk
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64 Chapter 3. Single-Phase Flow and Numerical Solution

If the external boundary contains other types of boundary conditions (e.g., mass transport),
equations (3.116) and (3.117) must be changed to account for these conditions. Because
approximations occur in the solution process, a perfect material balance relation is seldom

achieved.
Note that for an incompressible flow problem with a no-flow boundary, equation

(3.116) reduces to
Y orti=o,
i jk

which is the incompressibility condition.
It follows from an addition of equation (3.109) over (i, j, k) that

n+l _ n
Ve (1) P P)
Z( ( ) At ijk

i,jk

_ n+1 n+1  _ _n+l) _ pntl n+l _ n+l
_E:{Tl,i+1/2,j,k (pi+1,j.k Pi,j,k) URRY R (pi,j,k pifl,j,k)

i,k
n+1 n+1 n+1 n+1 n+1 n+1
+ 1o 12k (Pi,j+1,k - P,-,j,k) Tk (I’i,j,k - Pi,j—l,k)
+ Tn+1 n+1 _ n+1 _ Tn+1 n+1 _ n+1
3,0, k+1/2 \ Pijk+1 — Pijk 3,0, k=172 \ Pijk — Pi jk—1 (3.118)

1 1
- (TV)’fjJrl/z,j,k (Zi+1,j,k - Zi,j,k) + (TV)’fjfl/z,j,k (Zi,j,k - Zifl,j,k)

+1 +1
- (TV);,i,jH/z,k (Zi,j+1,k - Zi,j,k) + (Ty);,i,j—l/z,k (Zi,j,k - Zi,j—lyk)

n+l n+1
- (TV)3,i.,j,k+1/2 (Zi,j,k+1 - Ziquk) + (TV)3,i,j,k—1/2 (Zi,j,k - Ziqjvk—l)}
n+1
+ D0
ijk
By the material balance equation (3.116), this equation becomes
n+1 n+1 n+1 n+1 n+1 n+1
Z{Tl,i+l/2,j,k (pi+l,j,k - pz}j.k) =17k (pi,j,k - Pi—l,j,k)
ijk
n+1 n+1 n+1 n+1 n+1 n+1
+ 15 10k (Pi,j+1,k - Pi,j,k) =0 i1k (Pi,j,k - pi,jfl,k>
n+1 n+1 n+1 n+1 n+1 n+1
+ 15 k12 (pi,j,k+1 - Pi,j,k) =15 k-1 (Pi,j,k - pi,j,k71>
n+1 n+1 n+1 n+1 (3119)
=TV iv1)2,j (Zi-H,j,k - Zi,j,k) + TV i1k (Zi,j,k - Zi—l-j»k)

n+1 n+1
—(TV)3; 412k (Zi,H—l,k - Zi-j,k) + (TV)3; -1 (Zi,j,k - Zi,j—l,k)

— (T3 k12 Gijaers = zija) + (TS (2ik — Zi,j,k—l)}
=0.

At any interior gridblock boundary, the flow rate across the boundary is evaluated six
times: once for each adjacent block that shares the boundary. Namely, these two terms,
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Tl,i+l/2,j.k (Pi+l,j,k — pi,j,k) and Tl,i—1/2,j,k (pi,j,k — pi—l,j,k), occur in the X1 -direction; anal-
ogous terms are present in the x;- and x3-directions. For a closed reservoir system, the
transmissibilities on the boundary can be set to zero. Then, by changing the indices in the
summation of equation (3.119), we obtain (with n 4+ 1 omitted)

Z{ <T1+,i—1/2,j,k - Tl_,i—1/2,j,k) (Pi,.i,k - Pi—l,.i,k)

2. j—1/2.k — 2 i,j—1/2, k) (pi.j,k - Pi,jfl,k)

+
T35 k=12 = T 1/2) (Pi.,j,k - Pi,j,kq)

(s
( (3.120)
<
<

(TV)1, 1/2.jk (TV)Ii—l/Z,j,k> (Zi,j,k - Zi—l,j,k)

T3 m106 = T3 jorpe, k) (i.jk = zij-1.k)
- ((TV);F,,‘,,;kq/z - (Ty);,i,j,kfl/Z) (zijk = Zi,/’qkl)} =0,

where the summation is taken over all the interior gridblocks and T}'; _, pkand Ty, 12,7k
denote the transmissibility at an internal boundary evaluated from the positive and negative
directions. In the presence of a pressure and depth gradient (i.e., p;jx 7# pi—1,jk and
Zijk 7 Zi—1,jk), equation (3.120) holds only if

Tl-t—i—l/2,j,k =T\, 1k and (TV)T,i—l/z,j.k = (Ty)l_,i—]/Z,j,k; (3.121)

similar equations hold in the other two coordinate directions. The physical implication of
equation (3.121) is that the flow rates at any internal gridblock boundary evaluated from the
positive and negative directions must be equal.
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Chapter 4

Well Modeling

The numerical simulation of single-phase flow considered in the previous chapter must
account for the treatment of wells. In fact, numerical simulation of fluid flow of any type in
petroleum reservoirs must account for the presence of the wells. The pressure at a gridblock
that contains a well is different from the average pressure in that block and different from
the flowing bottom hole pressure for the well (Peaceman, 1977b). The difficulty in modeling
wells in a field-scale numerical simulation is that the region where pressure gradients are the
largest is closest to a well and is far smaller than the spatial size of gridblocks. Using local
grid refinement around the well can alleviate this problem but can lead to an impractical
restriction on time step sizes in the numerical simulation. The fundamental task in modeling
wells is to model flows into the wellbore accurately and to develop accurate well equations
that allow the computation of the bottom hole pressure when a production or injection
rate is given, or the computation of the rate when this pressure is known. In this chapter,
we develop well flow equations for numerical simulation of single-phase and multiphase
flows in petroleum reservoirs using finite difference methods. Different numerical methods
produce different forms of well representations (Chen, Huan, and Ma, 2006).

4.1 Introduction

In general, there is not a distributed mass source or sink in fluid flows in a 3D medium.
However, as an approximation, we may consider the case where sources and sinks of a fluid
are located at isolated points x). Then these point sources and sinks can be surrounded
by small spheres that are excluded from the medium. The surface of these spheres can be
treated as part of the boundary of the medium, and the mass flow rate per unit volume of
each source or sink specifies the total flux through its surface.

A more practical approach to handling point sources and sinks is to insert them into
the mass conservation equation. That is, for point sinks for single-phase flow, for example,
we define ¢ in (3.5) by

q= —qu(i)S(X—X(i)), (4.1)

67
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68 Chapter 4. Well Modeling

where p is the fluid density, ¢ indicates the volume of the fluid produced per unit time at
x®, and § is the Dirac delta function. For point sources, g is given by

g= Z pDgs(x — xD), 4.2)

where ¢ and p denote the volume of the fluid injected per unit time and its density (which
is known) at x| respectively. In this chapter we discuss various well representations for g
and their corresponding counterparts for multiphase flow.

4.2 Analytical Formulas

The derivation of well flow equations is based on a basic assumption that the flow is radial
in a neighborhood of the well (cf. Section 3.2) and requires the use of analytical formulas for
radial flow. These formulas are known only in simplified flow situations. Thus we consider
single-phase incompressible flow in isotropic reservoirs. Furthermore, we focus on steady
state flow; an unsteady state single-phase flow was described in Section 3.2. In the steady
state case, the mass conservation equation is (cf. equations (3.1) and (4.1))

V- (pu) = ¢d, (4.3)

where u is the volumetric velocity of the fluid, § is the Dirac delta function representing a
well placed at the origin, for example, and ¢ is the mass production/injection at this well.
Darcy’s law without the gravity term is (cf. equation (3.4))

1
u=——kVp, 4.4)
m

where k is the absolute permeability tensor of the reservoir and p and w are the fluid pressure
and viscosity, respectively.
To obtain an analytical solution for equations (4.3) and (4.4), we assume the following:

* The flow is 2D in x; and x; (i.e., it is homogeneous in the x3-direction, and gravity is
neglected).

* The reservoir is homogeneous and isotropic; i.e., k = kI and k is a constant (cf.
Section 2.1).

* The viscosity u and density p are constant.
* The flow is radial in a small neighborhood of the well.
With the last assumption, near the well the velocity u has the form
u(r, ) = u(r)(cos b, sin ),
where (r, 0) is the polar coordinate system. Since the well is placed at the origin, substitution
of this velocity into equation (4.3) gives

du 1
— 4+ -u=0, r>0, 4.5)
dar r
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4.3. Single-Layer Well Models 69

whose solution is # = C/r. The constant C is proportional to g. Note that g represents the
mass production/injection. Hence, when the well is an injector, for example, for any small
neighborhood B of the origin (a small circle) g is the mass flux

__ 4
27‘[,0/’!3 ’

q= h3/ ou-vda(x) =2mph;C; ie., C
B

where v is the outward unit normal to B and 43 is the reservoir thickness (or the height of
the gridblock containing the well). Consequently, we obtain

_ 4
u=
27‘[ph3r

(cos 6, sin 6). (4.6)

Substituting (4.6) into (4.4), taking a dot product of the resulting equation with v = (1, 0),
and integrating from (r°, 0) to (r, 0), we obtain

p() = p(r) = 7—L—n (), 4.7
2mpkh; ro

where (72, 0) is a reference point (e.g., 7’ is the well radius r,,). Equation (4.7) is the ana-

Iytical flow model near the well, on which the development of well equations for numerical

simulation is based.

4.3 Single-Layer Well Models

Van Poolen, Breitenback, and Thurnau (1968) made one of the earliest attempts in the
development of a reservoir simulation well model, which is not used today. It was Peaceman
(1977b) who made the first comprehensive study of well equations for cell-centered finite
difference methods on square grids for single-phase flow. Peaceman’s study gave a proper
interpretation of a well-block pressure, and indicated how it relates to the flowing bottom
hole pressure. The importance of his study is that the computed block pressure is associated
with the steady state pressure for the actual well at an equivalent radius r,. For a square
grid with a grid size h, Peaceman derived a formula for 7, by three different approaches:
(1) analytically by assuming that the pressure in the blocks adjacent to the well block is
computed exactly by the radial flow model, obtaining r, = 0.2084; (2) numerically by
solving the pressure equation on a sequence of grids, deriving r, = 0.2h; and (3) by
solving exactly the system of difference equations and using the equation for the pressure
drop between the injector and producer in a repeated five-spot pattern problem, finding
re = 0.1987h. From these approaches, he concluded that r, =~ 0.2h. In this chapter, the
first approach is adapted for finite difference methods.

4.3.1 Square Grids

For a square grid K}, we solve equations (4.3) and (4.4) in the case where the well is located
in the center of a grid cell. The adjacent cells are enumerated as in Fig. 4.1. Application of
a five-point stencil scheme (cf. Section 3.3.5) to (4.3) and (4.4) gives

pkhs
e @dpo—p1—p2—p3—ps) =q. (4.8)
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70 Chapter 4. Well Modeling
4
i 0 3
2

Figure 4.1. A cell-centered finite difference on a square grid.

Using the symmetry of the solution p, i.e., p; = p» = p3 = ps, we see that

kh
% (o — p1) = j—{ 4.9)

We assume that the pressure at the adjacent cells is computed accurately. In particular, this
means that the analytical well model derived in the previous section can be an accurate
approximation in cell 1. Thus, if a bottom hole pressure py, is given, then it follows from

equation (4.7) that
nq r
= - In(— ), 4.10
P1 = Dbh ki n<rw> (4.10)

where we recall that r,, is the well radius and r; = h. Inserting equation (4.10) into (4.9)

yields
Po= o= g (?) + ok
=Pont 275)2113 (1“ (rfw) + g)
it ().

where o) = ™2 = 0.20788 . ... This is exactly Peaceman’s well model:

2mpkhs

q= m(l’bh - D) (4.11)

where the equivalent radius equals r, = a1h = 0.20788h and p = pg (cf. Fig. 4.2). The
equivalent radius is the radius at which the steady state flowing pressure for the actual well
equals the numerically computed pressure for the well cell. When the well is a producer,
the flow term ¢ is

2JT,Okh3

q= m(ﬁ — DPbh)- (4.12)
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4.3. Single-Layer Well Models 71

Figure 4.2. Radial flow.
4.3.2 Extensions
Extension to anisotropic media

The above well model needs be extended in various directions, including to rectangular grids
and incorporating gravity force effects, anisotropic reservoirs, skin effects, horizontal wells,
and multiphase flows. Here we consider an extension of the model in equation (4.11) to the
first four effects. The gravitational effects must be treated on the same footing as pressure
gradient effects. The skin factor s is a dimensionless number and accounts for the effect
resulting from formation damage caused by drilling. With these effects for single-phase
flow for an anisotropic permeability k = diag(k;;, k22, k33), the well model is extended to
2mphs/kirkan

= L nlrefry) ) P =P PR =2, (4.13)

where g is the magnitude of the gravitational acceleration, z is the depth, and z;, is the
well datum level depth. The factor +/k; k2 comes from the coordinate transformation:
xy = x1/+/ki1 and x5 = x2/+/ka> (Chen, Huan, and Ma, 2006).

In the nonsquare grid and anisotropic medium case, the equivalent radius r, is (Peace-
man, 1983)

172

0.4 (Gkna ki) 2 13+ (Kt Jhe) 2 13)
0.5 ((kna/ki)"* + (kiy fh2) ')

where /| and h, are the x;- and x;-grid sizes of the gridblock that contains the vertical well.

The well index is defined by
7 2rhs/kiika
In(re/ry) + s
The effect of near-wellbore factors on well productivity or injectivity can be incorporated
by using the skin factor s. Effects that can be treated in this manner include well damage,
perforation impacts, partial penetration, fracturing, acidizing, and inclined (deviated) wells.
The well skin factors for these effects are additive:

S=E Sis
i

where s; indicates each individual skin factor.

, (4.14)

Te

(4.15)
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72 Chapter 4. Well Modeling

Extension to horizontal wells

Horizontal wells in either the x;- or the x,-coordinate direction use the same well model
equations as vertical ones. Only the parameters related to the direction of the wellbore need
to be modified. The well index for a horizontal well parallel to the x;-direction is calculated:

2mh i~/ kaok
WI = TV K22K33

= ; 4.16
In(r,/ry) +5 ( )
if the well is parallel to the x,-direction, it is
2rcho/ki1k
wi = v Enkss (4.17)
In(r./ry) +s
Accordingly, in the x;-direction the equivalent radius r, is
0.14 ((kss /ka) % 13 + (koo f3z) 2 13)* “@1s)
re = 9 *
0.5 ((k33/k22)""* + (ko /k33)'/?)
and in the x,-direction,
0.14 ((ks3 /k1) 2 B2 + (kpy Jkss) 72 h2) 2
o ((kss/ki)'? i} + (ki1 /ks3)'/ h3) 4.19)

0.5 (k33 ki) + (ki Jk33) ')

A well in an arbitrary direction (i.e., a slanted well) cannot be easily modeled via finite
difference methods (Chen, Huan, and Ma, 2006).

The assumptions appropriate for successful implementation of the horizontal well
equations (4.16)—(4.19) (Peaceman, 1991) are that the grid spacing and permeability are
uniform, the well is isolated (not near any other well), and it is not located near any grid
boundary. From Peaceman (1991), these assumptions can be satisfied if the following
conditions hold:

* The distance between the well and any other well should be greater than ten times
h = max{hy, h3} if it is parallel to the x,-direction or # = max{h, h,} if it is parallel
to the x3-direction.

* The well should not be closer than 5k + h3/(2h;) (respectively, Shy + hy/(2hy))
from a vertical grid boundary.

* The well should not be closer than 5h3 + h/(2h3) (respectively, Shy, + hi/(2h3))
from a horizontal grid boundary.

There are other horizontal well models, such as Babu and Odeh’s (1989) pseudosteady
state productivity model that is used to evaluate the productivity of a horizontal well. All
the existing horizontal well model equations are similar to those of vertical wells in form.
Finally, we mention that hybrid grids near a vertical or horizontal well are often used to
improve the coupling of the wellbore to the reservoir and the accuracy of solution near the
well (cf. Fig. 4.3).
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4.3. Single-Layer Well Models 73

v

Figure 4.3. Hybrid grid near a well.

Extension to multiphase flow

The vertical well equations derived for single-phase flow can be extended to multiphase
flow, e.g., to a flow system of water, oil, and gas:

2wh3Nki1ka Pokre

T InGe/re) +5 e

G (Poh — Pa — P (Zon — 2)) (4.20)
where py, k., Lo, and p, are the density, relative permeability, viscosity, and pressure
of phase «, respectively, « = w, 0, g. Note that the definitions of the well index WI
and equivalent radius r, remain the same. The horizontal wells in either the x;- or the
xp-coordinate direction for the single phase flow can also be extended to multiphase flow.

Off-centered wells

In general, in reservoir simulation, it is desirable to allow no more than one well to penetrate
a gridblock. Furthermore, it is often necessary to have at least one or two empty blocks
between the wells to accurately simulate pressure interference effects. Inaddition, in ablock-
centered grid, the well should be located in the center of a block; in a point-distributed grid,
the location of the well should coincide with a grid node. There are cases where placing
all the wells in the block centers results in a grid with a large number of blocks that are not
computationally effective. In these cases, it is necessary to place some wells in off-center
locations.

Abou-Kassem and Aziz (1985) derived an equivalent well radius equation that is
applicable to wells located in off-center locations in a square or rectangular gridblock with
the aspect ratio /,/ h; in the range of 1/2 to 2. The well equation is given by (4.13), with
a complicated equivalent radius r, that accounts for the interface transmissibility between
the well block and its surrounding gridblocks.

The boundary of a reservoir also affects the magnitude of the equivalent radius. A
well block is termed an interior block if all the reservoir boundary is outside the well block
boundarys; it is a boundary block, otherwise. Fig. 4.4 shows some examples of the well
location and its corresponding equivalent radius (Kuniansky and Hillstad, 1980).

It is sometimes impossible to construct a grid that ensures the existence of only
a single well in a gridblock; that is, a block may contain multiple wells. The simplest
approach to handling this problem is to represent the multiple wells in the block with a
single lumped source/sink term. Combining all these wells into a single hypothetical well
using the principle of superposition results in this lumped term. If the combined wells have

2007/¢
page 7

ST



74 Chapter 4. Well Modeling
(] ([ ]
re=0.193h re =0.196h
& N
re=0.72h 1. =0.433h

Figure 4.4. Boundary elements and corresponding equivalent radii.

analogous characteristics and histories, this lumping approach is physically reasonable. If
a more accurate representation is required, pressure interference effects between the wells
must be incorporated (Lingen, 1974; Williamson and Chappelear, 1981).

4.4 Multilayer Well Models

If a well penetrates multiple layers (cf. Fig. 4.5), then the mass production/injection at well
block m is defined as in equation (4.13):

_ 2pmhim 3/ k11K, 22

B MHom (ln(rm,e/rw) + Sm)

qm (Poh — Pm — P& (Zon — Zm)) - 4.21)

Figure 4.5. Well penetration of multiple layers.
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4.5. Coupling of Flow and Well Equations 75

Note that all the rock and fluid properties depend on the well-block number m. The total
flow for the well in the reservoir is the sum of the rates for all perforated intervals:

27t;0mhm,3\/ km,llkm,22

m Hm (ln(rm,e/rw) + Sm) (pbh — Pm = pm@(th - Zm)) . (422)

For multiphase (e.g., water, oil, and gas) flow, following equation (4.20), this flow equation
becomes

Go = Z znhm,?a km,llkm,ZZ pa,mkra,m
* ln(rm,e/rw) + Sm Ma,m

(pbh — Pam — prx.m@(zbh - Zm)) (423)

for « = w, 0, g. Multilayer wells in the x,- and x,-directions can be similarly modeled.
The pressures at the gridblocks in the column containing the well are coupled. If
desired, a specified well rate ¢ can be allocated to each of the blocks in this column by

Zﬂpuhu 3v/ ko 11k 22

Mv ln(rve/rw)+ )

/Z 277:pmhm 3\/ m, llkm 22

(th — Pm — pm&o(th - Zm)) .
Mm ln(rm e/rw) +s )

Qv = (Por — Pv — Pv& (Zon — Zv))

(4.24)

To simplify the computation, it is sometimes assumed that the pressure head drawdown
Db — Pm — Pm& (Zon — Zm) and the skin factor s are the same at all well blocks in the
column. Under these assumptions, equation (4.24) can be replaced by

ol /K 11k 22/ (4.25)
Z Pmhm, 3m/ﬂm

qv =

Equations (4.24) and (4.25) can also be generalized to multiphase flow.

4.5 Coupling of Flow and Well Equations

Well equations are coupled to the flow equations presented in the previous and subsequent
chapters and need to be solved in a coupled or decoupled fashion, depending on the type
of well constraints. In this section we focus on the solution of the single-phase flow and
well equations; the subsequent chapters will deal with the multiphase flow and well coupled
simulation.

We recall the single-phase flow equation from the previous chapter (cf. (3.21) or (3.91)),

ap p
cp)o-=V- (;k (Vp— psz)) +4. (4.26)
where the source/sink term g is

N 2mpy/kiikahs
9=3

)
o _ B o
M(ln(re/rw)+s) (p p— o9 2y, Z)> (x—=x), (427

m

v=1lm
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76 Chapter 4. Well Modeling

where §(x) is the Dirac delta function, N,, is the total number of wells, M,,, is the total
number of perforated zones of the vth well, h,(:)3 and x) are the segment length and central
location of the mth perforated zone of the vth well, P;;Z) is the bottom hole pressure at the
datum level depth z;), ", is the equivalent well radius, and (" is the radius of the vth
well. Introducing the well index

(v)

3

_ 27'[\/ k11k22/’l3

WI(V) —
" In(r./ry) +s

m
the mass production/injection at the wells can be written as

Ny My, )

(Pl = p =¥l = D) 8 (x =), (4.28)

m

Wlip
q= Z T

v=1 m=1

where y = pg (the fluid gravity).

Two types of well constraints need to be taken into account for single-phase flow:
Either the well bottom hole pressure py;, is given (pressure-specified wells) or a flow (pro-
duction or injection) rate is fixed (rate-specified wells). In the former case,

po = Py, (4.29)

where v is the number of the well with this type of well control and P,EZ) is the given bottom
hole pressure at this well. In this case, the flow rate is unknown. In the latter case,

My, v)
w=>" WOl (o — p— ) — ) 8 (x = x2) (4.30)
qspe - w P p Y Zpp z m ) .
m=1 m

where qg;)e is specified at the vth well. In this case, the rate is specified for this entire well,

and the bottom hole pressure of the vth well, pZ‘;L), needs to be found.
The solution of either ¢ or pZ‘,? depends on the solution approach for the flow

equation (4.26): explicit, linearization, extrapolation, or fully implicit (cf. Section 3.4.5).

Explicit approach

In the explicit solution approach, the source/sink term is handled explicitly (i.e., it is eval-
uated at the old time level "):

((pl?f)n P =V - z)) 5(x —x). @31)

Thus both the source/sink term ¢ and bottom hole pressure p,(;;l) are evaluated explicitly,
and one can be found from the other using this well equation. Then Qf ik = Va")ij
supplements the flow equation (3.102).
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4.5. Coupling of Flow and Well Equations 77

Linearization approach

The linearization solution approach results in the following well equation:

Nlﬂ va
n+l _ Z Wip" '

) n+1
q o ((p,(,?f) —p ) — z)) S(x—x). (432

v=1 m=1

Equation (4.32) must be coupled to the flow equation (3.104) for the solution of the primary
unknowns p and p,(]‘;f (or ¢™). For example, for a rate-specified well, in addition to the
pressures of the neighboring gridblocks caused by interblock flow (p; jk—1, Pi, j—1,k» Pi—1,jk>
Di,jk» Pi+1,jk> Dij+1,k» and p; ;x+1) from equation (3.104), the pressures of the column of
the gridblocks that contain the well and the bottom hole pressure also appear in the system
of finite difference equations.

Extrapolation approach

Similarly, in the extrapolation approach, the source/sink term is

RN )
v _ o+l (D) (V)
. ((pbh) P v G, Z)> (4.33)

x§(x —x{),

where (n + 1)* is defined as in (3.107). The solution for the fluid pressure p and the bottom
hole pressure péz) (or the flow rate ¢ can be carried out as in the linearization approach.

Ny My, *
w My (n+1)
ntl _ Wip™
¢t =3 PCEE

v=I1 m=1

Fully implicit approach

Finally, the fully implicit solution approach requires an implicit treatment of the source/sink
term:

Nu My (v
Wlp(”Jrl) n+l1
ntl _ (v)) ool kD0
=22 N, GO (4.34)

x8(x —x),

which can be linearized via the Newton—Raphson method, for example. For the constraint of
type (4.29), the well bottom hole pressure is given, so its increment at the Newton—Raphson
iteration level / 4 1 is zero (cf. the residual equation (3.115)),

) n+1,1+1
5 (pb;) —0, (4.35)

and system (3.115) involves only the computation of pressure after substitution of equa-
tion (4.34) into the fully implicit system (3.109).

For the constraint of type (4.30), &( p;)';l))”“’l*l needs to be found through the equation
(with the superscript n + 1 omitted)

My,
o _ Wlp(l+1)
Dspe = (10D

m=1

) 141
((péi?) =P =y - z)) sx—x),  (436)

which is coupled to the flow system (3.115). In this case, the primary unknowns are §p'*!
(WNI+1
and 8(p,, ).
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78 Chapter 4. Well Modeling

4.6 Coupling of Wellbore-Hydraulics and Reservoir
Models

4.6.1 Single-Phase Flow

It is sometimes necessary to specify a rate or pressure at the wellhead or some other point
in the surface facilities. This may be true when several wells are producing into a common
manifold, flowline, or separator, for example. When the surface pressure py, is speci-
fied, it must be converted into the well bottom hole pressure py;, for inclusion in the well
model (4.13) or (4.20). To do so, a hydraulics model is used from either an energy or
pressure balance, or from experiments; i.e., the total pressure drop in a length of tubing is

Pbh — Psp = Apg + Apg + Apa + Apw, (4.37)

where the four terms on the right-hand side of this equation, respectively, correspond to
the pressure drops caused by the hydrostatic head or specific weight loss, friction loss,
acceleration loss or kinetic energy change, and external work loss (e.g., driving a turbine;
a pump would introduce a —Apw), and the well direction [ is positive in the downward
direction. The gravitational pressure drop is given by changes in the hydrostatic head:

Apg = pp sin AL,

where 6 = /2 for a true vertical well. For horizontal or deviated wells, Al > Az. The
frictional pressure drop is related to the friction factor f,,, velocity u3 in direction /, and the
inner diameter D of tubing:

fmput
Apr = ——AL
PE= "D
The acceleration pressure drop is
d
Apa = pu%#Al,

which, in most practical reservoir applications, is ignored. The acceleration contribution
is significant when flow is through critical flow provers or two-phase chokes (Nind, 1981).
Finally, the pressure drop caused by external work normally does not appear in reservoir
simulation. Common practice is to set boundary conditions at the sandface, at the pump
suction in the case of pumping wells, or at the wellhead or separators in the case of flowing
or gas lift wells.

Water injection

For a water injection well, equation (4.37) reduces to the relation for the wellhead pressure
Pwi and the bottom hole pressure pp,,

Poh = Pun + Apg + Apy, (4.38)

which can be used to find p;;, when p,,, is given. For single-phase flow, it is often adequate
to express the frictional pressure drop in terms of the Reynolds number,

Apg = Kq*, (4.39)
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4.6. Coupling of Wellbore-Hydraulics and Reservoir Models 79

where the coefficient K is determined experimentally or derived from an analytic expression
for the friction pressure gradient and the exponent a is experimentally determined (normally
in the range of 1.75 to 1.85 for water). For injection, the injection rate ¢ must be a negative
quantity.

Gas production and injection

Because gas is highly compressible, an equation of state relating pressure to density is
required for gas before integration over length. In this case, a simple hydraulics model is
used (Smith, 1983):

Py = APy, + BA = D¢?, (4.40)

where A is a function of gas gravity, compressibility factor Z, length, and temperature and
B is a function of compressibility factor, diameter, temperature, and friction loss. Equa-
tion (4.40) holds for vertical flow through a circular conduit under the conditions of a linear
temperature distribution, constant compressibility factor, and negligible acceleration effect.

For horizontal flowlines with a constant compressibility factor and temperature and
negligible acceleration, equation (4.40) becomes

P = Psp +Cq° (4.41)

where C is a function of gas gravity, compressibility factor, diameter, temperature, and
friction loss.

4.6.2 Multiphase Flow

Solution for a multiphase hydraulics model similar to (4.37) is beyond the scope of this book.
In general, multiphase flow data for the surface pressure py,, the water cut f,,, the gas/liquid
ratio Ry (equivalently, gas/oil ratio R,,), and the well rate g are generated separately for
a number of cases that cover the circumstances likely to occur during simulation. This
information is included in a tabular form into the simulator, and the flow from the bottom
hole datum to the surface is determined by interpolation among the tabulated data (Brown,
1977; Nind, 1981). Fig. 4.6 shows a family of curves for Ry with py, and f,, fixed, where
we recall that ¢ is positive for injection and negative for production (i.e., in the latter case,
the horizontal axis uses —q).

Here we briefly discuss an algorithm for converting a specified surface pressure pj,
to a flowing bottom hole pressure p;;, and a well rate g for the black oil system of water, oil,
and gas to be studied in Chapter 6. The capillary pressures are defined as in equation (2.19):

pcow(Sw) =P~ Puw pcgo(Sg) =Pg— P (442)

where p = p,. It follows from the multiphase well model (4.23) that

quw = Z Wlk}\w,k (th — Pk + Pcow,k — Vw,k(zhh - Zk)) /Bw,ka

X
Qo =Y _ Wl (Pon = Pk = YoiGon — 20)) / Bos (4.43)
X
qe = Z Whihg i (Pon — Pk — Pegok — Yok (Zon — 2)) / Books
X
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Fixed p,, and f,,
\_/Rg”
Pbh \/Rglz
Rgl3
-q
Figure 4.6. A family of curves for Ry.
where the well index WI is defined in (4.15), B, is the formation volume factor of the
a-phase, and the mobility A, and fluid gravity y, are
krot
Ae = —, Vo= Paf), A=1W,0,&.
Ha
For the black oil model, the total well rate is (cf. Chapter 6)
q=quw+ (1 + Ry) q0 + qg, (444)
where R;, is the gas solubility factor. Substituting (4.43) into equation (4.44) yields
)\,g,k
q= Z Wi CH+ Rso) (Poh — Pi)
w o k Bg,k
+ > Wi, _ Dk (4.45)
pcow,k Bg B pcgo,k R
X .
L ( Vui+ (14 R) 225y 4 —ygk> (2bh — 2k)-
1 o,k
Introduce the notation
Mgk
W, = W1k< +R L)
r Z By T B
- )‘g,k
p= ZWIk +Rm) =) i
! B Bu (4.46)
Ag.k
- WIk < Pcow,k — &= — 2 o,k)
Z w, Bk 8
+ZWI + (1 + Ry) +A (zbh — 21)
k wkywk 50 BOkVok J/gk Zbh — Zk) (-
—®
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Then equation (4.45) can be written as

- 9q
Poh = P + W, (4.47)
which shows a linear relationship between py;, and ¢ (cf. Fig. 4.7).

Because the well must obey both the R, (tubing performance) and p;, — ¢ (inflow
performance) relationships, it must operate at the intersection of these two curves. In
general, however, there exist two intersections (cf. Fig. 4.7), so a further study is required
before a proper operating point is selected. As an example, a production well is examined,
and a perturbation is introduced in the production rate:

g =q+e (4.48)

For the intersection with the higher value of ¢ (i.e., the right intersection in Fig. 4.7), a
positive € gives a value of py;, larger for the tubing performance curve than that for the
inflow performance curve. That is, the tubing exerts additional backpressure against the
sandface. As a result, the production rate drifts back to g. On the other hand, a negative
€ generates a slightly underbalanced well, and again the production rate drifts back to g.
Hence the intersection with the higher value of g is a stable operating point.

For the intersection with the lower value of ¢ (i.e., the left intersection), a positive €
generates an underbalanced pressure, causing g to increase (ultimately terminating at the
stable operating point). On the other hand, when € is negative, the tubing exerts a larger
backpressure and further chokes back the well. Ultimately, the well loads up and stops
flowing. Therefore, this intersection is an unstable operating point.

We now state an algorithm for converting the specified surface pressure pg, to the
flowing bottom hole pressure p;;, and the well rate g:

1. Evaluate g,, g,, and g, at the old time level ¢".
2. Compute the total well productivity W; according to the definition given in (4.46).

3. Calculate the averaged pressure p according to (4.46).

Fixed py, and f,,

$ Unstable

Poh

Tubing performance

Inflow performance

-q

Figure 4.7. Intersection of inflow and tubing performances.
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. Evaluate the water cut f,, and the gas/liquid ratio Rg;:

Byqy R, = Bg(‘]g — Ryq0)

f’ = 9 [ — .
Y Buquw + Boqo C Buquw + Bogo

. Use the specified p,, and evaluated f,, and R to choose a proper tubing performance

curve from the tables that are read for the well.

. Find the interactions of the tubing and inflow performance curves, and obtain p;, and

q from the stable operating point (one with the higher value of g).

. Check the new values of g, ¢,, and g,. If they are sufficiently close to the old values,

the solution converges. Otherwise, continue from step 2.

If the flowing bottom hole pressure p;;, and the well rate g are given, this algorithm

can be employed to compute the surface pressure py, in a reverse manner. An analogous
algorithm can be also defined for an injection well.
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Chapter 5

Two-Phase Flow and
Numerical Solution

In reservoir simulation, we are often interested in the simultaneous flow of two or more
fluid phases within a porous medium. We now develop basic equations for multiphase flow
in a porous medium and their numerical solution. In this chapter, we consider two-phase
flow where the fluids are immiscible and there is no mass transfer between the phases. One
phase (e.g., water) wets the porous medium more than the other (e.g., oil) and is called the
wetting phase, indicated by a subscript w. The other phase is termed the nonwetting phase
and indicated by o. In general, water is the wetting fluid relative to oil and gas, while oil is
the wetting fluid relative to gas.

In addition to the basic differential equations for two-phase immiscible flow, alterna-
tive differential formulations for these differential equations are also discussed. A 1D case
where an analytic solution can be obtained is studied. A solution approach, IMPES (implicit
pressure—explicit saturation), for solving the two-phase differential equations is presented
and compared with a recently introduced approach, an improved IMPES. Finally, numerical
solution of the two-phase differential equations is described, and the treatment of transmis-
sibilities at gridblock boundaries is stressed.

5.1 Basic Differential Equations
5.1.1 Mass Conservation

Several new quantities peculiar to multiphase flow, such as saturation, capillary pressure,
and relative permeability, must be introduced (cf. Chapter 2). The saturation of a fluid phase
is defined as the fraction of the void volume of a porous medium filled by this phase. The
fact that the two fluids jointly fill the voids implies the relation

Sw+ S =1, (5.1
where S, and S, are the saturations of the wetting and nonwetting phases, respectively.

Also, due to the curvature and surface tension of the interface between the two phases, the
pressure in the wetting fluid is less than that in the nonwetting fluid. The pressure difference

83
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84 Chapter 5. Two-Phase Flow and Numerical Solution

is given by the capillary pressure

Pc = Po — Pws (5.2)

where p,, and p, are the respective pressures of the wetting and nonwetting phases. Empi-
rically, the capillary pressure is a function of saturation S, (cf. Chapter 2).

Except for the accumulation term, the same derivation that led to equation (3.1) also
applies to the mass conservation equation for each fluid phase. Mass accumulation in a
differential volume per unit time is

(oo S«
((ﬁg—l‘)AxlA)QAXy

where ¢ is the porosity of the porous medium, each phase has its own density p,, and Ax;
is the length of the cube in the x;-direction, i = 1, 2, 3, in Fig. 3.1. Taking into account this
and the assumption that there is no mass transfer between phases in the immiscible flow,
mass is conserved within each phase,

A(PpuSe)
ot
where each phase also has its own Darcy’s velocity u, and mass flow rate g, .

-V (paua) + 4o, o =w, o, (53)

5.1.2 Darcy’s Law

Darcy’s law for single-phase flow can be directly extended to multiphase flow. In the
present case it relates the total volumetric flow rate of each fluid phase through a porous
medium to its pressure gradient and the properties of the fluid (viscosity, u,, or i,) and the
medium (effective permeability, k,, or k,, and a cross-sectional area, A). For example, in
the x;-direction (cf. Fig. 5.1), it is written as

kwA 8pw kuA apo
- PR (IO = - .
My 0X1 Mo 0%

Darcy’s velocities for both phases are u,, = q,,/A and u, = q,/A; as a result, we see that

ky Opy k, op,

uy = ——2Po = Ko (5.5)
My 0X1 Ho 0X1

------------ Apyy-emeee AP enereanereanennend

— B 4
qw qW
d, — —®q,
...................... L...........................
ky,AAp,, koAAp,
Qw= > -
Voo, L ° u,L

Figure 5.1. Volumetric flow rates.
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5.1. Basic Differential Equations 85

For a 3D two-phase flow system with gravitational force, the differential form of Darcy’s
law is

1
u, = ——Ky (Vpy — pupV2), a=uw,o, (5.6)

o

where g is the magnitude of the gravitational acceleration and z is the depth.

Since the simultaneous flow of two fluids causes each to interfere with the other,
the effective permeabilities are not greater than the absolute permeability k of the porous
medium. The relative permeabilities k,, are widely used in reservoir simulation:

k, = kK, o =w, o. 5.7
The function k,, indicates the tendency of phase o to wet the porous medium. Typical

functions of p.(Sy) and k,(S,,) were described in Chapter 2.

5.1.3 Alternative Differential Equations

In this section, we derive several alternative formulations for the two-phase flow differential
equations.

Formulation in phase pressures
Assume that the capillary pressure p. has a unique inverse function:
-1
Sw = D¢ (po - pw)-

We use p,, and p, as the main unknowns. Then it follows from (5.1)—(5.3) and (5.6) that

w dppwp:")
V. (p_kw (Vpuw — pwéOVZ)) = (pp—p — 4w

w ot
3(¢ 1— 71)) (5.8)
V. (&ko (Vp, — ,Oa[{JVZ)> — PP — Pe )) -
Ho ot

This system was employed in the simultaneous solution (SS) scheme in petroleum reservoirs
(Douglas, Peaceman, and Rachford, 1959). The equations in this system are strongly
nonlinear and coupled.

Formulation in phase pressure and saturation

We use p, and S, as the main variables. Applying (5.1), (5.2), and (5.6), equation (5.3) can
be rewritten as

V. <p_kw <Vpo - dLVSw - pw@vz)) = m —quw;

Hw Sw ot
) _ 3(¢po(1 = Su))
N at

(5.9)

0-

v (&ko (Vo — poV2)

o
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86 Chapter 5. Two-Phase Flow and Numerical Solution

Carrying out the time differentiation in (5.9), dividing the first and second equations
by py and p,, respectively, and adding the resulting equations, we obtain

1 Pu dpc 1 Po
— V| —Kky | Vpo— =V, — pupVz + =V —Kk, (Vp, — p,pV2)
Pw w dS, Po Mo

_ Sw 3(¢pw) 1 - Sw 8((]5/),,) quw o
= — =+ _— = —.
Pw ot Po ot Pw Po

(5.10)

Note that if the saturation §,, in (5.10) is explicitly evaluated, we can use this equation to
solve for p,. After computing this pressure, the second equation in (5.9) can be used to
calculate S,,. This is the implicit pressure—explicit saturation (IMPES) scheme and has been
widely exploited for two-phase flow in petroleum reservoirs (cf. Section 5.3).

Simplifications for incompressible fluids

We now develop three alternative formulations under the assumption that the two fluids are

incompressible, which is physically reasonable for water and oil. The following three for-

mulations also have similar counterparts for compressible fluids (Chen and Ewing, 1997a).
Phase formulation. Introduce the phase mobilities

k
Ao =—, a=w,o,
Ma
and the total mobility
A=Ay + A,
Also, define the fractional flow functions
A
fo= Ta, a=w,o

We use the oil pressure and water saturation as the primary variables
P = Do, S=Su. (5.11)
Define the total velocity
I (5.12)

Under the assumption that the fluids are incompressible, we apply (5.1) and (5.12) to (5.3)
to see that

Veu=4(p, S =qu(p, ) +4,(p, S, (5.13)
and (5.2) and (5.12) to (5.6) to obtain
u=—Kk[A)Vp = An()Vpe = (upu + Aopo)9V2] (5.14)

where g, = qw/pw and g, = q,/p,. Substituting (5.14) into (5.13) yields the pressure
equation
-V (k)‘vp) = é -V. (k()"vac + wow + )\opo)pVZ))- (515)
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5.1. Basic Differential Equations 87

The phase velocities u,, and u, are related to the total velocity u by
u, = fuu + KA, fu, Vpe + Ko fu (0w — o)V 2,
u, = fou — Ky fo,Vpe + Khy fo(00 — puw)$Vz.

Similarly, we apply (5.2), (5.12), and (5.14) to (5.3) and (5.6) with ¢ = w to obtain the
saturation equation

dp.
ds

3S
oo +V- {kfw(S)Ao(S) ( VS — (oo — pw)@VZ>

(5.16)
+fw(S)u} =quw(p, 9,

where, for notational convenience, we assume that ¢ = ¢(x).
Weighted formulation. We introduce a pressure that is smoother than the phase
pressure:
P = SwPuw + Sopo- (5.17)

Even if a phase disappears (i.e., either S,, or S, is zero), there is still a nonzero smooth
variable p. Applying the same algebraic manipulations as in deriving the phase formulation,
we obtain
u= —k{X(SHVp+ (SA(S) = 2u(8))Vp: + 1(S)p.VS
— (hwpu + kopo) 9V z}.

Equations (5.13) and (5.16) remain the same.
Global formulation. Note that p. appears in both (5.14) and (5.18). To remove it,
we define a global pressure (Antontsev, 1972; Chavent and Jaffré, 1978):

(5.18)

S (. dp.
P=DPo— / (hﬁ) (&) dé. (5.19)
Using this pressure, the total velocity becomes
u=—Kk(AS)Vp— (hupw + 1opo)pVz) . (5.20)
It follows from (5.2) and (5.19) that
AVDp = AV Py + A,V P,

which implies that the global pressure is the pressure that would produce flow of a fluid
(with mobility 1) equal to the sum of the flows of fluids w and 0. Again, equations (5.13)
and (5.16) remain the same.

The coupling between the pressure and saturation equations in the global formulation
is less than that in the phase and weighted formulations, and the nonlinearity is weakened
as well. This formulation is most suitable for a mathematical analysis for two-phase flow
(Antontsev, 1972; Chavent and Jaffré, 1978; Chen, 2001, 2002). When the capillary effectis
neglected, the three formulations are the same. In this case, the saturation equation becomes
the well-known Buckley—Leverett equation.
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88 Chapter 5. Two-Phase Flow and Numerical Solution

Classification of differential equations

There are basically three types of second order partial differential equations: elliptic,
parabolic, and hyperbolic. We must be able to distinguish among these types when devising
numerical methods for their solution.

If two independent variables (either (x;, x») or (x;, f)) are considered, then second
order partial differential equations have the form, with x = xy,

?p p op dp
_+b_: PSR .
o T =7 <8x ol )

This equation is (1) elliptic if ab > 0; (2) parabolic if ab = 0; (3) hyperbolic if ab < 0.
The simplest elliptic equation is the Poisson equation
?*p  p
— 4+ — = f(x1, x2).
8)6% ax% f( 1 2)
A typical parabolic equation is the heat conduction equation

0, 3 &
R R
ot oxy ox;
Finally, the prototype hyperbolic equation is the wave equation

1 8%p _ p n p
v ad axd

where v is a wave speed. In the 1D case, this equation can be “factorized” into two first

order parts:
19 ad 19 n d —0
vor ax)\var ax)P T

The second part gives the first order hyperbolic equation

ap , I
o TV =
We now turn to the two-phase flow equations. While the phase mobilities A, can

be zero (cf. Chapter 2), the total mobility A is always positive, so the pressure equation
(5.15) is elliptic in p. If one of the densities varies, this equation becomes parabolic.
In general, —kX, f,,dp./dS is semipositive definite, so the saturation equation (5.16) is a
parabolic equation in S, which is degenerate in the sense that the diffusion can be zero.
This equation becomes hyperbolic if the capillary pressure is ignored. The total velocity is
used in the global pressure formulation. This velocity is smoother than the phase velocities.
It can be also used in the formulations (5.8) and (5.9) (Chen and Ewing, 1997b). Finally,
with p. = 0, equation (5.16) becomes the known Buckley—Leverett equation whose flux
function f,, is generally nonconvex over the range of saturation values where this function
is nonzero, as illustrated in Fig. 5.2; see the following for the formulation in hyperbolic
form.
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1

fw

Sw 1

Figure 5.2. A flux function f,,.

Formulation in hyperbolic form
Assume that p, = 0 and rock compressibility is neglected. Then equation (5.16) becomes

as

9+ V- (full = Ao fulpo =PIk V) = Z—'” (5.21)

Using (5.13) and the fact that f,, + f, = 1, this equation can be manipulated into

(00 — pw)pkw) v = Lo _ Judo (5.22)

ds ds

¢5+

os <dfw d0uf)
Pw Po

which is a hyperbolic equation in S. Finally, if we neglect the gravitational term, we obtain

aS  dfy oqw wqo
p 0 Yoy gy Jodw _ Sudo

5.23
ot ds Pw Po ( )

which is the familiar form of waterflooding equation, i.e., the Buckley—Leverett equation.
The source term in (5.23) is zero for production since

Qo _ 4 (q_w + @)

Pw Pw  Po
by Darcy’s law. For injection, this term may not be zero since it equals (1 — f,)qw/pw 7% 0
in this case.

5.1.4 Boundary Conditions

As for single-phase flow in Chapter 3, the mathematical model described so far for two-phase
flow is not complete unless necessary boundary and initial conditions are specified. Below
we present boundary conditions of three kinds that are relevant to systems (5.8), (5.9), and
(5.15) ((5.18) or (5.20)) and (5.16). We denote by I the external boundary or a boundary
segment of the porous medium domain €2 under consideration.
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90 Chapter 5. Two-Phase Flow and Numerical Solution

Boundary conditions for system (5.8)

The symbol «, as a subscript, with @ = w, o, is used to indicate a considered phase. When
a phase pressure is specified as a known function of position and time on I', the boundary
condition reads

Do =841 onT. (5.24)

When the mass flux of phase « is known on I', the boundary condition is
Pely -V = gqo onl, (5.25)

where v indicates the outward unit normal to I and g, » is given. For an impervious boundary
for the o phase, g, » = 0 (no flow for this phase).
When I' is a semipervious boundary for the o phase, a boundary condition of mixed
kind occurs:
8a,pPa + 8uuPolly -V = go,3 ON T, (5.26)

where g, . gou» and gq 3 are given functions.
Initial conditions specify the values of the main unknowns p,, and p, over the entire
domain at some initial time, usually taken at ¢ = O:

Pa(x,0) = p2(x), a=w,o,

where pg(x) are known functions. More details will be given about the choice of an
appropriate set of initial conditions in Sections 5.3.1 and 6.2.1.

Boundary conditions for system (5.9)

Boundary conditions for system (5.9) can be imposed as for system (5.8); i.e., equations
(5.24)—(5.26) are applicable to system (5.9). The only difference between the boundary
conditions for these two systems is that a prescribed saturation is sometimes given on I" for
system (5.9):

Sw=g4 onl.

In practice, this prescribed saturation boundary condition seldom occurs. However, a con-
dition g4 = 1 does take place when a medium is in contact with a body of this wetting
phase. The condition S,, = 1 can be exploited on the bottom of a water pond on the ground
surface, for example. An initial saturation is also specified:

Su(x,0) = S (x),

where S (x) is given (cf. Sections 5.3.1 and 6.2.1).

Boundary conditions for (5.15) ((5.18) or (5.20)) and (5.16)

Boundary conditions are usually specified in terms of phase quantities like those in
(5.24)—(5.26). These conditions can be transformed into those in terms of the global quanti-
ties introduced in (5.19) and (5.20). For the prescribed pressure boundary condition in (5.24),
for example, the corresponding boundary condition is given by

p=g onl,
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5.2. An Analytic Solution 91

where p is defined by (5.19) and g, is determined by

80,1 8w, 1
a=s- [ Al @)
Also, when the total mass flux is known on T, it follows from (5.25) that
u-v=g, onl,

where 202 Sz
o, + w,

Po Pw
For an impervious boundary for the total flow, g = 0.

82 =

5.2 An Analytic Solution

As in the treatment of single-phase flow in Chapter 3, an analytic solution for a simple
two-phase flow system is obtained.

5.2.1 Analytic Solution Before Water Breakthrough

The breakthrough time tg is an important event in the water-oil displacement; as ¢ > t5, we
are producing some of the water being injected. Assume that €2 is an isotropic medium and
is homogeneous in the x,- and x3-directions (cf. Section 2.1). All its properties depend only
on x;. That is, we consider 1D flow in the x-direction (x = x;). In addition, if the gravity
and capillary effects are ignored, the mass conservation equations (5.3) become

aS a
5.27
¢8S(, u, 0 ( )
a  ax
and Darcy’s law (5.6) simplifies to
krw(Sw) 9p
Uy = —k—a,
M
5.28
k(S B (528)
Uy = —k————.
Ho Ox
We define the total velocity
U= Uy + Uy. (5.29)
Using (5.1) and (5.27), we see that
a
Mo, (5.30)
0x
so u is independent of x. Because u,, = f,,(Sy)u, it follows that
oy, ou df,(Sy) 08y, Sy
= f,— — =uF,(Sy)—, 5.31
o e T as, a0y G310
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92 Chapter 5. Two-Phase Flow and Numerical Solution

where the distribution function F,, of saturation is defined by

dfu(Sw)
ds,

Fw(Sw) =
Now, we substitute (5.31) into the first equation of (5.27) to see that
A oSy
ot ox

This equation defines a characteristic x(t) along the interstitial velocity v by

dx uF,(Sy)
— =v(x, ) = ———. (5.33)
dt ¢
Along this characteristic, it follows from (5.32) that §,, is constant; i.e.,
dS,(x(),t S, d oSy
M — ax —=0. (5.34)

dr T ox dt | ot

Let A be the cross-sectional area (in the x,x3-plane) of €2, and define the cumulative
liquid production

V(t) = A / u dt. (5.35)
0

From (5.33), along the characteristic x(f) we see that

/[ dx:Mftudt,
0 ¢ 0

Fw(jm Vo, (5.36)

so, by (5.35),
X(Sy, ) =

from which we can find the saturation S, before water breaks through.

5.2.2 Analytic Solution at the Water Front

Let S, be the water saturation at the water front, and let S, be the critical saturation
(cf. Section 2.5). From the material balance equation

dx
uw|at water front ¢(Swf - ch)E’

we have
dx
¢(Swf - ch)E = fwu, (5.37)

since uy, = f,,(Sy)u. Applying (5.33) to (5.37) gives

(Swf — Swe) Fy = fw;
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5.2. An Analytic Solution 93

ie.,
dfy y (Swr
f (Swf) — fu( wf) .
dSw Swf - ch

Equation (5.38) indicates that the slope of the tangent to the curve of f,, at S,,r equals the
slope of the secant line through the points (Syr, fu(Swr)) and (Sye, fuw(Swe)) (note that
Juw(Swe) = 0; cf. Section 2.5). Thus a graphical method based on this feature can be used
to find the water saturation at the water front from equation (5.38).

(5.38)

5.2.3 Analytic Solution After Water Breakthrough

Let L be the length of Q2 in the x-direction, and let S, be the value of the saturation at
x = L. At x = L, it follows from (5.36) that

PAL
Fiu(Sue)

V() = (5.39)

We define the nondimensional cumulative liquid production

(0}
Vi) = SAL"

Then we see that
V() =

FoSun) (5.40)

Also, we introduce the cumulative water production

V() = / Sw dV() = A/ Uy dt, (5.41)

where we recall that ¢ is the water breakthrough time (i.e., Sy, equals the critical value S, at
t = tp), and we used the fact that f,,dV = Au,dt by equation (5.35). The nondimensional

cumulative water production is
_ Vw

YT GAL
It follows from (5.41) and integration by parts that

_ 1 ! 1 !
x@=@iﬁjwmn=aﬁ(mV—vaQ,

since fy,(Syw.) = 0. Consequently, by the fact that df,, = F,, dS,,, we see that

_ 1 !
Vw=—<wa—/ VFwdSw).
¢AL 1

Finally, applying (5.39), we obtain

7 Fu(Su0
FLU (Swe)

- (Swe - ch)s (542)

which defines the value of S,,..
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94 Chapter 5. Two-Phase Flow and Numerical Solution

We also define the cumulative oil production

t t
V() = / fo dV(t) = A/ u, dt,
1 ip

and the corresponding nondimensional value

-V,
7 @AL'
Then we can derive L= fu(Sue)
_0 = —_ Lo + (Swe - ch) (543)
Fw(Swe)
and . . .
V=V,+V,.

Either of equations (5.42) and (5.43) can be utilized to find S,,.

5.3 Numerical Solution of Two-Phase Flow

Note that the differential equations (5.1)—(5.3) and (5.6) are nonlinear and coupled. There
exist a variety of approaches for solving these equations, such as the IMPES, SS, sequential,
and adaptive implicit methods (cf. Chapter 6). In light of the fact that the IMPES method is
still popular in the petroleum industry and a very powerful method for solving two-phase
flow (particularly for incompressible or slightly compressible fluids), we only discuss this
solution approach for this type of flow. Other approaches will be discussed in the next
chapter for the black oil model.

An IMPES method was originally developed by Sheldon, Zondek, and Cardwell
(1959) and Stone and Garder (1961). The basic idea of this classical method for solv-
ing (5.1)—(5.3) and (5.6) is to separate the computation of pressure from that of saturation.
Namely, the coupled system is split into a pressure equation and a saturation equation, and
the pressure and saturation equations are solved using implicit and explicit time approxima-
tion approaches, respectively. This method is simple to set up and efficient to implement,
and requires less computer memory than other methods such as the SS method (Douglas,
Peaceman, and Rachford, 1959). However, for it to be stable, this classical method requires
very small time steps for the saturation. This requirement is expensive and prohibitive,
particularly for long time integration problems and for small gridblock problems such as
coning problems. In this section, we first review classical IMPES and then introduce an
improved IMPES method. We focus on incompressible flow; compressible flow will be
treated in the next chapter.

As an example, the IMPES method is examined for the phase formulation. Assume
that the permeability tensor k is diagonal: k = diag(k,;, k22, k33). Introduce the fluid
gravities

Yw = Pws Yo = Pob-

We recall the pressure equation (5.15):

=V (kAVp) =G — V- (kK(hyVpe + MwYu + Ao¥o) V2)). (5.44)
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5.3. Numerical Solution of Two-Phase Flow 95

The saturation equation in S is
aS ~
¢= =V PSRV pw = vV} = Gu. (5.45)

where, for notational convenience, we assume that ¢ = ¢(x). Note that p,, = p — p.(S).
Define the weighted fluid gravity

7_/ = AwVYw + AoYo-

Then, in terms of each coordinate direction, equations (5.44) and (5.45) are rewritten as

d ) ad ) d )
(o PN (o 22 D (a2
0x 1 Bxl sz 3X2 0x 3 BX3
- d op. _ 0z
=qg—— |k | o— — 5.46
1 8x1 < 1 ( 3)C1 + y8x1>> ( )

0 op. _ 0z 0 op. _ 0z
— = (k (a EN) =2 (ks (e %
0x2 ( 22( ox2 +y3X2>> ox3 < 3 ( ax3 +y8x3))

s d P 3z
= = — [ auk o
¢ at  ox; ( " (8x1 & 3X1>>

5.3.1 Treatment of Initial Conditions

Initial conditions for two-phase flow involve the specification of phase pressures and/or
saturations for each gridblock in the simulation model at the start of simulation. Differences
in phase gravities and capillary pressures cause fluids to segregate until the reservoir system
reaches gravity/capillary equilibrium. In a real reservoir there exist up to five different
fluid zones vertically, and distinct initial data are specified in each of these five zones. The
specification of these initial conditions will be discussed in the next chapter, in conjunction
with the black oil model. In this chapter, for simplicity, we assume that the initial oil pressure
and water saturation are known throughout the entire reservoir. For incompressible flow,
only an initial saturation suffices.

5.3.2 Source/Sink Terms

Recall that ¢, = ¢q,,/pw and g, = q,/ po, Where the source/sink terms ¢,, and g, are given by

Ga=» g8 (x—x3).  a=w,o, (5.48)
v,m
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where q(") indicates the volume of phase « produced or injected per unit time at the vth
well and the mth perforated zone, x,(,f), and § is the Dirac delta function. From Section 4.4,
g, can be defined by

w _ 27pakky AR |

M e In (re /1) |,

(pé?) — Do~ Ya (z;,j - z)) (5.49)

where Ahfr‘l’) is the length (in the flow direction) of a gridblock (containing the vth well) at
the mth perforated zone, 1’22) is the bottom hole pressure at the datum level depth z;,';l), riv
is the equivalent well radius, and (" is the radius of the vth well. The quantity k is some
average of k at the wells; for the diagonal tensor k, for example, k = ki 1k, for a vertical

well (cf. Section 4.4).

5.3.3 Spatial Discretization

Asan example, the block-centered grid system is considered. The seven-point stencil scheme
for the pressure equation (5.46) is

A])\.kll Al)"kll
- < (Pix1,jk — Pijk) + (Pi,jk — Pi-1,jk)
hy i+1/2,jk h i—1/2,j.k

Az ko Az ko
- ( (Pijr1.k — Pijr) + (Pijk — Pi.j—1.0)
h> i, j+1/2,k h i,j—1/2,k
A3)\k33 AS)hk’%S
- (Pi,jk+1 — Pijk) + (Pijk — Pijk—1)
hs )ik i jk—1/2

I)WJkll
r— (Pe.it1,jk — Pe,ijk) + (Pe,isjk = Peji—1,jk)
1 i+1)2,jk i—1/2,jk

hs

h—> (Pu]-Hk_Pcz]k)‘i‘(
2 i, j+1/2,k

Ak

(Pe,ijk = Peiij—1.k)

AsrAy k22>
i,j—1/2.k

(Pe,ivjk = Peiijk—1)

ijk—1/2

—> (Pesiijk+1 = Pe,ijk) +
i,jk+1/2

Arkuy
- (Zit1,jk — Zijk) + (i, jk = Zi1,jk)
by )i i=1/2,jk
Askory A2k22)7
- Y (Zij+1.k — Zijk) + (Zi, jk = Zij—1,k)
2 i j+1/2.k ij=1/2,k

Azkszy

»h» ) (i, jk+1 — Zijk) + < ) (Zi,jk — Zi jk—1)
3 i,jk+1/2 ijk—1/2

+ Qi,j,k» (3:50)

where A; is the cross-sectional area normal to the x;-direction, i = 1, 2, 3, Q;, ik =@V)ijk
and p.; jx = pc(S; jk). The spatial discretization for the saturation equation (5.47) can be
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5.3. Numerical Solution of Two-Phase Flow 97

similarly defined:

Ak AjAyki
h— (Pw,i+1,j,k - Pw,i.j,k) il e — (pw,i,j,k - pw,ifl,j,k)
1 i+1/2,j.k h i—1/2,j.k
Ardykon Axdykon
+ <h—w Pwijrik — Pwijk) — | ——— (Pw,i,jk — Pw,i,j—1,k)
2 i jt1/2k hy i j—1/2,k
Azdykss Agk k33
+ (h—w (Pw.i,jk+1 = Pw.ijk) — (Pw.i,jk — Pw.ijk—1)
3 i,jk+1/2 i, jk—1/2
Ajhykiry, Ahy kll)’
- (% (Zit1,jk — Zijk) + - (i jk — Zi-1,jk)
1 i11/2, )k i—1)2,jk
Ashypkny, Asdy kzz)/
- <—1;z - (Zija1.k — Zijk) + - (Zijk — Zij—1,k)
2 ij+1/2.k i j—1/2,k
Azdyks3y, Azdy kazl’
- (% (i, jk+1 — Zijk) + - (i, jk — Zi, jk—1)
3 i, jk+1/2 i,jk—1/2
+ Qi jks (5.51)

where Qi jx = (quwV)i jx and pyi jx = Pijk — Peiijk-

5.3.4 Treatment of Block Transmissibility

As in single-phase flow the transmissibilities at the gridblock boundaries must be carefully
calculated. For example, the transmissibility of water in the x;-direction,

T (Al)\wkH) <Alkrwk11) (5 52)
wlixl)2,jk = | —— =|— , .
/2 hy i£1/2,j.k Mawhi ix1/2, ik

contains the rock and grid properties Aki;/h1, the fluid property u,,, and the rock/fluid
property k,,,. For the first two quantities, as shown for single-phase flow (cf. Section 3.4.4),
the (weighted) harmonic and arithmetic averages are appropriate, respectively. What average
should be employed for the rock/fluid property?

Consider Fig. 5.3, where k,,, = 1 and 0O in the (i — 1)th and ith cells, respectively.
Two possible averages for k,,, are

1-s

or

wa

rw

Figure 5.3. Two cells.
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* harmonic average, which yields k,,,|;—12 = 0, but it is not true;

* arithmetic average, which gives k,,|;—1/2 = 0.5; it is possible, but then k,,|i—12 =
0.5, which is not possible because the oil phase does not flow from the (i — 1)th cell
to the ith cell.

The correct average is the upstream weighting value of k,,, for flow from cell i — 1 to cell
i krw|i71/2 = krw|i-

Midpoint weighting

The midpoint weighting value of k., ;+1,2, j« is simply defined by

1
krw,i:l:l/Z,j,k = E (krw(Si) + krw(Si:I:I)) s
or
SiViw,i + Siz1 Viix1
Vi + Viixi
where V,, is the water volume. While it is second order accurate, the midpoint weighting

of strong nonlinearity is seldom used since it may produce a physically incorrect solution,
as outlined above.

Krw,iz1/2.jk = krw (Siz12) s Sizrp =

)

Single-point upstream weighting
The water phase potential difference between gridblocks (i — 1, j, k) and (i, j, k) is given by

ADy 172,k = (Pw,ijk — Pwi-1,jk) — Yw(Zijk — Zi=1,jk)-
The single-point upstream weighting value of k., ;—1/2, jx 18

krwi-1,jk HEADy 1k <0,

Krw,i-172,jk = ) (5.53)
kpw,i, jk if ADy 12,k > 0.

If A®y ;—15,jx < 0, the flow of water is from block (i — 1, j, k) to block (i, j, k), where
block (i — 1, j, k) is the upstream block and block (i, j, k) is the downstream block for water.

Similarly, as A®,, ;_1/2,jx > 0, the flow of water is from the upstream block (i, j, k) to the
downstream block (i — 1, j, k).

Two-point upstream weighting

Two-point upstream weighting is an extrapolation technique where k., ;—1/2, j« is evaluated
using the values of k,,, at the two upstream points:

(I + BiDkrw,i—1,jk — Bi—1krw,i—2,jk T APy 12,k <O,
krwi—1/2,jk = ) ) ) (5.54)
(I + BDkrwi ik — Bikrw,it1, jk if ADy,i—1/2,j% > 0,

where ;1 = hi—1/(2hi—3,2) and B8; = h;/(2h;11,2). For a point-distributed grid system,
Bi—1 = hi—1/2/(2hi—3)2) and B; = h;_1/2/(2hi112). For uniform grids, g;_; = p; = 0.5.
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A Analytical
S One-point
upstream

——— Two-point
upstream

==
I—.
ST~
~.

<Y

Figure 5.4. Solutions of single-point and two-point upstream weightings.

The single-point and two-point upstream weightings are first order and second order
approximations, respectively, and both techniques lead to the same physical solution. How-
ever, the latter technique gives sharper solution fronts for the same number of gridblocks
(Todd, O’Dell, and Hirasaki, 1972; cf. Fig. 5.4). If an explicit treatment of relative perme-
abilities is used (i.e., they are evaluated at old time levels), then the two techniques require
the same computational efforts. However, if these permeabilities are evaluated implicitly,
the two-point upstream weighting increases the bandwidth of the Jacobian matrix and thus
the computational complexity. In general, the relative permeabilities can be approximated
using either of the weightings, while the slopes of the capillary pressures in equations (5.50)
and (5.51) are approximated by the single-point upstream weighting.

5.3.5 Solution Approaches in Time
Classical IMPES

Let J = (0, T] (T > 0) be the time interval of interest, and for a positive integer N,
let 0 = <t < ... < ¥ = T be a partition of J. For the pressure computation
in the classical IMPES method, the saturation S in (5.50) is assumed to be known, and
equation (5.50) is solved implicitly for p. That is, foreachn =0, 1, ..., p”" satisfies

- Tln,i-&-l/z,j,k (p:l-&-].j,k - p:‘l,j,k) + Tln,i—]/z,j,k (P?,j,k - P?—l,j,k)
- T2n,i,j+l/2,k (Pf‘fj+1,k - p?,j,k) + T2n,i,j—l/2,k (p:‘l,j,k - Pz_j_l,k)
- T3n,i,j,k+l/2 (P?,j,k+1 - Pl"l,_,‘,k) + T3n,i.,j,k—l/2 (P?,j,k - ij,k—l)
= _Tzﬁl,iﬂ/z,_j,k (pg,i+l.j,k - pg,i,j,k) + Tlﬁl,i—l/z,j,k (pﬁ,i,j,k - pl:-,i—l,j,k)
- T£2,i,j+l/2,k (pgqiwjﬂ,k - Pz,i,j,k) + T£2.i,j71/2,k (pg,i,j,k - pz,i,jfl.k) (5.55)
- T£3,i,j,k+1/2 (Pz,i,j,kﬂ - p?,i,j,k) + TlZ3,i,j,k71/2 (p::l,i,j,k - pZ,i,j,k—l)

— (TP 12 @it = Ziie) + (T2 (Zajk = Zi-1.5k)
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- (T)_/)g,i,j+1/2,k (Zi,j+l,k - Zi,j,k) + (T)_/)Z,,;j_l/z,k (Zi,j,k - Zi,j—l,k)
- (T)_/)gl,i,j,k+l/2 (Zi,j,k+1 - Zi,j,k) + (T]_/)g.i,j,k—l/z (Ziﬁj.k - Zi,j,k—l)
+ Q:'I,]"ka

where S” is given and

A])\.k“ _ Alklll_/
Tiicip,jk = <—h v TP iz, jk = A ,
1 i—1/2,jk 1 i—1/2,j.k

and analogous notation holds for other quantities. The total source/sink term g is evaluated

as follows:
Te= (@0 +a0) (Pl Stia) 8 (i —x1) -

v,m

In IMPES, (5.51) is explicitly solved for S;i.e., foreachn =0, 1,2, ..., S+ gatisfies

Sn+l —sn
Vo—
< ¢ At )i,j,k

7] n ) _Tn n _
= Toriv1/2,k (pw,i+1,j,k pw,i,j,k) Ty i1,k (pw,i,j,k pw,ifl,j,k)

n n n n
+ Tw2,i,j+l/2,k (pw,i,j+1,k - pw,i,;k) Ty j—1/2.k (sz ik pw,i,j—l,k)

+T05, jkv12 (sz,k+1 pZ},i,/k) T3 k=12 (pwljk p’iijk-l) (5.56)
= (TwYw) 12k (zis1.jk — zijk) + Ty} 12,k (zijk — Zi-1,jk)
= (Twyw)s; j+1/0.k (Zi$j+l.k - Zi,j,k) + (Twyuw)siji—1)2.k (Zi,.i,k - Zi,j—l»k)
= (Twyw)sijit12 (zijs1 — Zijk) + (Twyw)si k-1 (zijk — Zijk—1)
+C Wi

where p, = p" — pc(S") and
Z]Z) ik ™ Z qf;)m pz ik Szn]k) ) (Xt ik — X(U))

The IMPES method goes as follows: After startup, forn =0, 1, ..., we use (5.56)
and S” to evaluate p"; next, we utilize §”, p", and (5.56) to compute S+ As noted, the
time step At must be sufficiently small for this method to be stable.

To control the variation of saturation, we need to find a suitable time step Af before
we solve equation (5.56) for §"*! foreachn = 0, 1, .. .. The control strategy is defined as
follows: We calculate the maximum value of 85" ! /ot at all computational nodes, denoted
by (35" +! /) ,nax, which is, by (5.56),

<3sn+l) (G(pn’sn)>
=max | ————] |
at max i,k V¢ i,j,k

where G (p, s) represents the right-hand side of equation (5.56) and the maximum is taken
over all gridblocks. Then we apply the following formula to find Az:

8S"+l
At = DSmax/ ( ) B (557)
or max
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where DS, is the maximum variation of the saturation to be allowed (set by the user). Now,
we use this time step in (5.56) to obtain $"*!. This approach guarantees that the saturation
variation does not exceed DS,,,,. Note that DS,,,, can depend on the time level n.

For incompressible flow and constant viscosities, the seven-point stencil system (5.56)
is alinear system and can be solved using an iterative algorithm (Chen, Huan, and Ma, 2006).
The saturation system (5.56) does not require any iterative algorithm.

Improved IMPES

Most of the computational time in the classical IMPES method is spent on the implicit
calculation of pressure (Chen, Huan, and Ma, 2006). It follows from the mechanics of fluid
flow in porous media that pressure changes less rapidly in time than saturation. Furthermore,
the constraint on time steps is primarily used in the explicit calculation of saturation. For
all these reasons, it is appropriate to take a much larger time step for the pressure than for
the saturation.

Again, for a positive integer N, let 0 = t° < ¢! < ... < t¥ = T be a partition
of J into subintervals J* = ("~', "], with length A% = * — ¢"~'. This time partition
is used for pressure. For saturation, each subinterval J” is divided into subsubintervals
Jrm = (tnfl,mfl, tnfl,m]:

= e mAG /MY, m=1,2,.. M,
The length of J™™ is denoted by Afg"™ = "= 1m —=lm=l i =1 ..., M",n=0,1,....
The number of steps, M", can depend on n. Below we simply write "0 = ¢*~! and set
e = U(' tn,WI).

In the improved IMPES method, the computation of pressure is the same as in sys-
tem (5.56): Foreachn =0, 1, ..., p" satisfies

— T2k (P7+1.j«,k - Pfj,k) ik (Pf,j,k - p?_l,,;k)
- T2n,i,j+l/2,k (P?,j+1,k - P?,j,k) + T2n.i,j—l/2,k (p:l,j,k - PZ,‘—l,k)
— T jarp (pzr'l.j,k+1 - p?.,j.k) T 15 k-1 <ij,k - p?.j,k—l)
= —To1iv1/2,k <p?,i+1,j,k - PZ,;,j,k) + Toic1y2,jk <Pz,i,j,k - pg,i—l,j,k)
— T jr2.k (pg,i,j+1,k - pg,i,j,k) + Tonij12.k (pz,i,j,k - PZ,i,jka) (5.58)
- T$3,i,j,k+1/2 (pz,i,j,kJrl - pZ,i,j,k) + T17)3,i,j,k71/2 (pz,i,j,k - PZ,i,j,kq)
= TV is1/2.jk (Zi+1,j,k - Zi,flk) + TV i1y2.jk (Zi,j,k - Zi—lsj,k)
- (TJ_/)g,i,jJrl/Z,k (Zi»j+1-,k - Ziwj,k) + (TJ_/)g,i,j—l/Zk (Zi,j,k - Zi,jfl,k)
- (TJ_/)Z_,',j,kH/z (Zi,j,k-H - Zi,j,k) + (T?)gl,i,j,k_l/z (Zi,j,k - Zi.j,k—l)

An
+ 05 ik
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102 Chapter 5. Two-Phase Flow and Numerical Solution

The difference is in the calculation of saturation: Form =1,..., M",n = 0,1, ..., find
§"+hm such that

SnJrl,m _ Sn+1,m71
V¢ AtrH—l,m
S i,jk

_ Tn+1 m—1 n+1,m—1 n+1,m—1 Tn+1,m71 n+lm—1 _  n+lm—1
wlit/2,jk \Pw.it1.jk — Puwijk wl,i—1/2,jk \ Pw.i,jk wi—1,jk

n+1,m—1 n+1,m—1 n+1,m—1 n+1,m—1 nt+lm—1 _  n+lm—1
+Ton.ij1/2.k (Pw ij+Lk — Puwijk ) = Tuni'j12.k (Pw ik w,i,j—l,k)
n+1,m—1 n+1,m—1 n+1,m—1 n+1,m—1 n+1,m—1 n+1,m—1
+ T3 k172 (sz Jk+1 — Puijik ) Tysilik—1,2 (pw,i,j,k - pw,i,j,k—l)
n+1,m—1 n+1,m—1
— (TwYw)i it1)2, jk (Zt+1 Jk T Zi Jk) + (Twyw) ;- 1/2.j.k (Zt Jk = Zifl,j,k)

+1,m— +1, 1
- (Twyw);, ]_:_n]/z k (Zz J+lLk — Zi,j,k) + (Twyw)g, ]ml/z k (Zz ik — Zi,j—l.k)

n+1,m—1 n+1,m—1
- (Twyw)3’,"j,k+1/2 (Zi,j,k—H - Zi,j,k) + (Twyw)3 i,jk—1/2 (ZI ik — Zi,j,k—l)

+ QnJrl,WI*l (559)

w,i, j.k ’

where pﬁfl”"’l = p" — p(§"F1=1) and in all the transmissibility coefficients and the

source/sink term Q,, pressure and saturation are evaluated at time levels ¢* and "+~
respectively.

The time step At’”’l ™ in (5.59) is chosen as follows: Set

asn+l,m G n7sn+l,m—l
( ) = max <—(p )> , (5.60)
ot max Ik Vo i, jk
and then calculate
| asn-‘rl,m
ArgTm =DSmax/( g ) , m=1,2,....M", n=0,1,..., (5.61)

where G(p", §"*1""~1) denotes the right-hand side of equation (5.59).

For a comparison between the classical and improved IMPES methods, the reader can
refer to Chen, Huan, and Ma (2006). It was shown that the latter is much more efficient.
Furthermore, the classical IMPES method has not successfully been applied to the solution
of two-phase coning problems, but the improved IMPES method is capable of solving them.



Chapter 6

The Black Oil Model and
Numerical Solution

In this chapter, we develop basic equations for simultaneous flow of three phases: water
(aqueous), oil (oleic), and gas phases through a porous medium. Previously, we assumed
that mass does not transfer between phases. The black oil model relaxes this assumption.
It is now assumed that the hydrocarbon components are divided into a gas component
and an oil component in a stock tank at standard pressure and temperature, and that no
mass transfer occurs between the water phase and the other two phases (oil and gas). The
gas component mainly consists of methane and ethane. Rock and fluid properties given
in Chapter 2 are briefly reviewed, and three solution techniques (simultaneous solution,
sequential, and IMPES) for the black oil model are studied.

6.1 Basic Differential Equations

6.1.1 Mass Conservation and Darcy’s Law

To reduce confusion, we carefully distinguish between phases and components. We use
lowercase and uppercase letter subscripts to denote the phases and components, respectively.
Note that the water phase is just the water component. The subscript s indicates standard
conditions. The mass conservation equations stated in (5.3) apply here. However, because
of mass interchange between the oil and gas phases, mass is not conserved within each
phase, but rather the total mass of each component must be conserved:

_3(‘1”’8?%) = V- (put) + qw ©.1)
for the water component,
—a(d)pa(;OSO) = —V - (pools) + qo (6.2)
for the oil component, and
%((Iﬁ(pcoSo + 0¢Sg)) = =V - (pGols + PgUg) + 4G (6.3)
103
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104 Chapter 6. The Black Oil Model and Numerical Solution

for the gas component, where po, and pg, indicate the partial densities of the oil and gas
components in the oil phase, respectively. Equation (6.3) implies that the gas component
may exist in both the oil and gas phases.

Darcy’s law for each phase is written in the usual form (cf. (5.6)):

1
U, =——Kke (Vpo = pupV2),  a=w, o0, g 6.4)

o

The fact that the three phases jointly fill the void space is given by the equation
Sw+ S+ 5, =1. (6.5)
Finally, the phase pressures are related by capillary pressures

Pcow = Po — Pws  Pcgo = Pg — Po- (66)

It is not necessary to define a third capillary pressure since it can be defined in terms of p,y,
and peg,.

The alternative differential equations developed for two phases in Chapter 5 can be
adapted for the three-phase black oil model in a similar fashion (Chen, 2000). That is,
equations (6.1)—(6.6) can be rewritten in the three-pressure formulation, in a pressure and
two-saturation formulation, or in a global pressure and two-saturation formulation. In the
global formulation, the pressure equation is elliptic or parabolic depending on the effects of
densities. The two-saturation equations are parabolic if the capillary pressure effects exist;
otherwise, they are hyperbolic (Chen, 2000).

For the black oil model, it is often convenient to work with the conservation equations
on “standard volumes,” instead of the conservation equations on “mass” (6.1)—(6.3). The
mass fractions of the oil and gas components in the oil phase can be determined by gas
solubility, Ry, (also called dissolved gas/oil ratio), which is the volume of gas (measured
at standard conditions) dissolved at a given pressure and reservoir temperature in a unit
volume of stock tank oil:

Rso(pv T = VGs/ Vos. (67)

Note that
VO: = WO/)OO,N VGs = WG/IOGsv (68)

where Wy and W are the weights of the oil and gas components, respectively. Then
equation (6.7) becomes
_ Wgpos

R, = (6.9)
Wopocs

The oil formation volume factor B, is the ratio of the volume V, of the oil phase (mea-
sured at reservoir conditions) to the volume V, of the oil component measured at standard
conditions:

Bo(ps D = Vo(ps D/ VOss (610)
where W W
y, = 2ot e 6.11)
Po
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6.1. Basic Differential Equations 105

Consequently, combining (6.8), (6.10), and (6.11), we have

_ (Wo + W) pos

B
’ WO;OU

(6.12)

Now, using (6.9) and (6.12), the mass fractions of the oil and gas components in the oil
phase are, respectively,

Wo Pos
COo = = s
WO + WG Bapo
CG() WG _ RSOIOGS i

" Wo+We  Bups
which, together with Cy, 4+ Cg, = 1, yield

RmpGx + Pos

o (6.13)

Po =

The gas formation volume factor B, is the ratio of the volume of the gas phase
measured at reservoir conditions to the volume of the gas component measured at standard
conditions:

By(p, T) = Ve(p, T)/ Vas-

Let W, = Wg be the weight of free gas. Because V, = W /p, and Vg, = Wg/pgs, we

see that

PGs
Po = . (6.14)

For completeness, the water formation volume factor, B,,, is defined by

Pws

= . 6.15
Pu="p (6.15)
The flow rates are defined by

. qws Pws _ qosPos

qw = Bw 5 qo = Bo )
6.16
_ 4GsPGs + quRsost ( )

qG B, B, )

where qws, qos, and g, are the rates at standard conditions. We introduce the fluid gravities

Yo = Pafs @ =w,o,g. (6.17)

Moreover, we define the transmissibility

k, o=w,o,g. (6.18)
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106 Chapter 6. The Black Oil Model and Numerical Solution

Substituting (6.16)—(6.18) into (6.1)—(6.3) and dividing the resulting equations by pws, pos,
and pgjy, respectively, we obtain

d ¢Sw qu
—— )=V -(T,[Vpy wV
3 (S, qos
- =V.(T,[V v
3Z(Bg> (To[Vpo— o Z])+Bo
(6.19)
0 ¢ Sg + RmSo
ot B, B,
QOSRSO
=V (Tg [Vpg - ngz] + Ry Ty [Vpo — )/OVZ]) B + B
8 o
These are the conservation equations on “standard volumes.”
The volumetric flow rates at wells (at standard conditions) are (cf. Chapter 4)
Ny My,
=22 WI(”) it [ b= Pw = Yulzy) — z)] 8(x — x),
v=1 m=1
Ny My,
qos =)y Wi m[(”—l%-ﬂb@ﬁ-D]Mx—xgh, (6.20)
v=1 m=1
Ny My,
4Gs = Z Z W[(U) kg [ v Do — yg(zé‘l? _ Z):I S(x — Xr(rl:))’
v=1 m=1

where the well index is

2mkAR |

ln(re/rw) m

8(x) is the Dirac delta function, N, is the total number of wells, M, is the total number of
perforated zones of the vth well, A#{" and x are the segment length and central location
of the mth perforated zone of the vth well, the quantity k is an average of k at the wells
(cf. Section 4.3.2), r(") denotes the wellbore radius of the vth well, r(") is the drainage radius

of the vth well at the gridblock in which x{" is located, and p}%) is the bottom hole pressure

.

WI(V)

of the vth well at the well datum z,,

Typical expressions of pcow, Pego» and k., as functions of S, and S, were introduced
in Chapter 2. Equations (6.5), (6.6), and (6.19) provide six equations for the six unknowns
Po and S, @ = w, o, g. If the bottom hole pressure p,(;l is not given, the source/sink term
defining this pressure introduces one more unknown (i.e., p(v)) With appropriate boundary
and initial conditions, this is a closed differential system for these unknowns.

6.1.2 Rock/Fluid Properties

The rock-fluid interaction properties were considered in Chapter 2 for three-phase flow; for
completeness, we state them briefly. The oil pressure is one of the primary variables to be
used:

P = Po. 6.21)
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6.1. Basic Differential Equations 107

The capillary pressures p, and p., are assumed to be functions of the saturations only
(Leverett and Lewis, 1941):

Deow = Peow(Sw), Pcgo = pcgo(Sg)- (6.22)
The relative permeabilities for water and gas are assumed to be of the form

krw = krw(Sw)a krow = kraw(Sw)v

(6.23)
k"g = krg(Sg)’ krug = krug(Sg)~

As an example, Stone’s model II for the oil relative permeability is used (cf. Section 2.5.2),

kro (Sw, Sg)
(6.24)

krow Sw kro S
= krc{ I:% + krw(Sw)] [% + ki’g(Sg):| - krw(Sw) - krg(Sg)}s

where k. = kyou(Syc) and Sy, is the critical saturation (cf. Chapter 2). Finally, the porosity
¢ is assumed to have the form

¢ =¢"(1+cr(p—p%). (6.25)

where ¢ is the porosity at a reference pressure p° and cy is the rock compressibility.

6.1.3 Fluid Properties

The fluid properties were also stated in Chapter 2; we briefly review the definitions of densi-
ties and viscosities. The water density py; at standard conditions is determined using water
salinities (Chen, Huan, and Ma, 2006), while the water phase density p,, is determined by

. Pws
Bwi

Pw (14 cu(p — ), (6.26)

where B, is the water formation volume factor at the initial formation pressure p°, and c,,
is the water compressibility. The water viscosity w,, is taken to be constant.

The black oil model involves three phases and three components: water, oil, and gas.
The relationship between the phases and components is that the water component is all the
water phase with density p,,, the oil component exists solely in the oil phase with density
oo, and the gas component is divided into two parts: one part in the gas phase that is called
free gas with density p,, and the other part in the oil phase that is termed the solution gas
with density pg,. Thus the oil phase density p, is given by

Po = Poo + PGo- (627)

The oil component density pg, is evaluated from

Pos
o = , 6.28
Po B, (6.28)
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108 Chapter 6. The Black Oil Model and Numerical Solution

where the oil formation volume factor B, is

B, = Bop(pp) (1 = ¢o(p = p1)), (6.29)

with B, being the formation volume factor at the bubble point pressure p, and ¢, the oil
compressibility. The solution gas density pg, is computed by

Rso:o )
0Go = BUG _ (6.30)

The free gas density p, is defined by

PGs
= 6.31
Pg B, (6.31)
where 77
Ps
0Gs = Y6 Pair Bg En— (632)
p T

with Y being the raw gas density (which is unity for air), p,;, the air density, Z the gas
deviation factor, T the temperature, and p, and T the formation pressure and temperature
at standard conditions.

The oil viscosity i, is given by

o = top(Pp) (1 + cu(p — pp)), (6.33)

where 1., is the oil viscosity at p, and ¢, is the oil viscosity compressibility. The gas
viscosity (i, is a function of p:

Mg = tg(p). (6.34)

For more information on the fluid properties for the black oil model, the reader may refer
to Chen, Huan, and Ma (2006).

6.1.4 Phase States

In the secondary recovery of oil, if the reservoir pressure is above the bubble point pressure
of the oil phase, the flow is two-phase; if the pressure drops below the bubble point pressure,
then the flow is of black oil type. Because of the frequent changes in injection and production
in a reservoir, the bubble point pressure varies. If all three phases coexist, the reservoir is
referred to as being in the saturated state. When all gas dissolves into the oil phase, there
is no gas phase present (no free gas); i.e., S, = 0. In this case, the reservoir is said to
be in the undersaturated state. The critical pressure at which the saturated state becomes
the undersaturated state, or vice versa, is the bubble point pressure. In the saturated state,
Se # 0 and p;, = p; the densities and viscosities depend only on pressure p:

Pos R (p)pcs PGs

B PP = Tp 0 0 P T B Gy (6.35)

Mo = Ho(P), g = g(p).

IOOU(P) =
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6.2. Numerical Solution of the Black Oil Model 109

In the undersaturated state, S, = 0 and p;, < p. The densities and viscosity in the oil
phase depend on both p and p,:

Pos
o ) - 1 0 - )
P0o(P; Pb) Bab(pb)( + co(p — Pb))
Ry (py) pGs PGs (6.36)
o ) =, 1 4] - ) = 5
0Go(P Pb) By (o) (L4 colp = pp).  pg(p) B

1o(Ps Pb) = topr(Pp) (1 + cu(p — p1)),  1g = 1g(p).

For numerical solutions of the black oil model, the choice of the primary unknowns depends
on the states. In the saturated state, p = p,, Sy, and S, are the primary unknowns; in the
undersaturated state, p = p,, pp, and S,, are the primary unknowns. Consequently, the
initial conditions are either

p(x,0) = p’(x),  S,(x,0)=S5)(x), S,(x,0)=5(x), x€Q, (6.37)

w

or
p(x,0) = p’(x), S,(x,00=58"(%), pp(x,0)=pl(x), xeQ, (6.38)

depending on the initial state of a reservoir. More details on the specification of initial data
will be given below.

6.2 Numerical Solution of the Black Oil Model

We consider the case where the permeability tensor k = diag(k,;, k2, k33) is diagonal. Con-
sequently, the transmissibility tensor T,, is also diagonal, and we write T, = diag(7y, T2,
T,3), . = w, o, g. Therefore, in terms of each coordinate direction, equations (6.19) are

0 [ PSy d Pw 0z d 0Py 0z
= )==—|Tu ~ — Ywi — | Tw ~ — Ywi
az(3w> o < 1<8x1 4 8x1)>+8x2< 2(8x2 TS

n 0 T opw 0z 4a (6.39)
8x3 w3 8)(3 Yw 8)63 qws,
0 (¢S, 0 po 0z 0 op, 0z
o, = To . T Yoa P To . VoL
or < BO) ox, ( 1<ax, v 8x1>) * ( 2<ax2 v 8x2>>
9 po oz . (6.40)
" To — Yo Sy
* ox3 < ’ (3)63 v 8x3>> o

and
d S, R, S, d opg 0z
_ eIt I SR I M et A
or [¢<Bg Ly )} ox, ( gl <8x1 Vga)q))
3 g 3z 3 e 3z
(7, =_y = (7~ =_y =
+ sz ( 82 <3x2 Vg a.Xz)) + 8x3 < 8 <SX3 Vg BX3

2007/¢
page 1

ST



110 Chapter 6. The Black Oil Model and Numerical Solution

9 o 3z 3 o 3z
a. RS"TO a. — Voq o RsoTa — Yo — 6.41
* o ( : <8x1 v 3x1>) o ( 2 (8)(2 4 BX2)) 6.41)

n 0 R.T opo a9z ny
3)63 sod o3 3X3 Yo BX3 qGs

qws ~ @ ~ @ + qosR;so
BD ’ qGS Bg Bo .

where

éWs = Bw P qos =

Numerical solutions of equations (6.39)—(6.41) will be obtained in this section.

6.2.1 Treatment of Initial Conditions

Initial conditions for the black oil model involve the specification of phase pressures and/or
saturations for each grid block in the simulation model at the beginning of each simulation.
Differences in phase gravities and capillary pressures cause fluids to segregate until the
reservoir system reaches gravity/capillary equilibrium. There exist up to five different fluid
zones vertically from the top of the reservoir to its bottom: gas cap, gas/oil transition, oil,
oil/water transition, and water zone. Different initial data can be specified in each of these
five zones.

In general, the specification of initial data depends on the gravity/capillary equilibrium
and the nature of the fluids that occupy the different zones. For a continuous phase, the
initial pressure is directly calculated from a hydrostatic relation, while for a discontinuous
phase, the initial pressure is determined from the capillary pressure function evaluated at the
endpoint saturation. The initial saturation of a continuous phase is calculated from either
the capillary pressure function (6.6) or the saturation relation (6.5), and the initial saturation
of a discontinuous phase is given at the endpoint saturation.

Gas cap zone

Initially, in the gas cap zone, only the gas phase is continuous. Thus, the vertical distribution
of the gas pressure can be computed from the hydrostatic relation

dp,
— = Y,. 6.42
dz Ve ( )
In addition,
Sw = Siw, S, =0, (643)

where S;,, is the irreducible water saturation. From these known variables, other variables
can be deduced:

Sg =1=-S8,-S%, po= Pg — pcgo(Sg,max)» Pw = Do — Peow(Siw),

where Sg . 1s the maximum gas saturation in the original gas cap.
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6.2. Numerical Solution of the Black Oil Model 111

Gas/oil transition zone

In the gas/oil transition zone, both the gas and oil phases are continuous, so the vertical
pressure distribution of these phases can be directly obtained from the hydrostatic relations

dpg dp,
— = ,, =19,. 6.44
dz Ve dz 4 ( )
An additional condition is
Sw = Siw. (6.45)
From these conditions, we see that
Se = Pegw(Pg = Po)s  Pw = Po — Peow(Sin).  So=1—S; — Sy, (6.46)

where we assume that p.,, has an inverse p;gln.

Oil zone

The oil phase is the only continuous phase in the oil zone:

dpo
=y,. 6.47
&z 7 (6.47)
Additionally, we have
Sw = Siw, S,=0. (6.48)
It follows from equations (6.47) and (6.48) that
Pg = Po+ cho(o), Pw = Po — Peow(Siw), So=1~— Sg — Su. (6.49)

Oil/water zone

Both the oil and water phases are continuous in the oil/water zone:

dp, dpy
=9y, — =Y. 6.50
& 7 iz 7 (6.50)
In addition,
S =0. (6.51)

From these two conditions, we see that

Sw = Popy(Po — Puw)s  Pg = Do+ Pego(0), Sy =1—8,—S,, (6.52)

where the capillary pressure p.,, is assumed to be invertible.

Water zone

Finally, in the water zone, only the water phase is continuous:

dpw

= V. 6.53
e Vi (6.53)
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112 Chapter 6. The Black Oil Model and Numerical Solution

In addition,

S, =8,=0. (6.54)

From these initial data, we have

Do = Pw+ pcaw(Swmax)v Pg = Po + pcgo(o), Sw=1, (655)

where Symqy 1S the maximum water saturation in the original water zone.

In reservoir simulation, the depths of the water/oil contact and the oil/gas contact are
given. Then the initial pressure and saturation at all gridblocks can be uniquely determined
if a reference pressure (e.g., datum pressure) and a reference depth (e.g., datum depth) are
given (cf. Section 3.4.1). For an undersaturated reservoir, the reference depth and pressure
are arbitrary and can be specified in any of the five fluid zones. For a saturated reservoir,
the reference depth must be the depth of the oil/gas contact, and the reference pressure must
be the initial bubble point (saturation) pressure.

When the hydrostatic conditions are used to obtain the initial pressure, the simulation
model will initialize to equilibrium if the depths in the initialization part are the same as
those in the reservoir layers. However, if a simulation model is not in an initial hydrostatic
equilibrium, an initialization algorithm should be performed in several time steps (without
source/sink terms) to allow the model to reach the equilibrium state.

If capillary pressures (pg,, and/or p,,) are ignored, the initial phase saturations
(often the endpoint saturations) must be imposed, but the pressures can be obtained from
the reference pressure. In this situation, no transition zone is generally assumed to exist in
the reservoir.

6.2.2 Simultaneous Solution Techniques

The most natural solution technique for the black oil system is to solve the three equations
simultaneously, which suggests the simultaneous solution (SS) technique. This technique
was initially introduced by Douglas, Peaceman, and Rachford (1959) and is still widely
used in black oil reservoir simulation.

Saturated state

To abuse the transmissibility notation, the numerical transmissibilities at the gridblock
boundaries
ApTom
hm

, m=1,23 a=w,o,g,

are still indicated by Ty,,, where A,, is the cross-sectional area normal to the x,,-direction.

In the saturated state, the primary unknowns are (p = p,, Sw, S,), and all other
variables are obtained from them. Particularly, S; = 1 — S, — S5, pw = P — Pcow» and
DPg = D + Dcgo- In terms of these primary unknowns, the finite difference counterparts of
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6.2. Numerical Solution of the Black Oil Model 113
equations (6.39)—(6.41) are
1
(2T (5
At B, B, -
i,jk
= 7! +1 +1 +1 +1 +1
- Trﬁl,i+1/2,j,k (in,i+1,j,k - inijk) - T:}l i—1/2,jk (inijk PZJ ,_],jk)
+1 +1 +1 +1 +1
+T£211+1/2k (inij+1k p”wzjk) 122:, 1/2.k (sz,k PZJ,, 1k>
+l +1
+ Tn3 i j,k+1/2 (pw i, jk+1 p:lu i, jk ) w3 i j,k 1/2 (Pw ik pﬁ]l ) (656)
(Twyw)l i+1/2,jk (Zi+1,j,k — Zijk ) + (Twyw)l i—1/2,jk (Z: ik Zifl,j,k)
— (Twva)ss jeijon @jeik = 2iju) + Tyt ox @ik = 2ij-15)
(Tw)/w)gﬂkﬂ/z (zijks1 — Zijk) + (Tw)/,,J)g"jf,lj’ki1/2 (zijk — Zijk—1)
An+1
+ Qrist,i,j,k’
vl (@S _ (25
At B, B, .
i,k
— gn+l +1 +1 +1 +1
= T(:ll Jd+1/2, ).k (po i+1, ),k p21]k> T:l,i—l/Z,j,k (pz,i,j,k PZ,_l ]k)
+ +1 +1 +1
+ Tonz,i,j+1/2,k (pz,i,jJrl,k - pZij,k) — Tosij—1/2 (PZ ik~ Poij- 11<)
+1 +1 +1 +1 +1
+ 15t jus1/2 <pz,i,j,k+1 Poi ik ) =I5 k12 (P,, ik~ Ptk _1> (6.57)
— (Toyn)lllj-&l-l/zj,k (Zi-&-l,j,k - Zi,j,k) + (To)/o)’lljil/z,j’k (Zi,j,k — Zi—l,j,k)
— Zijk) + (T”yo);I}—l/Z,k (zijk — Zij—1.k)

- (Toyo)gﬂﬂ/z k (Zi jH1.k
(Toyn)3 i) j k172 (Zl jk+1 —

n+1
+ QOs,i,j,k’

1
Zi,j,k) + (Toyo)gj—,j;k,l/z (Zi,j,k — Z,"j,kfl)

and

! Se RS, \\""' Se  RywSo\\"
VIitel\z + o=+
B, B, i

At Bg Ba
— n+1 n+1 n+1 n+1 n+1 41
- Tgl,i+1/2,j,k (pg,i+l,j,k Dg.i, zk) Tgl,i—l/z,_,’,k (pg,i,j,k Pgi1, ,k>

n+1 n+1 41
0 = Tt (Phthe = Pitlon)

n+1
ng Jik

+ ng i,j+1/2,k (pg,l Jj+1.k
n4-1 n+1 n+l1
+ T J*k“/z (pg ikt pgi,flk) Tg3tj, k=1/2 (pg,i,j,k - pg,i,j,k—l)

B (Tgyg)ﬁ}rl/livk 241,k = 2isk) + ( ng)nT—ll/z,j,k (zijk — zim1,jk)
- (Tgyg);;iﬁrl/z,k (Zi JHLE ™ Zi,j»k) + (Tgyg);-:i'fl/Zk (Zi,j,k - Zi,jka)
— (Tgyg)z’t;qu/z (Zi Jk+1 — Zi,j,k) ( gyg)ngrlj’k 12 (Zl jk — i, j,k—l)

+1 +1 +1 +1 + +1
+ (ReoTo)V i1/, (pz,i+1,j,k Po ,k) — ReoTo) 212,k (pz,i,j,k it ,k)
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+ (R To) 1k (pZE‘Jrl,k PZlek) ~ RT3t 12k (PZI_I,:k Pt lk)
+ (R50T0)2,Jir,lj',k+1/2 (pzilj,kﬂ - PZTle) - (RsoTo)'sl,tlj,kq/z (PZTle PZlek 1)

- (RwTaVo)'fﬁl/z,j,k (zis1jk — Zigk) + (RsoToVO)'lljll/Qyj’k (zijk — Zi-1,jk)

- (RSOTOJ/”);,_leJrI/Lk (Zi,j+l,k - Zi,j,k) + (RSOTOVO)SIIJ;I/QJC (Zi,j,k - Zi,jfl,k)

- (RS”T”y”)gj,lj,k-&-l/z (Zi,j,k+1 - Zi,j,k) + (RanJ/o)ZI},k_l/z (Zi,j,k - z,-,j,k_l)

+ 06 ju (6.58)

where Qas,i,j,k = (Véots)i,j,ka o= W» O, G.

The transmissibility terms in equations (6.56)—(6.58) can be treated as in the two-phase

flow equations. That is, the rock property (i.e., absolute permeability), fluid properties (i.e.,
viscosities and formation volume factors), and rock/fluid properties (i.e., relative perme-
abilities and capillary pressures) at internal boundaries of gridblocks should be evaluated
using the harmonic averaging, (weighted) arithmetic averaging, and upstream weighting
techniques (cf. Section 5.3.4), respectively.

Equations (6.56)—(6.58) are nonlinear in terms of the primary unknowns (p"*+!, S,’})“ R

§"*1) and can be linearized via the Newton—Raphson iteration introduced in Chapter 3. At
each gridblock, there are three unknowns (p"*!, S, §7*1); .. In each Newton—-Raphson
iteration step, they are written as

pn+l,l+l — pn+l,l+3pn+l,l+l’ S:})—&-],l-&-l — S;l)—‘rl,] +553)+l,l+l’

n+1,1+1 _ ¢n+1,l n+1,1+1
sr = SnHll 4 gt

Below, the superscript n + 1 will be dropped.

Rl

The residuals of equations (6.56)—(6.58) at the Newton—Raphson iteration level [ are

1 S\ (S
e (5 -(5)])

I I I I i
= Toriv1)2,jk <pw,i+l,j,k - pw,i,jk) + Twl i—1/2,jk (pw,i,j.k — Pu,i-1 jk)

! ! i
— T jiryok (pw,i,j+1,k - pwijk) 2 ij—1/2.k (Pw ik Pw ij—1k

7l ; 7l (6.59)
Ly jkr12 \ Pwijk+1 — le]k T L3 jk—172 pwz/k sz]k 1

+ (Tw)/w)ll,iﬂ/z,j,k (Zi+l,_/,k Jk) (TwVw)l,i—l/z,j,k (Zi,j,k - Zi—l,jvk)

+ (Twyw)lz i j+1/2.k (Zz ALk — Zijik (Twyw)lz,,',jfl/z,k (Zi.j,k - Zi,j—l,k)
I

+ (Twyw)% i jk+1/2 (2i k1 — Zijk) — (Twyw)sijk—12 (zijk — Zijk—1)

QWH]k’

[ _i ¢S0 l_ ¢S0 !
Ro,i,j,k_ At <V [( BO) (BU) :|>ijk

I I I I I i
=T itk (Po,i+1,j,k - po,i,j.k) + 15125k (po,i,j,k - Po,H,j,k)
I I i 1 | I
— T jr1/2.k (po,i,j+1,k - po,i,j,k) + 150 i-12.k (Po,i,j,k - po,i,jfl,k)
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- T(f3,i,j,k+1/2 (Pf),i.j,k+1 - pi),i,j,k) + T(g3,i,j,k—1/2 (pi;,i,j,k - Pi,i,j,k—l)

+ (To)/o)ll,,-ﬂ/z,j,k (zit1,jk — Zijk) — (TOVO)Zl,i—l/Z,j,k (zi.jk — zim1,j)
+ (Toya)lzqi,]uruz’k (Zi,j+1,k - Zi,j,k) - (Toyo)lliyjfl/z'k (Zi,j,k - Zi,jfl,k)
+ (Toyo)é,,',j,k.H/z (Zi,j,k+l - Zi,j,k) - (Toyo)é,,',j,k_”z (Zi,j,k - Zi,j,k—l)

— Qi (6.60)
and
S, RwSo\\ S, RwS,\\"
s (LG 5 65
g.i.j. ( |: B, B, B, ik
] ! ! ]
gl i+1/2, jk (pg i+1, ).k pgl]k) + Tgl,i—l/z,j,k (pg,i,j,k - I’g,i_l,j,k)
] ! ! !
82 i,j+1/2.k (pg i,j+1,k Pg i, ;k) + Tg2ij—1/2k (pgijk - pg,i,j—l,k)

g31]k+l/2 (P k1 Pg,]k) + T3l]k 12 (Pg,,k plg,i,j.k—l)
+ (Tgl/g)l,i+1/2,./lk (Zi+1,.i,k - Zi.j»k) - (Tng)1,i_1/2,j,k (Zivj»k - Zi—LJlk)
+ (Tgyg)lz,i,jﬂ/z,k (i1 = 2ijk) = (Tgyg)lz,i,jfl/Z,k (2i.jk = Zij-1.k)
+ (Tgyg);,i,j,k+1/2 (lejqurl - Ziq/lk) - (Tgyg);,i,j,k—l/Z (lej,k - Zi,j,kfl)
- (RSOTO)ll,i+1/2,j,k (plo,i+1,j,k - Plo,i,j,k) + (RSOTO)Il,i—l/Z,j,k (plo,i,j,k - Pf;,iq,j,k)
- (RmTo)Iz,i,jH/z,k (pf),i,j+1,k - plo,i,j,k) + (RSOTO)ZZ,i,j—l/Z,k (plo,i,j,k - Plo,i,jq,k)
- (RmTo)Is,i,j,kH/z (plo,i,j,kJrl - pi),i.j,k) + (RSOTO)é,i,j,kfl/Z (Pfa,i,j,k - pi),i,j,kfl)
+ (RmTo)/o)é,H.l/z,j,k (Zi+1,j,k - Zi,j,k) - (RmToVo)ll,i_Uz,j,k (Zi,j,k - Zi—l,j,k)
+ (RxoToVo)lz,i,H.Uz,k (Zi,j+1,k - Zi,j,k) - (RsoToVo)lz,i,j_l/z,k (Zi,j,k - Zi,j—l,k)
+ (RsoToyo)é,i,j,k.»,.l/z (Zi,j,k+l - Zi,j,k) - (RsoTo)/o)é’,‘,j,k_]/z (Zi,j,k - Zi,j,k—l)
~ Qs j- 6.61)
Now, we define the unknown and residual vectors
V=SS0, R = (R, R RLy)

where the superscript 7 indicates the transpose. Then application of the Newton—Raphson
iteration to equations (6.56)—(6.58) yields a linear system of equations in terms of 8y'*!:
1 l I
9R; ok ol aRi.j,k I+1 8Rz )k 1+1
PO FF TE T e /R SR W il AR
i jk—1 " ayij—1k T OYio1,jk
1 l 1
¢ Bisagernn  Bisa gr o Bisie o (6.62)

i,k i+1,j,k i,j+1.k
yi ik 0Yit1,jk / i j+1k

+

BYI Jok+1
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1+1

which is the block seven-point stencil in the increment §y' ™, and

o0R, O0R, OR,
p 8S,  9S.
R o0R, O0R, OR,
dy dp 08S, 0S,
dR, OR, 0OR,
op 8S, 8S.

The elements of the coefficient matrix in system (6.62) are submatrices, and thus this matrix
is of a block form (cf. Fig. 6.1). After the increment 8y'*! is obtained, the solution is updated
until a convergence criterion is achieved:

vt =yl 4 syt

The source/sink terms are determined by

N, M
wy 1+1
v =ZZWI(V) - [< I I A I )]S(X‘an”))
v=1 m=1
I+1 o A Wi Lo v) +1 I+1 l+1 (v) (v)
il = Y wi s () o e o i,
v=1 m=1

Ny My, l+1 I+1
I+1 )Vg ) I+1 1+1 1+1 (v) (
gl =D Wi [( B e A A _Z)]5<X_x,,;>>

v=1 m=1

When the bottom hole pressure py;, is given, the equations in (6.63) can be substituted into
the residuals of equations (6.56)—(6.58) to solve for the primary unknowns (8p, 8S,,, 8S,)-
On the other hand, if the rates are given, system (6.63) is coupled to the flow equations
(6.56)—(6.58) for the unknowns (8p, 85, 8S,, 6pp) (cf. Section 6.2.6).

Figure 6.1. Block matrix.
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Undersaturated state

In the undersaturated state, the primary unknowns are (p = p,, Sy, pPp). In the present case,
S¢ =0and p, = p — peow- Analogous equations can be obtained as in the saturated state:

n+1 n
1 v dSw dSw
At B, B, o
i,k
_ gn+l n+1 _ n+1 _ n+1 n+1 _ n+1
=Ty it12 ik (pw,i+1,j,k Pw,i,j,k) Tiiziy2,jk (pw,i,j,k pw,i—l,j,k)
+ Tn+1 n+1 _ n+1 _ Tn+1 n+1 _ n+1
w2,i, j+1/2.k \ Puwi, j+ 1.k — Puw,i jk w2,i, j—1/2,k \ Pw,i,jk = Puw,i,j—1,k
+ Tn+1 n+1 _ ntl _ Tn+1 n+l  n+l
wi,i, jk+1/2 \ P, jk+1 — Puwi, jk w3,i, jk—1/2 \Puw,ijk = Puwijk—1) (6.64)
n+1 n+1
- (TwVw)Li_»,_]/z,jqk (Zi-‘rl,j,k - Zi,j,k) + (Twyw)],,‘_l/zyj,k (Zi,j,k - Zi—l,j,k)
n+1 n+1
— (Tt ison (Zijrrk = 2iju) + Twvu)ss i1 o (Zijk = Zij-1k)

1 1
- (Tw)/w)gf{j,kﬂ/g (Zi,j,k-H - Zi,j,k) + (Twyw)gj_jyk_l/z (Zi,j.k - Zi,j,k—l)

An+1
+ OQwiijks

n+1 n
L v ¢S, _ oS,
At B, B, .
i,Jk
_ gn+l n+1 _ ntl _ gn+l n+l _ _n+l
= Tol,i+1/2,j,k (Pa,i+1,j,k po,i,j,k) Tul,i71/2,j,k (Po,i,j,k pu,Fl,j,k)
n+1 n+1 n+1 n+1 n+1 n+1
+ Toz,i,j+1/2,k (Pa,i,j+1,k - Po,i,j,k) - ToZ,i,j71/2,k (po,i,j,k - pa,i,jfl,k)
n+1 n+1 n+1 n+1 n+1 n+1
+ 155 k1,2 (po,i,j,k-H - l’a,i,j,k) — T35 k-1 (l’a,i,j,k - po,i,j,k—l) (6.65)

+1 +1
- (Toyo)lll,,'_;_l/z,j,k (Zi+1,j,k - Zi,j,k) + (Toyo)’ll,i_l/z,j’k (Zi,j,k - Zi—l,j,k)

+1 +1
- (ToJ/a)Z,,-,jH/z,k (Zi,j+l,k - Zi,j,k) + (Toya)g’i,j_l/zyk (Zi,j,k - Zi,j—l,k)
+1 +1
- (Toy”)g,i,j,ld-l/z (Zi,j,k+1 - Zi,j,k) + (T(’y”)g,i,j,k—l/Z (Zi,j,k - Zi,j,k—l)
An+1
+ Q0si ik

and

Ly (2R " ORLS, "
At (3) _(Bo> ik

_ n+l n+1 _ o+l _ n+l n+l _ n+l
= (ReoTo)} 1112,k (po,i+1,j,k Po,i,j,k) (RsoTo)1i-12. ik (Po,i,j,k Po,i—l,j,k>
n+1 n+1 n+1 n+1 n+1 n+1
+ ReoTo)3 jr1/2.k (po,i,jJrl,k - po,i.j,k) — ReoTo)z i j10.k <po,i,j,k - po,i,jfl,k)

n+1 n+1 n+1 n+1 n+1 n+1
+ (R50T0)3,i,j,k+1/2 (po,i,j,k+1 - l’a,i,j,k) - (RSUT0)3,i,j,k—l/2 (Pa.i,j,k - po,i,j,k—l)
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- (RsoToVo)rll:H_Uz,j,k (Zi+1,j,k - Zi,j,k) + (RsoToyo)l;j_ll/gﬁjﬁk (Zi,j,k - Zi—l,j,k) (6.66)
- (RsoToyo)gI;+1/2Yk (Zi,jJrl,k - Zi,j,k) + (RsoToyo)gj,;,l/g,k (Zi,j,k - Zi,jfl,k)

1 1
- (RSOTOV())gj‘:j,k_q_l/z (Zi,j,k-H - Zi,j,k) + (RSOTOV())gj‘:j,k_l/z (Zi,j,k - Zi,j.k—l)

+ VquRso i
B, ).

i,j,k

Again, (6.64)~(6.66) are nonlinear in terms of the primary unknowns (p"*!, §7+!, prth)

and can be linearized via the Newton—Raphson iteration:

pn+l,l+1 — pn-H,l +8pn+l,l+l’ Slrlt)+l,l+l — S:L+1‘Z +5SZ)+1‘1+1,

ntLi+l ol n+1,0+1
Dy =p, = +dp, .

The resulting linear system can be expressed in the increments §p"+t1/+1, §§H1I+1 and

8pz+1’l+1 as in the saturated case; we omit the details.

Termination of the Newton—Raphson iteration

To terminate a Newton—Raphson iteration, some important factors should be considered.
First, the iteration number should be smaller than a given maximum number. Second, the
iteration values of the unknowns and the right-hand vectors of the linear equation systems
to be solved are used as part of the termination condition. The absolute iteration values
of the increments of pressure, water saturation, oil saturation (respectively, bubble point
pressure), and the bottom hole pressure of wells must be less than their respective allowable
maximum limits. Third, from our simulation experience the ratio of the infinite norm of the
right-hand-side vector of a linear system of equations to the maximum absolute value of the
sum of the oil and gas component flow rates of perforated zones of wells must be less than
a certain given limit. Mass balance errors are not used as part of the termination condition
of the Newton—Raphson iteration, but are monitored during a simulation. Material balance
means that the cumulative component mass production equals the initial component mass
in place minus the current component mass in place.

Treatment of bubble point problems

It is very important to deal properly with the bubble point problem to control convergence
of a Newton—Raphson iteration. The state of a reservoir can change from saturated to
undersaturated, or vice versa. Determining a proper state during the state transition is
the bubble point problem. If the bubble point problem can be promptly recognized and
reasonable unknowns can be selected for different states of a reservoir, convergence of the
Newton—Raphson iteration can be better monitored and sped up.

To handle the bubble point problem properly, we must figure out the trigger that
causes the transition of states of a reservoir using the state machine (Booch, Rumbaugh,
and Jacobson, 1998) shown in Fig. 6.2. A location in the reservoir can stay in either the
saturated state or the undersaturated state. Furthermore, from the /th iteration to the (/+ 1)th
iteration in a Newton—Raphson iteration at the (n + 1)th time step, the location can stay
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@™ P HBp) ™ =) ™

/ Undersaturated State Saturated State
(o)™ +(Bpp) ™ V<(p)r D
@)™ =)™ P +(Epy ™ P ™D =(p) ™ D +(Ep)
™ =(s )"+ (B ) [ T C T (O
™ =1-(Bsy ) ™" (50)i1 ™ =(s )™ P H(Bso) ™
o)™ =(p )™ +(Epp) ™ P ™= ()™
vl n+l)__ v i n+l)_
Exit/(8so) ™ '=-8 (Sg)HI(‘ﬁ") >0 Exit/(8pp) ™ V=-A

(s P<0

Figure 6.2. A state machine.

in the same state or transfer to another state. The constraint conditions and triggers are
different in different states. In the undersaturated state, the constraint conditions are

n+1,l n+1,0 __
Sl gntll — )

= (667)
On the other hand, in the saturated state, the constraint conditions are
Sn+l,l + Sn-H,l + Sn-H,l — 1,
v ° § (6.68)

n+l,0 _ n+ll
)4 =Dy .

The trigger that causes the transition from the undersaturated state to the saturated state is

pz+1,1 48y > plL (6.69)

and the trigger that causes the transition from the saturated state to the undersaturated state is
Sttt < 0. (6.70)

To deal with the bubble point problem properly, we must check the triggers to deter-
mine whether a location in a reservoir stays in the old state or transfers to a new state. Then
we let the unknowns satisfy the constraint conditions of the corresponding state. When the
reservoir pressure at a location in a reservoir drops below the bubble point pressure, then
(pp)" 1 + 8pp > p"TUIHL ] the dissolved gas comes out from the oil phase, and the oil
saturation decreases. It triggers the state to transfer from the undersaturated state to the
saturated state at this location. In order to enter the new state, §5, is set with a small neg-
ative value so that the gas saturation is greater than zero and the dissolved gas is released.
When the reservoir at this location is in the saturated state, the unknowns corresponding
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to the grid point of the location are updated to satisfy the constraint conditions (6.68).
Similarly, if the reservoir pressure at a location increases to the point that all the gas dis-
solves into the oil phase, then the state changes from the saturated state to the undersaturated
state at this location and Sg*l’l“ < 0, which triggers the state to transfer from the saturated
state to the undersaturated state. In order to guarantee that the oil phase pressure will be
greater than the bubble point pressure in the new state, 5p;, is set with a small negative value.
After the reservoir at the location enters this new state, the unknowns are updated to meet
the constraint conditions (6.67) in the undersaturated state.

6.2.3 Sequential Solution Techniques

The sequential solution technique (MacDonald and Coats, 1970) is similar to the SS tech-
nique discussed in the previous subsection. The difference is that the three equations in the
black oil system are now solved separately and sequentially.

Saturated state

In the sequential technique, all the finite difference equations are the same as in (6.56)—
(6.58). However, in the Newton—Raphson iteration, all the saturation functions k., ko,
krgs Dcow» and peg, use the previous iteration values of saturations; i.e., they are explicitly
handled in this iteration:

PO = I — pou (S, pUEDF = P 4 pgo(Sh),

K 6.71)

D% _ _
TU+Dx a=w,o,g.

- I+1 RI+1 7
Mo By

The residuals of equations (6.56)—(6.58) at the Newton—Raphson iteration level [
are now

Rl*, = L 1% ¢Sw I_ ¢Sw "
W AL B, B,
i,j.k

153 53 53 153 1% 53
—Ty1it1/2,jk (pw,i+1,j,k - pw,i,j,k) + T im12, ik (pw,i,j,k - pw,i—l,j,k)

- ng,i,j-&-l/Z,k (Pg,i,jﬂ,k - Pg,i,j,k) + Tzsz,i,j—l/z,k (I’{:,i,j,k - pg,i,j—l,k)
- Tzﬁg,i,j,k-&-l/z (Pﬁf.i.j,kﬂ - Pf:,i,j,k) + Tz%,i,j,k—l/Z (pi:;k,i,j,k - pf;k,i,j.k—l) (6.72)
+ (TwJ/w)lfiH/g,j,k (2is1,jk — Zijk) — (Tw)’w)lfiq/z,j,k (zijk = zio1,j)
+ (Twyw)l;:[’j+1/2,k (Zi,jJrl,k - Zi,j,k) - (Tw)/w)lzf,‘,j,l/z’k (Zi,j,k - Zi,j—l,k)
+ (Tll)yw)?ji’j,k+1/2 (Zi,j,k-H - Zi,j,k) - (TwVw)éf,-,j,k_l/z (Zi,j,k - Zi.j,k—l)

AIx
- QWs,i,j,k’
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and Rﬁ)*i jx and ng*i jx can be similarly defined. By the definition of the transmissibility
coefficients T%, the Newton—Raphson iteration for R% . j« has the following form:
% [ 153
Ry jk o 11 ORuijk o 11 Ry jk o 11
op; k1 + op;i—k T 7011 jk
. pi -1k 00 Opici ik o

i, jk—1

[
Rw,i,j,k

i jik
9 Rl*

w,i, j,k

+

i jk+1

I

%

6pi,j,k+1 +

I+1 aRw,i,]-qk I+1 + 8RW,i,j’k (S I+1 (6 73)
ik T g i+1,j,k Di j+1,k :
Di+1, )k

%
/41 8Rw,i,j,k

pi,ja1.k

1 18

sSiHl — R
w,i, j.k w,i, jk*

Su,i,jk ! ’

For the oil and gas components, analogous equations hold:

%
8R0JJJ< 141

[
0,i jik o [4+1
T op o, Pk
Pi, jk
[
w,i, jk o 141
+ +
Opi, jk+1

and
3Rl*
8.1, jsk
pi jk—1

%
+ aququ}ka I+1

i,k
pijx
I£3
T
_l’_ —or
i, jk+1

8Ro,i,j,k I+1
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+1,k

— _Rl*

o.i,jk — o.1,j,k

l*_ )
8.6 j.k Spitl
i—1,jk
pi—1,jk /
[

R i, 7.k
SR gt (6.75)

i 1.k
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6Sl+1 " + aRgxixjvk SSIJFI _ _R[*
w, i, j,

o,i,jjk — NN
S0k o

We express these three equations, respectively, as

aRl*

w,i, j,k (S‘SIH
w,i, kT
IS i, jk !

I
Ro,i, Jik

o,k —
0S0.i.jk !

[

%
ORyiik it
w,
0Sw.i.jik 00,0,k

where F,, F,, and F, denote all the terms involving Spl“

= Fyijx(8p'™),
8SHtL = F,. ik (8p™h), (6.76)

oRY, o
Lk + &L SSII;L[}J‘,]( — Fg,i,j,k(8p[+l),

and the right-hand terms in their

respective equations (6.73)—(6.75). System (6.76) can be further reduced to

aRl*

eiik Fuijx@p™h

0S8w,i ik OR

aRl*

8.1 J.k

[ .
w,i,j,k/asw,z,J,k

Foijx(8p™)

6.77)

. I3
aSo,t,],k 3R(,,i,j,k/aso,i,j,k

= —F,ix(8p™.
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122 Chapter 6. The Black Oil Model and Numerical Solution

This equation is used to solve for 3p'*!. Once 8p'*! is calculated, we can obtain 55! and
8S{l,+1 from the first two equations of (6.76).

Undersaturated state

In the undersaturated state, the residual ng’f i jx becomes

1 R,,S,\' Ry,S,\"
R, ., = vl (RS0 _ (RS,
giik = Ay B, B, -
L]

- (RsoTo)l:iH/z,jk (Pn i+1,jk Pffi,j,k) + (RSOTO)IfTi—l/z,j,k (pi:i,j,k - p?ji—l,j,k)
- (RSUTU)IZfi,j-H/Z k (Po i j+1.k pi;fi,j,k) + (RSI)TO)IZfi,j—l/Z,k (pi;fi,j,k - p?ji.j—l,k)
- (RSUTU)éfi,j,k-H/Z (Poz jk+1 pofi,j,k) + (RSUTU)I;i,j,k—l/Z (piji,j,k - pfji,j,k—l)
+ (RmToJ/o)lff,'H/z,j,k (zis1,jk — Zijk) — (RmTo)/o)Zf,-,l/z,j,k (zijk — Zi-1,jk)
+ (RsoToJ/a)lf,;jH/z,k (Zij1.k — Zijk) — (RmTo)/o)lzf;,j,l/z,k (zijk — zij—1k)

/ /
+ (R.Y()Toyo);i,j,k.‘.]p (Zi,j,k+l - Zi,j,k) - (RxoToVo);i,];k_]/z (Zi,j,k - Zi,j,k—l)

Ve Ro 1%
_ <_‘ZOS s > ‘ (6.78)

By Jijk

Because the nonlinearity in the undersaturated state is weaker than that in the saturated state,
the transmissibilities can be treated explicitly:

kl
TU+D* = fgl K, a=w,o,g. (6.79)

With this treatment, the residual equations for the water, oil, and gas components are

oR" . OR AR

w,i, ik o 141 w,i, ik o J+1 iw,, ik o [+1
i k=1 T Dii—ix T i—1,j,k
pijk—1 opij—1k pi-1,jk !
[ % [
Ry ik o 1 ORwiji o 4 IRy ijk o 141 6
3 8p; ik p Lkt g Pij+1.k (6.80)
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and

153 [ %
aRgt/k5p1+1 + aRg11k5 l+1 + 8Rglﬂ<5 I+1
i, jk—1 —1,k

l 1,k
i, jk—1 opi,j—1.k pi—1,jk b

! ! !
+8Rgﬂji,j,k8 1 3R;i,j,k8 I+l 8Rgfi,j-,k8 I+1 (6.82)

ik itk T i1k
pijk Opitl,jk R dpi ik

[ [ 15
+8Rguk8 I+ + 8Rguk sS4 _sbik aRguk 8(pp) Tt = — Rl
apljk+l ]k+1 aSwl i,k wek ik a( b)tjk b Lk &b ik

Equations (6.80)—(6.82) are rewritten, respectively, as

aRl*

w,i, ]k I+1 I+1
3wt 88y ik = Fuijk@p™),
R OR™

ik o Gl+1 ok I+1 I+1
o 0S8 ik T o 0(Pw); ik = Foijk (8P, (6.83)
BSW,i,j,k bk a(p )I Jik ik !
AR, . AR

8k o Gl41 8.0, Jik I+1 I+1

8S w, i, + 8( ), i, k(ap )

aSu)ljk Jik Ay )” k= g Js

where F,, F,, and F, indicate all the terms involving §p'*! and the right-hand term in their
respective equations (6.80)—(6.82). In this system, we first eliminate §S,, and §p;, to obtain
areduced system only for p, which is solved. Then, after dp is obtained, any two equations
in system (6.83) can be used to find §S,, and py.

In summary, the sequential technique has the following features:

 The difference between the SS and sequential techniques is that the three differential
equations are solved simultaneously in the former, while these equations are solved
sequentially at each grid node in the latter.

* All the saturation functions k., Kro, krg, Pew, and pc, use the previous Newton—
Raphson iteration values of saturations in the sequential technique.

Selection of time steps

The bubble point problem in the sequential technique can be treated in the same way as
in Section 6.2.2 for the SS technique. Compared with the SS technique, the implicitness
of the sequential technique is lower. Selecting reasonable time steps is key to controlling
convergence of a Newton—Raphson iteration and speeding up a simulation procedure. If
the time steps are too small, too much computational time will be consumed; if they are too
large, a Newton—Raphson iteration may diverge.

To select suitable time steps, from our experimental experience we have adopted the
following empirical rules:

e With a given maximum time step Af,,, and a minimum allowable time step size
Atyin, the time step At should satisfy Aty < At < Atygx.
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124 Chapter 6. The Black Oil Model and Numerical Solution

* In the saturated state, At is bounded by

(6.84)

d max dSw max dSo max
Atht”min{RA,,(p) (dSw) (@S,) }

(Sp);lwx ’ (SSW)nmax ’ ((SSO)ZUIX

where At" is the previous time step size; R, is a maximum allowable ratio of At/ At"
(Rar > 1 and generally is between 2 and 3); (dp)max> (dSw)max, and (dS,)max are
the allowable maximum values of the pressure, water saturation, and oil saturation
increments, respectively; and (8p)), .., (8Su)5, 4 (8S5)0, ., are the maximum values of

these increments at the nth time step. In the undersaturated state, (6.84) becomes

(6.85)

d, max dSw max d, max
Atht”min{RA,,(p) (dSw) (dpy) }

(€7 R L ¢ )9 L

where (dpp)max 1S the allowable maximum value of the bubble point pressure increment.

 For a given time period, Ar should guarantee that the simulation time reaches the
period time.

With these rules, a time step A¢ can be automatically selected. Its choice mustalso take
into account the convergence of a Newton—Raphson iteration. If the number of iterations is
larger than a given maximum number when At is selected according to these rules, then the
selected time step may be too large and must be reduced. First, we reduce Ar by At/R;
because of the occurrence of R, in (6.84) and (6.85). Then the oil phase and bubble point
pressures and water and oil saturations at the nth time step are taken as the first iteration
values of the Newton—Raphson iteration at the (n + 1)th time step.

6.2.4 Iterative IMPES Solution Techniques

The IMPES method was discussed in the preceding chapter for two-phase flow and is a
very useful technique for flow of this type. Particularly, the improved IMPES method
introduced in Section 5.3.5 is very powerful for solving two-phase flow. We now discuss
the IMPES method for the solution of the black oil model. When IMPES is used within
a Newton—Raphson iteration, it is called iterative IMPES. In iterative IMPES, only the
pressure equation is computed implicitly, and the other two (saturation and bubble point
pressure) equations are evaluated explicitly.

In iterative IMPES, all the saturation functions &y, kyo, kg, Pcw, and p.g are evaluated
at the saturation values of the previous time step in a Newton—Raphson iteration, and the
fluid formation volume factors and viscosities in the transmissibilities, phase potentials, and
well terms are computed using the previous Newton—Raphson iteration values. Thus we

define
(I+1)*

POt = P — peou(S), pYTIt = P pego(S)),
k" (6.86)
T = 1k, a=w,o,g.
Io By
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Saturated state

Equations (6.56)—(6.58) remain the same. Their residuals at the Newton—Raphson iteration
level [ in the iterative IMPES technique are

1 S\ [ 6Su)"
Rwuk At (V |:< B“’> _<B_w) ])ijk

Ix [x [x Ix Ix [x
- Twl,i+1/2,j,k (Pw.,i+1,j,k - Pw,i,j,k) + Tw1,z>1/2,j,k (pw,i,j,k - Pw,H,j,k)

- Tzifz,i,jﬂ/z,k (piz.i.j—H,k - pi:,i,j,k) + Tzi)*2,i,j—1/2,k (Pllz,i,j,k - pi:)(,i,j—l,k)

- Tzi;*.%,i,j,k-k—l/z (Plu:,i,j,k+1 - Plz;,i,j,k) + Tiij,i,j,k—l/Z (p{;,i,j,k - Plz;,i,j,k—l)

+ (TwVw)l]*,iH/z,j,k (zit1,jk — Zijk) — (Twyw)lf,i_l/z,j,k (2ijk — Zi1,jk)

+ (Tw)/w)lzf,‘,jﬂ/z,k (Z[,jJrl,k - Zi,j,k) - (Twyw)lzt[,jfl/g’k (Zi,j,k - Zi,jfl,k)

+ (TwVw)l;,i,j,kH/z (Zi~j,k+1 - Zi,j»k) - (TWVW);ti,j,kfl/Z (Zi,j,k - Zi.j.,kfl)
Qw“,k’ (6.87)

and R*. . and Rl*l ;& can be similarly defined. It follows from the definition of the trans-

0,i, j.k

missibility coefficients T!* that the Newton-Raphson iteration for Rw i jk gives
I % %
oR u)ljk I+1 i, J, Riw,,j,k pl+1
i j i—1,j.k
Ppi jk—1 pi-1jk 7
% % %

aRw,i,J}k I+1 8Rw ik o 141 aRlek 1+1
+ 8 + 6 +1 Jk + 8 l_]+] k
8pi,j,k 3Pz+ 3171 Jj+1.k
I lt

+ avaiv.jvks /41 + aRw i ]kgsH*l R
api,j,k+l D; L Jk+1 aSw Pk w,i jk

(6.88)

w,i, jk*

For the oil and gas components, analogous equations hold:

Ix Ix Ix
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Equations (6.88)—(6.90) can be solved, in a decoupled manner, as in the sequential solution
technique.

Undersaturated state

In the undersaturated state, the residual R”, ., becomes

8.1j.k

1 RS\ [ PRwS,\"
R . = 0T ) o e
sk At@{( B, ) < B, )})
i,j.k

— (Rso T, )1 Jit1/2,jk (Po i+1,jk pi:i,j,k) + (RSOTo)ll*,iﬂ/z,j,k (pf:i,j,k - pi:i—l,j,k)
- (RsoTo)z,i,j+1/2,k (pa,i,jJrl Kk pi;ijk) + (Rso T, )IZ*ij 1/2.k (plo*ijk - pfz*,i,jfl,k)
- (RsoTo)Z;,i,j,kH/z (pizi,j,k+1 Po i, ]k) + (Rso T )3 ijk—1/2 (Pa ijik pf:i,j,k—l)
+ (RsoToJ/o)l]*.iH/z,j,k (2it1,jk — Zijk) — (RsoToJ/o)l,i_l/z,j,k (2ijk — Zi-1,jk)
+ (RxoToJ/o)lz*,,-,Hl/z,k (zij41k — Zijk) — (RmToVo)lz*,,-,j_l/z,k (zijk — Zij—1.k)
+ (RsoTo)/o)é*,,-,j,kH/z (zijk+1 — Zijk) — (RsoTo)/o)é*,,-,j,k,l/z (2ijk — Zijk—1)
— (My* . (6.91)

B, i jk
Now, the residual equations for the water, oil, and gas components are

Ix I Ix
IR wuk 1+1 Rw,i,j,k 1+1 Riw,,j,ka 1+1

sl ik
pi,jk—1 OPi—1,jk J

I Ix I
+ aququlké I+1 Rw-,i,j,k I+1 + 8Rw,i,j,k 1+1 (6.92)
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Equations (6.92)—(6.94) can also be solved, in a decoupled fashion, as in the sequential
solution technique.
In summary, the iterative IMPES method has the following features:

» The difference between iterative IMPES and classical IMPES is that the iterative
technique is used within each Newton—Raphson iteration loop, while the classical
one is exploited before a Newton—Raphson iteration.

* All the saturation functions K, ko, Krg, Pcw» and pcg use the previous time step values
of saturations in a Newton—Raphson iteration.

* The fluid formation volume factors and viscosities in the transmissibilities, phase
potentials, and well terms are computed using the previous Newton—Raphson iteration
values.

* The pressure unknown is obtained implicitly, and the other two unknowns are obtained
explicitly.

As in the sequential technique, the saturation functions k., ko, krg, Pew» and p., may
use the previous Newton—Raphson iteration values of saturations, instead of the previous
time step values of saturation. The bubble point problem in iterative IMPES can be treated in
the same manner as in the SS technique, and the time steps can be controlled in a similar way
as in the sequential technique. The improved IMPES method developed in the preceding
chapter for two-phase flow can be extended to iterative IMPES for the black oil model. In
particular, the time steps can be different for pressure than for saturations.

Numerical comparisons between the SS, sequential, and iterative IMPES solution
techniques for solving the black oil differential equations were performed by Chen, Huan,
and Ma (2006). Field-scale simulation models of oil reservoirs were used to test these
solution schemes for both the saturated and undersaturated states of these reservoirs. From
the comparisons, the following observations were obtained:

 The iterative IMPES technique is not a suitable choice for the three-phase black oil
simulation.

* The SS technique is the most stable and robust, but it requires the highest memory
and computational cost.

* The sequential technique is convergent and stable for an undersaturated reservoir,
and it can significantly reduce memory and computational cost compared with the
SS technique. For a saturated reservoir the accuracy of the sequential scheme depends
on whether free gas is injected. For no gas injection, this scheme is convergent and
accurate and can reduce computational cost. However, for gas injection, the pressures
and gas/oil ratios obtained from this technique differ from those from the SS technique,
even though it seems convergent.

6.2.5 Adaptive Implicit Techniques

An adaptive implicit technique was introduced in reservoir simulation by Thomas and
Thurnau (1983). The principal idea of this technique is to seek an efficient middle ground
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128 Chapter 6. The Black Oil Model and Numerical Solution

between the IMPES (or sequential) and SS techniques. That is, at a given time step, the
expensive SS technique is confined to those gridblocks that require it, while on the re-
maining gridblocks the IMPES technique is implemented. In this technique, pressure is
computed implicitly everywhere in a porous medium (as in the IMPES, sequential, and SS
techniques), but the computation of saturation is implicit in selected gridblocks and explicit
elsewhere. This division into implicit and explicit gridblocks may be different from one
time step to the next. The principal issue in implementation of this technique is a switching
criterion that determines whether the saturation equation should be considered implicit or
explicit.

In the original work (Thomas and Thurnau, 1983), the switching criterion is based
on solution variable changes. When a change at an IMPES gridblock exceeds a specified
threshold value, the gridblock switches to the SS treatment. This criterion has the drawback
that although instability leads to large solution changes, small changes do not guarantee
stability. This drawback has led to the development of other criteria, such as those based on
eigenvalues (Fung, Collins, and Nghiem, 1989) and hyperbolic equation stability analysis
(i.e., the well-known CFL stability analysis; cf. Section 3.3.7).

Research on parallel computation in reservoir simulation was extensively carried out
in the late 1980s, particularly due to the introduction of shared and distributed memory
computers. For example, Scott, Wainwright, and Raghavan (1987) presented a multiple
instruction multiple data (MIMD) approach to reservoir simulation, and Chien et al. (1987)
described parallel processing on distributed memory machines. Several methods are avail-
able in the literature for parallelization of reservoir codes. Most of them are based on mes-
sage passing techniques such as PVM (parallel virtual machine) and MPI (message passing
interface) and domain decomposition methods. In most parallel approaches, a reservoir is
split into a number of subdomains, and a processor is assigned to each subdomain problem
(Killough and Wheeler, 1987); the Schur complement method can be used to solve interface
problems (Smith, Bjorstad, and Gropp, 1996). Parallel computing for reservoir simulation
was discussed in detail by Ma and Chen (2004) and Chen, Huan, and Ma (2006).

Parallel algorithms have been used in the SS (Mayer, 1989), IMPES (Rutledge et al.,
1991), and adaptive implicit (Verdiere et al., 1999) solution techniques for various multi-
phase flows. That is, in each of these solution techniques, both the pressure and saturation
equations are solved in a parallel fashion. Benchmark computations have indicated that
linear (or nearly linear) speedup in CPU time can be obtained with an increasing number of
processors. The parallel idea can also be used as a solution technique for multiphase flow. In
the IMPES, sequential, and SS techniques, the pressure and saturation equations are solved
either separately or simultaneously on the same processor. However, these two equations
can be solved in parallel; i.e., their solution can be assigned to different processors at the
same time point. This idea seems very useful for multicomponent, multiphase flow where
the equations for different components (or phases) can be assigned to different processors.
This research direction has yet to be investigated.

6.2.6 Well Coupling

Various well constraints must be taken into account for the black oil model. Two kinds of
well constraints are used for an injection well: Either the well bottom hole pressure pp), is
given or a phase injection rate is fixed. In the former case,
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6.2. Numerical Solution of the Black Oil Model 129

P =P, (6.95)

where v is the number of the well with this kind of well control and Pb(z) is the given bottom
hole pressure at this well. In this case,

spsy) = 0. (6.96)

In the latter case, it follows from (6.20) that the injection rate controls for water and gas
injection wells are, respectively,

(v) Z WI,E;}) Krwmax [ W _ Do — Vo (Zl(;;l) _ Z)] S(x — Xr(;)) 6.97)
and
o Z wi Krames [p,(,;) — pe— el 9] —x). (699)

where Q and Q ~are the given water and gas injection rates, respectively, at the vth well
and kmmax is the maximum relative permeability of the o phase, « = w, g. The well control
equations (6.97) and (6.98) are coupled to the flow equations, and the coupled system can
be linearized by the Newton—Raphson iteration method as in the SS technique.

For a production well, there are three kinds of well constraints: a constant bottom hole
pressure, a constant total liquid production rate, and a constant total flow rate. The constant
bottom hole pressure constraint has the form (6.95), and thus equation (6.96) holds. The
constant total liquid production rate control takes the form

M,
) wy ; krw y . v
=Y wip [P = = vulely) = 9] sx = %)
(6.99)
+ Z WI(u) kro [ v Do — Vu@(zl(,l;,) _ Z)] S(x — Xi:))’

where Q(L‘? is the given total liquid production rate at the vth well. The water cut, defined
as the ratio of water production to the sum of water and oil production, at a perforated zone
of a well with this kind of well constraint must be less than a certain limit; over this limit,
that perforated zone must be shut down. The constant total flow rate control can be defined
similarly; in this case, gas production is added, and the gas/oil ratio at a perforated zone of
a well must be less than a certain limit (over this limit, that perforated zone needs to be shut
down). These well controls are also coupled to the flow equations.
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Chapter 7

Transport of
Multicomponents in a Fluid
and Numerical Solution

Before we describe a full compositional model for multicomponent, multiphase flow in the
next chapter, we consider the differential equations used to model the transport of multicom-
ponents in a fluid phase in a porous medium. Perhaps the most important unconstrained
aspect of petroleum systems analysis concerns the charging and placement of petroleum
to a structure or prospect. Petroleum charge rates, leakage, and spill control petroleum
residence time in a reservoir, which is fundamental for prediction of biodegradation rates,
seal integrity (failure), and oil quality, all of which are affected by fluid mixing processes.
While forward models can estimate plausible charge rates based on thermal histories, there
are no field data proxies for the charge rates that are necessary to constrain migration and
charge models. To solve this problem, we can couple high resolution, full physics reservoir
simulation protocols to full 4D basin models such that gradients in petroleum compositions
from models and from chemical analysis can be used to constrain charges rates. This new
generation of hybrid reservoir simulator/basin models necessitates rapid high-resolution
fluid mixing solvers and multicomponent fluids.

This chapter deals with the development of compositional fluid mixing simulators
that enable the forward simulation of detailed reservoir charging and fluid property evo-
lution, coupling the effects of advection, diffusion, and gravity segregation to predict the
development of compositional gradients in petroleum columns that can be used to con-
strain reservoir charging and alteration processes. The traditional simulator for solving the
isothermal gravity/chemical equilibrium problem is deduced as a special example of the
simulators presented here. We do not consider the effects of chemical reactions between
the components in the fluid phase, radioactive decay, biodegradation, and growth due to
bacterial activities that cause the quantity of this component to increase or decrease.

Most of the present formulations for the mass conservation of species do not correctly
represent changes in the time scale of diffusion as a function of porosity in a system of
porous media. In sediments, or in any porous system, the presence of solid particles causes
the diffusion paths of species to deviate from straight lines. To represent the role of porosity
on diffusion, the diffusion coefficient must be scaled with tortuosity. In this chapter we also
review available formulations for the scaled diffusion coefficient with tortuosity.

131
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132 Chapter 7. Transport of Multicomponents in a Fluid and Numerical Solution

7.1 Basic Differential Equations

In this and the next two chapters, instead of using mass concentrations, we use mole fractions
in the description of mass conservation, because the phase equilibrium relations are usually
defined in terms of mole fractions. We consider a gas or liquid mixture that consists of N,
chemical species. Let n,, be the number of moles for the mth species in the mixture, and
then the total moles of the mixture are

N,
n= . .1
m=1

The mole fraction of each component is defined by

SO
N,
> xw=1. (7.2)
m=1

Let &,, be the molar density of component m in the mixture, with physical dimensions of

moles per pore volume:
nﬂl

Em = , m=12..., N,
Um

where vy, is the molar volume of component m. The molar density of the mixture is

N.
E = Z ’i:m-
m=1

Conservation of mass of each component in the fluid mixture is

8(¢;m€) = —V . (xmé'll + Jm) + qm, m = 1, 2, ey NCv (73)

where ¢ is the porosity, u is the fluid velocity, and ¢,, and J,, are the source/sink term and
the diffusive mass flux of the mth component, respectively. Darcy’s law for the fluid is

1
u= —;k (Vp = ppVz). (7.4)

where Kk is the permeability tensor, u, p, and p are the fluid viscosity, pressure, and mass
density, respectively, g is the gravitational constant, and z is the depth. The fluid mass
density is related to its molar density by

Ne
p=EW=5) W (7.5)

m=1

where W is the total molecular weight and W, is the molecular weight of the mth component.
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7.2. Computation of Fluid Viscosity 133

The primary variables in (7.3) and (7.4) are the mole fractions X = (x, x2, ..., Xy,)
and pressure p. The fluid viscosity has the following dependence:

w=pu(p, T, x1,x2,...,%n,),

which can be obtained from the correlation of Lohrenz, Bray, and Clark (1964), for example,
with the input data: the critical pressure, critical temperature, critical volume, and molecular
weight of each component (cf. Section 7.2). Here T denotes temperature. The molar density

E=E&p, T, x1,x2,...,%XN,)

can be calculated using the equations of state, such as Peng and Robinson (PR, 1976)
and Redlich, Kwong, and Soave (RKS, 1972) (cf. Section 7.3). The method of volume
translation is widely used for correcting volumetric deficiencies of the original PR and
RKS equations (Peneloux, Rauzy, and Freze, 1982). The least well understood term in
equation (7.3) is that involving the diffusive flux J, which will be discussed in detail in
Section 7.4. Finally, the source/sink term g, can be defined as (cf. Chapter 4)

Ny (v)

qm =
v=1 [=1

M 27X, Sl_cAh
uln (re/ry)

(p&) —p— o) — z)) 8 (x — x,(“)) . (1.6)
1

where §(x) is the Dirac delta function, N,, is the total number of wells, M,,, is the total
number of perforated zones of the vth well, Ahl(v) and x,(”) are the segment length and central

location of the /th perforated zone of the vth well, pé';l) is the bottom hole pressure at the

datum level depth z{”, r") is the equivalent well radius, ) is the radius of the vth well,

>l w

and k is some average of k at the wells.

7.2 Computation of Fluid Viscosity

Depending on the characteristics of the reservoir fluid (light, medium, or heavy), there exist
many different analytical formulas for the computation of the fluid viscosity. In this section
we briefly review a correlation formula due to Lohrenz, Bray, and Clark (1964), which is
widely used in commercial reservoir simulators for light and medium oils.

For each component, or pseudocomponent, the following input data are required:

e critical pressure, pen;

e critical temperature, T,,;

e critical volume, V,,,;

* molecular weight, W,,,, m=1,2,...,N,..

They are available for each component from laboratory experiments. The reduced temper-
ature for component m is
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134  Chapter 7. Transport of Multicomponents in a Fluid and Numerical Solution

Now, the steps to calculate u are as follows:

» Computation of the component viscosity at low pressure, ), (cp):

34(107) T2 /i if T, < 1.5,

* o __
Hom 17.78(107°)(4.58T,,, — 1.67)°/%/n,,  if T}, > 1.5,

where the units are K for temperature and atm for pressure, and

1/6
e

Mm = —175 573
" W 2

m cm

» Computation of the fluid viscosity at low pressure, * (cp):

Ne
> w0
m=1

* =
N,
S W2
m=1

¢ Computation of the reduced density:

where

* Computation of the fluid viscosity u (cp):

[(x — wm + 1074]"* = 0.1023 + 0.023364¢, + 0.058533£2

— 0.40758&3 + 0.0093324£%,

N, 1/6
(z T)

m=1

N, 72 N 2/3°
(zxmwm) (zp)
m=1

m=1

where

7’]:

7.3 Equations of State

Inrecent years, the equations of state (EOS) have been widely employed in reservoir simula-
tion because they produce consistent compositions, densities, and molar volumes. There are
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7.3. Equations of State 135

thousands of EOS. The simplest EOS is that of van der Waals (Reid, Prausnitz, and
Sherwood, 1977). Other EOS include PR, Redlich—-Kwong (RK), and RKS. Here we
describe only the PR EOS; others will be given in the next chapter.

The mixing principle for the PR EOS is

N. N, N,
a= Z mexv(l —kn)Jama,, b= mebm9

m=1 v=1 m=1

where k,,, is a binary interaction parameter between components m and v, and a,, and b,,
are empirical factors for the pure component m. The interaction parameters account for
molecular interactions between two unlike molecules. By definition, k,,, is zero when m
and v represent the same component, small when m and v represent components that do not
differ much (e.g., when components m and v are both alkanes), and large when m and v
represent components that are substantially different. Ideally, k,,, depends on pressure and
temperature and only on the identities of components m and v (Zudkevitch and Joffe, 1970;
Whitson, 1982).
The factors a,, and b,, can be computed from
2772
am = QmaO[m R Tcm , bm = th RTcm ’
pcm pL'Wl

where R is the universal gas constant, the EOS parameters €2,,, and €2,,, are given by
Qg = 0.45724, Q= 0.077796,
o = (142 [1 = VT o))’
Am = 0.37464 + 1.5423w,, — 0.269920?,

and w,, is the acentric factor for component m. The acentric factors roughly express the
deviation of the shape of a molecule from a sphere. Define

ap bp
= , = —, 7.7
R2T? RT 7.1
where the pressure p is given by the PR two-parameter EOS
__RT a
A Y E D)
and V is the molar volume of the fluid phase. Introduce the compressibility factor
Vv
z=2"
RT
PR’s cubic equation in Z is
73— (1 -B)Z>+(A—-2B—3B*»Z - (AB— B> — B =0. (7.8)

This equation has three roots (Chen, Huan, and Ma, 2006). When only one root is real, it is
selected. In the case where there are three real roots, say,

Zl > 22> Z3,
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we select Z if the mixture is a vapor (gas) phase. If it is a liquid (oil) phase, we select Z;
when Z, < 0; select Z, when Z, > 0 and Z3 < 0; select Z;3 when Z3 > 0. That is, we
select the smallest positive root.

The fluid molar and mass densities are

N,
_p _
a—mz,p—s%?mm. (7.9)

Note that the fluid compressibility coefficient is

10
cr = ——E. (7.10)
§dp
It follows from (7.9) that
6 1 p 0dZ
dp RTZ RTZ2 dp’
so, by equation (7.10),
1 1 0Z (7.11)
Cr= P 7 8]7 . .

Thus, to find c, it remains to calculate dZ/dp. Implicit differentiation on the cubic equa-

tion (7.8) yields
Z 0B _, 0A B
—= 7"+ (—-2[1+3B—)Z
ap ap ap ap

_(9A Cop ap1 9B (7.12)
(ap3+[A 2B 3B]ap>}

/(32 —=2(1 - B)Z+ (A—2B—3B%).
In addition, it follows from (7.7) that

9A 9B b
L (7.13)
op  R2T? op T

Consequently, equations (7.11)—(7.13) can be used to find the fluid compressibility
coefficient c;.

7.4 Diffusion, Dispersion, and Tortuosity
7.4.1 Fick'’s Law

Application of the classical single-phase Fick’s law to the mass conservation equation (7.3)
gives

Ji=—¢tD;Vx;, i=12,..., N, (7.14)
where D; is the diffusion/dispersion tensor of component i in the fluid mixture. This tensor
in three dimensions is defined by

D;(w) = dj, 1 + |u| (dyE(u) + d; E*(w)) (7.15)
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7.4. Diffusion, Dispersion, and Tortuosity 137

where d;,,, is the molecular diffusion coefficient, d;; and d;, are, respectively, the longitudinal
and transverse dispersion coefficients of component i, |u| is the Euclidean norm of u =

(uy, ur, u3): Jul = ‘/u% + u% + u%, E(u) is the orthogonal projection along the velocity,

2
up uiuy UiUus
2
Eu) = — | wuu u5  uuz |,

|ul?

usuyp UuUsUp M%

and E+(u) = I — E(u), with I the identity matrix. In some cases, the tensor dispersion is
more significant than the molecular diffusion; also, d;; is usually considerably larger than d;.

We consider a scenario where a species only diffuses within a constant density fluid in
a homogeneous porous medium without a source or sink. In this case, it follows from (7.3)
without dispersion that the conservation equation becomes

s = dn Ax. (7.16)
ot

As anticipated by the evaluation of the governing equation, the solution of (7.16) does
not depend on porosity since diffusion time and length scales are not functions of the
porosity. This implies that the concentrations will be identical when the user stipulates 0%
or 100% porosity, an incorrect result. To represent the role of porosity on ordinary molecular

diffusion, the diffusion coefficient must be scaled with tortuosity.

7.4.2 Impact of Tortuosity on Diffusion

In sediments, or in any porous system, the presence of solid particles causes the diffusion
paths of species to deviate from straight lines (cf. Fig. 7.1). Consequently, the diffusion
coefficients of species must be corrected for the tortuosity. Both theory and dimensional
reasoning (Petersen, 1958; van Brakel and Heertjes, 1974; Ullman and Aller, 1982) suggest
that the diffusion coefficient be scaled with fortuosity t as follows:

Figure 7.1. Convolute diffusion path in a sediment.
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138  Chapter 7. Transport of Multicomponents in a Fluid and Numerical Solution

d, == (7.17)

where d,, is now the diffusion coefficient of the species in question in the fluid (e.g., water)
without the presence of the sediment matrix. Relations other than (7.17) will be discussed
at the end of this section.

Theoretical relations

The general requirements for the tortuosity t are as follows (Boudreau, 1996): First,
7> 1, (7.18)

which simply means that the actual (average) path traversed by the species while diffusing
in the interstitial fluid in a porous medium is longer than in the absence of the solid. Second,

limz = 1; (7.19)
d—1

that is, there is no hindrance to diffusion in the absence of any (impermeable) solid. Finally,
T — ooifandonlyif ¢ — 0;i.e., the tortuosity is finite for all nonzero values of porosity, so
hindrance is complete only if the pore-space disappears. This property skips the important
topic of connectivity at low porosity.

Physically, tortuosity is defined as the ratio of the actual distance Al traveled by the
species per unit length Ax of the medium (cf. Fig. 7.1):

N

= —. 7.20
= (7.20)

Itis sometimes defined by the square of this ratio (Dullien, 1979), which, together with (7.20),
will lead to an equivalent diffusion coefficient (see the discussion at the end of this section).
Unlike ¢, the parameter t cannot be measured directly. The literature contains both theo-
retical and empirical relations for evaluating t. Theoretical relations are based on a certain
model of the structure of a porous medium. They have the advantage that they generally do
not contain any adjustable parameter, but these relations are highly idealized. The simplest
of such models is a collection of randomly oriented capillaries cutting through a solid body.
Different treatments of the capillary model yield (Petersen, 1958)

r =42, (7.21)
or (Bhatia, 1985; Dykhuizen and Casey, 1989)

T =+/3. (7.22)
Experimental values of 7 can be either smaller or larger than these numerical values

(cf. Figs. 7.2-7.4). In fact, its measured values correlate with ¢ (Archie, 1942; van Brakel
and Heertjes, 1974), which suggests that theoretical models for t depend on ¢.
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Figure 7.2. First eight theoretical relations against measured data.
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Figure 7.3. Last theoretical tortuosity-porosity relation in Table 7.1.
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Figure 7.4. First eight theoretical relations against different measured data.

Table 7.1 is a collection of theoretical tortuosity-porosity relations that satisfy the
above three requirements, with remarks on the physical system on which each relation
is based. The important point here is whether these relations are useful in calibrating
observed sedimentary tortuosity data. The data have been measured from various marine
and lacustrine sediments (Manheim and Waterman, 1974; Goldhaber et al., 1977; Li and
Gregory, 1977; Jorgensen, 1978; Krom and Berner, 1980; Ullman and Aller, 1982; Archer,
Emerson, and Reimers, 1989; Sweerts et al., 1991). Since the data given by Iversen and
Jorgensen (1993) and Sweerts et al. (1991) are well represented for the fine-grained marine
and lacustrine sediments, respectively, as examples we plot the theoretical relations given
in Table 7.1 against these two sets of data.

In Iversen and Jorgensen (1993) the tracer diffusion coefficients of sulfate and methane
were determined in seawater, with sediments collected along the Danish coast. At water
depth varying from 50 cm to 200 m, the sediment composition varied from sandy sediments
to fine-grained silt and clay, with the majority of the samples from silt-clay types. A set of
cores was collected from the bottom of clay beach dunes. This station cannot be classified
as marine sediments, but the dune is raised sea-bottom, and the clay was in contact with
seawater and closely resembled consolidated marine. The tracer diffusion measurement
method by Iversen and Jorgensen (1993) was based on the instantaneous source technique
by Duursma and Bosch (1970); that is, the solution to the 1D counterpart of equation (7.16)
with an instantaneous source was used to calculate the tracer diffusion coefficients.

Figs. 7.2 and 7.3 plot the theoretical relations in Table 7.1 against the data from Iversen
and Jorgensen (1993) (because of a great scale difference, the first eight relations are plotted
in Fig. 7.2, while the last one in Table 7.1 is plotted in Fig. 7.3). These two plots indicate
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Table 7.1. Theoretical relations, their physical systems, and references.

Relations Remarks References
2=03-¢)/2 Ordered packings Maxwell, 1881;
Akanni et al., 1987
2=0GB-¢)/2 Random homogeneous Neale and Nader, 1973
isotropic sphere packings
?2=2—¢ A hyperbola of revolution Rayleigh, 1892;
Petersen, 1958
2 =¢ 12 Not for monosized spheres Bruggemann, 1935
2 =¢ 13 Partly saturated homogeneous | Millington, 1959;
isotropic monodisperse van Brakel and Heertjes, 1974
sphere packings
2=1—In¢/2 Overlapping spheres Weissberg, 1963;
Ho and Strieder, 1981
?=1-In¢ Random arrays of freely Tomadakis and Sotirchos, 1983
overlapping cylinders
2 =¢/ (1 —(1=¢)V/ 3) Heterogeneous catalyst Beekman, 1990
2 =(2-9¢) /¢)2 Cation-exchange resin Mackie and Meares, 1955
membrane

that none of the theoretical relations in Table 7.1 adequately match the measured data from
Iversen and Jorgensen (1993).

We now plot the theoretical relations in Table 7.1 against the data for lacustrine
sediments taken from Sweerts et al. (1991) (cf. Fig. 7.4). In Sweerts et al. (1991) the whole-
sediment molecular diffusion coefficients for tritiated water in pore waters of various lakes
were determined experimentally by adding *H,O to the overlying water of asphyxiated
(without bioirrigation) and unasphyxiated cores and measuring the resulting pore-water
profiles after a period of time. The measurement method used a constant-source computer
model that was based on the error function technique (Duursma and Hoede, 1967).

All the plots in Figs. 7.2—7.4 show that none of the theoretical relations in Table 7.1
accurately match the measured data. The problem is that these relations are based on
mathematically idealized geometries (e.g., spherical or rectangular packings of some type,
as shown in Table 7.1) of real sedimentary fabrics.

Empirical relations

As shown above, the theoretical relations do not match the data that describe sediments of
very different types. Empirical relations that contain adjustable parameters are analogous
to the theoretical ones but better describe the observed data.

Experimentally, the tortuosity of a sediment can be obtained by measuring the porosity
¢ and the formation resistivity factor F. These three variables are related by

2 = (Fp)", (7.23)

where n is an adjustable empirical parameter. The formation factor F is determined
by measuring the resistivity of a porous medium, relative to that of the free solution.
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Microelectrode technology currently leads to fine-scale profiles of this factor in surface sed-
iments (van Cappellen and Gaillard, 1996). However, this information is hardly available
and must rely on an empirical relation that relates F' to the sediment porosity ¢. Following
Faris et al. (1954) and Nelson and Simmons (1995), this relation is usually described by
Archie’s law (Archie, 1942):

A

F=_, (7.24)

¢m
where A and m are empirical parameters. Substituting (7.23) into (7.24) gives the relation
of tortuosity in terms of porosity,

= (A", (7.25)

with three adjustable parameters A, m, and n. These parameters are lithology-dependent.
Relation (7.25) was used for sands (Lerman, 1979) and muds (Ullman and Aller, 1982) with
A = n =1 (also see Boudreau, 1996, and van Cappellen and Gaillard, 1996), for the same
choice of these parameters).

There are other types of empirical relations such as the linear function (Low, 1981;
Iversen and Jorgensen, 1993)

= ¢+ B(1 - ¢), (7.26)
and the logarithmic function (Weissberg, 1963; Boudreau, 1996)
2=1-Clng, (7.27)

where B and C are adjustable parameters. These three types of empirical relations are
summarized in Table 7.2.

Note that (7.26) with B = 0 becomes (7.25) with A = n = 1 and m = 0. Also, with
C = 2 (Boudreau, 1996), relation (7.27) becomes

2=1-2In¢g=1+1 !
r——nd)_—i—ng,

which can be expanded in the series of the logarithm about the value ¢ > = 1 (i.e., ¢ = 1):
Pett(4-1)-1(L 2 Ty 3
- ¢2 2 ¢2 3 ¢2

Table 7.2. Empirical relations, their physical systems, and references.

Relations Parameters Remarks References
72 = (Ad)l_’")” A, m,and n Sands, muds Lerman, 1979;
Ullman and Aller, 1982
2= ¢+ B(1 —¢) B Soils, catalysts Low, 1981;
Iversen and Jorgensen, 1993
2=1-— Cln¢ C Fine-grained Weissberg, 1963;
unlithified sediments | Boudreau, 1996
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For values of ¢ near 1, only the second term on the right-hand side is significant, so

) 1 1
'L'Nl+ ¢7—1 IE,

which corresponds to (7.25) with A = n = 1 and m = 3. This case was investigated by
Ullman and Aller (1982) where a ¢ —3-dependence for the formation factor F' was necessary
to explain high porosity data.

Figs. 7.5 and 7.6 show the best least-squares fits of relations (7.25)—(7.27) to the same
sets of data as given in Figs. 7.2 and 7.4, and Table 7.3 lists the corresponding parameter
values and the statistics of these fits. The measured data from Iversen and Jorgensen (1993)
were given only for ¢ > 0.275. In Fig. 7.5, for completeness we plot the three relations for
¢ in the interval [0.1, 1.0]. All three relations provide statistically significant correlations
to the data in excess of 50% of the variance for ¢ > 0.275. The latter two relations seem to
give better fits than the first one. This can be also seen from Fig. 7.6, where the measured
data from Sweerts et al. (1991) were given only for ¢ > 0.4.

The default values in equation (7.25) can be chosen as follows:

A=1, m=2, n=1. (7.28)
The tortuosity-porosity relations given by Low (1981), Boudreau (1996), and Boving and

Grathwohl (2001), together with relation (7.25) with these default values, are plotted in
Fig. 7.7. These relations seem matching well for ¢ > 0.4.

14 T

o gt

== 0+3.79(1-0)
—— 1-2.02 Ino

Figure 7.5. Plot of empirical relations against measured data.
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2.8 T T T T

:
- ¢71.14

= 0+3.79(1-0)
26} —— 1-202Inp [

24F

2.2

Figure 7.6. Plot of empirical relations against different measured data.

Table 7.3. Best least-squares fits for empirical relations (7.25)—(7.27).

Relations Parameter values 2 (variance)
2 = (Ap')" A=n=1landm =2.14£0.02 | 054
2=¢+B(1—¢) | B=3.79+0.10 0.63
2=1-Clng C =2.0240.09 0.64

Remarks on the impact of tortuosity on diffusion

There are essentially two classes of definitions for the scaled diffusion coefficient d;,. The
first class follows equation (7.17) (Berner, 1980; Maerki et al., 2004), with the tortuosity t
given by (7.20). In McDuff and Ellis (1979), Andrews and Bennett (1981), and Boudreau
(1996), the tortuosity is given by 72 = F¢, which corresponds to equation (7.23) withn = 1.
The second class defines the scaled diffusion coefficient as follows (Aris, 1975;
Sherwood, Pigford, and Wilke, 1975; Dullien, 1979; Thomas, 1989; Shackelford, 1991):

dm

d, =—, (7.29)
T
with the tortuosity t given by
LAY (7.30)
T=—] . .
Ax

2007/¢
page 1

ST



7.4. Diffusion, Dispersion, and Tortuosity 145
16 \ \
- ¢!
S o1
141 = 1(Ing)/2 H
—— 0 +3.79(1-0)

Figure 7.7. Plot of various empirical relations and relations (7.25)—(7.28).

We can easily see that the two definitions, (7.17) with (7.20) and (7.29) with (7.30), are
equivalent.

In addition to the definitions (7.17) and (7.29), there exist other definitions for d),. In
Popovicovd and Brusseau (1997), the tortuosity 7 in equation (7.29) is given by

T=¢ 3.
Also, in Sherwood, Pigford, and Wilke (1975) it is defined by

ot

(7.31)

Finally, the scaled diffusion coefficient d;, by Boving and Grathwohl (2001) is defined, with
T given by (7.30), as

dn@é
d = ¢ , (7.32)

m
T

where § is the “constrictivity”—a dimensionless variable that becomes important if the size
of the species becomes comparable to the size of the pore.

An question arises: Should the inverse relationship with tortuosity be also multiplied
with the dispersion terms? Keeping it separate is motivated by the existing papers. Since the
dispersion coefficients are also empirical, however, where the inverse relationship is placed
would depend on how the dispersion coefficients are measured. Future research is needed to
determine how the tortuosity affects dispersion. For a survey of the available formulations
for the scaled diffusion coefficient with tortuosity, sensitivity tests with analytical solutions,
and calibration of these formulations with respect to measured data, the reader should refer
to Shen and Chen (2007).
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7.4.3 Soret Effects and Gravity Segregation

In general, the diffusive flux J in equation (7.3) is much more complex than that presented
in Fick’s law (7.14). For example, thermal and pressure diffusions are very important for
the study of compositional variations in hydrocarbon reservoirs (Firoozabadi, 1998). The
ratio of molecular, thermal, and pressure diffusions to the total diffusion depends on the
nonideality of a fluid mixture. An understanding of these diffusions is required to determine
the distribution of various species of the fluid mixture in cavities with dimensions on the
order of hundreds of meters and more.
Set
J =102, --.,JN[.)T,

where the superscript T indicates the transpose of a vector or matrix. Note that the diffusive
fluxes satisfy

ZJ[ =0. (7.33)

The most general form (without dispersion) of each diffusive mass flux in equation (7.3) is

Ji=—¢t| > DYVx;+D/VT+D!Vp]|. (7.34)

J

where Di]y , DT, and D! are the molecular, thermal (the Soret effect), and pressure (grav-

ity segregation) diffusion tensors of component i, respectively. Following Ghorayeb and
Firoozabadi (2000), each J; is given by,i = 1,2, ..., N, — 1,

N.—1 N.—1 Ne—1
Wixi © — Wix; + Wy xndix x~— 9ln f;
i= — P&a;n_ D; —_— L; o — v
J @Sain, Din, L, kX_; k ; W; ; ox; *
oo (1.35)
Wk Wixi — Wr.XN, !
2Ry LN v+ =z | Vpr,
+ T + RTL” kgl k FZI X_IU_/ + Wk Uk S )4

where L; is a phenomenological coefficient, §; denotes the Kronecker symbol, R is
the gas constant, f; and v; are the fugacity and partial molar volume of component i,
and the coefficients a;y,, D;n,, and k7; (the thermal diffusion ratio) are defined by, i =
1,2,...,N.— 1,

W Wy, W2RL;;
a; = B iN,. =,
iN, W2 iN, gWiZ W[%IL,xixN[-
WixiWy,xn,L;
= TWRIL, O
113

with L} being another phenomenological coefficient and ay; called the thermal diffusion
factor of component i. For information on the phenomenological coefficients L;; and L;,
the reader may refer to Onsager (1931a, 1931b). While a general formula is given for each
diffusion flux J;, formula (7.35) is seldom used in multicomponent reservoir simulation.
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7.4. Diffusion, Dispersion, and Tortuosity 147

Most of thermal and pressure diffusion coefficients are available only for a binary or ternary
fluid mixture. The major difficulty in measuring diffusion is to determine the dependence of
diffusion coefficients on compositions, temperature, and pressure. At or near critical points,
these coefficients can change signs, thus changing mixing directions.

7.4.4 Isothermal Gravity/Chemical Equilibrium

Tremendous efforts have been devoted to modeling compositional variations under the force
of gravity in hydrocarbon reservoirs over the past 30 years. Whitson and Belery (1994) gave
a historical survey on the development of methods used to investigate gravity segregation.
The formulation for computing the compositional variations under gravity for an isothermal
system was first given by Gibbs (1876), using the constraint of chemical equilibrium,

du; + Wigpdz = 0, i=1,2,...,N,, (7.36)
where u; is the chemical potential of component i. Equations (7.2) and (7.36) provide
compositions (xj, X2, ..., xy,) and pressure p at any depth z once they are specified at
a reference depth. An interesting fact is that the Gibbs equation (7.36) can be obtained
using (7.35) and the condition of mechanical equilibrium,

dp = —pgpdz. (7.37)

For an isothermal system at the steady state,

Applying (7.35) in the z-direction, we see that

WX +WN)CN ik Blnf de
L[ J J' J
I

J=1 =

N N (7.38)
1 < < WN»xN. 1 dp
— L; U < ——-|—=0.
+RT 1; ' ,2:1: sl Wi o & | dz
This equation must hold for any combination of the compositions (xi, xz,...,xy,). In

particular, for a fixed j = k and x,, = O for all m’s except possibly for m = j or N,,
equation (7.38) reduces to

Ne—1
Wix: + W . dln f; d. 1 w 1\ d
x4+ W xy, 3 nfida 1 o+ N )P g (7.39)
W, ~ ox dz W; §/ dz
which, together with equations (7.5) and (7.37), implies
dl d
RTZ ot XI — v =Wy =0, i=12...,N—1L (7.40)

0x 1
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148  Chapter 7. Transport of Multicomponents in a Fluid and Numerical Solution

This equation is exactly the condition (7.36) by noting that

Oy _ gty Oy

0x; 0x; ap
We remark that the chemical equilibrium constraint (7.36) (segregation equation) holds
only for an isothermal system. For nonisothermal systems, this constraint is no longer valid
because of nonzero entropy production. Furthermore, transience is not solved, so there is
no driving force.

7.5 Numerical Solution
7.5.1 A Model Problem

To present the idea for numerical solution of the transport of multicomponents in a fluid
phase, the diffusion fluxes are assumed to take the form (7.14) with or without a tortuosity
effect. Due to the constraint (7.2), we require only N, — 1 mass conservation equations for

the first N. — 1 mole fractions (x1, x2, ..., Xy,—1):
0(px,, X
(d)at 5) =V. <7$k (Vp—yVZ)—i-zbEDmme) + gm, (7.41)

where y = pg (the fluid gravity) and Darcy’s law (7.4) was substituted,m = 1,2, ..., N.— 1.

Also, addition of all species equations (7.3) over m and application of constraints (7.2)
and (7.33) give

9 N,
%:—V(éu)—i—q, qzn;qm'

Then, using Darcy’s law (7.4) and performing time differentiation, we see that

c(p)a—p =V. (ik (Vp— sz)) +q, (7.42)
ot %
where % i
c(p) = ¢% + §%~

The PR EOS can be used to evaluate &, p (y), and 0&/0dp, and Lohrenz’s correlation can be
utilized to calculate ;. Equation (7.42) in form is exactly the same as equation (3.21) for
the single-phase flow.

7.5.2 Finite Difference Equations

Equations (7.41) and (7.42), together with appropriate boundary and initial conditions, form
a closed, coupled system for the primary unknowns xi, x2, ..., Xy.—1, p. Assume that the
permeability tensor k and the diffusion tensor D, are diagonal: k = diag(ky, k22, k33) and
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7.5. Numerical Solution 149

D,, = diag(D,,.11, D22, Din33). As in previous chapters, at time level #* and gridblock
(i, J, k) a fully implicit scheme for equations (7.41) and (7.42) is

(V (d)-xms)'hLl - ((bxm";:)n)

At ik
n+1 n+1 n+ n+1 n+1 n+1
=D, Ji+1/2,jk ( mit+l,jk X i ]k) Dy 1/2.j.k ( ik xm,ifl,j,k)
n+1 n+1 n+1 n+1 n+1 n+1
+ D0 JH1/2.k ( m,i,j+1,k T xm,i,j,k) —Dunij j—1/2.k ( mijk xm,i.j—l,k)
n+1 + n+1 n+1 n+1
+Dm31 Jik+1/2 ( mi, jk+1 ml ]k) DmSl]k 1/2 ( mi,j,k _xm,i,j,k—l)

+1 +1 +1 +1 +1
+Tm11+1/2, (p:l-&-]]k P?;k) Terl 1/2]k(1’71k P 1;1()

n+1 Tn+l n+1 n+1 (743)
21]+1/2k pzﬁ-lk pl]k m2,i,j—1/2,k pljk pl] 1,k

+TrZ;—:jk+l/2 (pz-},—li-i—l P?ﬂ) angzljk 12 (P:l;r/i p?ﬁ 1)
— (T y)rll,Jir+1/2,j,k (Zi+1qj~k - Zi,j,k) + (Tmy)ﬁfl/lj,k (Zi,j,k - Ziflqjyk)
- (Tm)/)’leIHI/Zk (zij41k — Zijk) + (Tm)/)g,ﬁ_l/z,k (zijk — Zij—1k)
—(Tn V)gf,-r,j,kﬂ/z (zi k1 — Zijk) + (T y)g‘j,},k,l/z (zijk — Zijk—1)

FOIL m=12,. N,

n+1 n
n+1 p —-p
<Vc(p )—At )
ijk
_ gn+l n+1 n+1 _ n+1 n n+1
=Tk (pi+l,j,k pljk) Tk (pi,j,k Pi— 1]k>

n+1 n+1 n+1 n+1 n n+1
+ 1512k (pi,j+l,k Pi ,k) =11k (pi,j,k Dij— 1/<>

and

+ T;Hkﬂ/z (pzr‘f;:liﬂ pilﬁ) T;T}k 172 (PZj,k pilﬁ 1) (7.44)
- (TJ/)Yﬁl/gyj,k (zis1jk — Zijk) + (TV)Y,Jf—l/z,j,k (zi.jk = zi=1,j)

- (Ty)gj:i‘+1/2,k (zij+1k — Zijuk) + (TJ/)ZIIJ_I/Z';( (zijk — Zij—1k)

- (Ty)gﬁykﬂ/z (Zi,/’,kH - Ziqjﬁk) + (TV)Z,Jir,lj,k—l/z (Zi,j,k - Ziijkfl)

+ 00T

where Qi ik = VijkGm,ijk» Qijk = Vijkgi k> and the transmissibility and diffusion
coefficients are

A Ay A m A Ay A
T_Ekdlag< L2 3) Tmzﬁkdmg(—1 = —3>,
I

h’ hy hy hy’ hy hs
$ED,, di A A A 1,2,...,N.— 1
m— 14, T T m=1,2,...,Ne — 1,
£ hihy by
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where A; is the cross-sectional area normal to and #; is the grid size in the x;-direction,
i = 1,2,3. Their evaluation at internal boundaries of gridblocks must be carried out
properly. That is, the harmonic average, (weighted) arithmetic average, and upstream
weighting technique should be used for the rock properties (k and ¢), the fluid properties
(¢, u, and y), and the rock/fluid property (D,,, m = 1,2, ..., N. — 1), respectively (cf.
Sections 3.4.4 and 5.3.4).

Equations (7.43) and (7.44) form a fully implicit system for the primary unknowns
T x’}vﬂl p"t1. As for the numerical solution of the black oil model in
Chapter 6, this system can be linearized via the Newton—Raphson iteration. At each itera-
tion, there are three solution approaches available: simultaneous solution (SS), sequential,
and iterative IMPES (now known as IMPEC, implicit for pressure and explicit for composi-
tion). When the number N, of chemical species is small (e.g., two or three), the SS approach
can be used. However, when N, is large, one just cannot afford this approach, even with
today’s powerful computers. The other two approaches, sequential and iterative IMPEC,
are more appropriate for solving this coupled system. For a slightly compressible fluid,
the iterative IMPEC is a reasonable choice. In general, as shown in the previous chapter,
the sequential solution approach is more stable than this approach, and it is thus used for
solving the system of equations (7.43) and (7.44).

Anew update using the Newton—Raphson iteration at the (I+ 1)th level for the primary

unknowns is
n+Li+l _  ptll n+1,0+1
p =p + ép )

n+1,0+1 __ _n+1,l n+1,1+1
‘xm - ‘xm + axm

form=1,2,..., N.—1. Below, the superscript n+ 1 is omitted. Ateach Newton—Raphson
iteration step / + 1, the flow chart for the computation of pressure and mole fractions is as
follows:

¢ Given pl and xfn, m=1,2,..., N. — 1, apply the Lohrenz correlation to find /Ll ;

the PR EOS to calculate the molar density El , the mass density o', and the derivative
dg' /dp; and the rock property to evaluate ¢'.

+ Solve for pressure p't!:

+1 _ n
(Vc(pl)p Atp )"k
L)

=T1i1p.jk (Pﬁi},j,k - Pﬁffk) ~Tlic1jk (Pitlk - Pm,.ﬂk)
+ T21,i,j+1/2,k (Pﬁj'iﬂ,k - Pﬁlk) - TZI,i,jfl/Z,k (Pﬁlk - péjil,k)
+ T3l,i,j,k+l/2 (Pf,j,kﬂ - Pf?k) - TSI,i,j.k—l/Z (Pftlk - pﬁj}k—l)
— (Ty)ll’H»[/z’j’k (zis1,jk — Zijk) + (T)/)ll,,-,l/z,j,k (zijk — zi1k)  (7.45)
- (Ty)lz,i,_j+l/2,k (Zi,j+l,k - Zi,j,k) + (TV)lz,i,j—l/z,k (Ziui,k - Zi,j—Lk)

! !
—(TY)3; jk+1,2 (Zi,j,k+1 - Zi,j,k) + (TV)3,i k12 (Ziaj-,k - Zi,j,k—l)
I+1
+ Ok
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7.6. Nonisothermal Flow 151

¢ Solve for the mole fractions xﬁjl, m=12,...,N.—1:

At

= D;l:1,;+1/2,j,k (xilj,t!ﬂ,j,k - xf:,l,k) - Df:l,l,ifl/z,j,k (xf:,},j,k - XﬁILl,,;k)
+ Df;fz,i,jﬂ/z k (xi:zl JHLk T xg}]k) - Dsfz,i,j—l/z,k (xirt},j,k - xlr:,},j—l,k)
+ Di:S,i,j,k-&-l/Z ( mi, k1 X ;,j,k) - D11:3,i,j.k—1/2 <xf;1|—lljk - xf:,l!,j,k—l)
+ T ml,i+1/2,j.k ( Pf?k) - Trln*l,ifl/Z,j,k (Pﬁlk Pfﬂ ]k)
+ Tm2 i j+1/2.k (Pz J+1k Pitlk) Téq*z i j—1/2.k (Pft]k Pitl 1 k)
+ T, m3,i,jk+1/2 (pljk+l P?Tk) - Tfil*3,i,j,k71/2 (Pftlk Pftlk 1)

!
- (TmV)1,i+1/2,j,k (Zi+1,j,k - Zi,j,k) + (Tmy)fi—uz,j,k (Zi,j,k - Zi—l,jqk)

(V(tﬁxmé)l“ - (¢xm«$)")

i, jk

(7.46)

- (TmV)I{fi,Hl/z,k (zi 41k — 2ijk) + (TmV)sz,-,j_l/z,k (zijk — Zij—1.k)
— (TaV)5 iy (Zigker = zigk) + TV i @ik — Zijk—1)
+ O
where Df,f = ¢I§ZD£,T1 and Tﬁ,’f = xﬁjlélk/,u,l.
* Iterate on [ until a tolerance in error is achieved.

In the above algorithm, the pressure system (7.45) at level / + 1 is linear because the
compressibility and transmissibility terms have been computed before its solution. Also, if
the diffusion/dispersion coefficients D,, are independent of the mole fractions, system (7.46)
is also linear in each xfj I'm=1,2,...,N.—1. Finally, material balance should be checked
for each component over each time step. For example, for a closed reservoir (no-flow
boundary), the accumulation of mass must be equal to the net mass entering and leaving the
boundary:

n+l _ n
Z (V(quméf) (pxn&) > Z ol m=1,2,....Ne.

At ST

i,jk

This material balance over the entire time interval is

YN V(@) = @xnb)")), =D Y O A

noijk noijk

form=1,2,..., N,

7.6 Nonisothermal Flow

In the previous sections we have not touched on temperature 7, which was assumed to be
given in space and time. For thermal methods used in reservoir simulation, an additional
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energy conservation equation is required to compute the temperature. For example, a simple
version of this equation is the following heat convection-conduction equation:

0
o ooy + V- (Tocpu) =V - (krVT) + qr, (7.47)

where oy, ¢, ¢p, k7, and g7 are, respectively, the bulk density, bulk specific heat capac-
ity, heat capacity of the fluid at constant pressure, bulk thermal conductivity, and heat
source/sink term. The bulk quantities can be defined, for example, as follows:

e Bulk density: p, = p¢p + ps(1 — ¢), where p; is the solid density.
* Bulk specific heat capacity: ¢, = c‘@csl_q’, where c; is the rock specific heat capacity
and cy is the fluid specific heat capacity at constant volume.

* Bulk thermal conductivity: k; = k?k: ~%, where k; and k, are the fluid and rock
thermal conductivities, respectively.

Another method to define the bulk quantity p,c;, is (Chen, Huan, and Ma, 2006)

PoCp = ppcy + (1 — @) pscs.

For nonisothermal flow, the computation of equation (7.47) must be included in the
iterative algorithm developed in the previous section. More details will be presented in the
numerical solution of differential equations for nonisothermal flow in Chapter 9.

7.7 Examples

Numerical benchmark examples have been presented for all the flows under consideration
by Chen, Huan, and Ma (2006) except for the single-phase, multicomponent flow. In this
section we present a couple of numerical examples for this type of flow.

7.7.1 Forced Convection

This is a forced convection system where we inject a heavier component into a fluid which
consists entirely of a lighter component without diffusion. The physical data consist of
the following: The domain €2 is a 2D homogeneous medium with a no-flow boundary
condition, the permeability is 5.6e~* darcy, the porosity is 0.38, and the relative density and
viscosity are 0.02 and 0.35, respectively. The grid-point number is of order 100 in each
horizontal direction. The left and right boundaries are given with a constant velocity, and
the top and bottom boundaries are of no-flow type. Three concentration contours at three
different times are illustrated in Figs. 7.8—7.10. The interfacial instabilities are of the form
of lobe-shaped protuberances that manifested themselves near the lower edge of the plume.
As they develop spatially and temporally, they penetrate deeper and deeper into the plume,
resulting in considerable modification to the overall dispersion.
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7.7. Examples 153

Figure 7.8. Concentration for a forced convection system at one time.

Figure 7.9. Concentration for a forced convection system at a second time.

Figure 7.10. Concentration for a forced convection system at a third time.
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7.7.2  Forced Convection Plus Dispersion

This is now a forced convection system with dispersion. The Péclet number (character-
istic speed and length divided by diffusion/dispersion) equals 5,000, and the longitudinal
and transverse dispersion coefficients are, respectively, 0.031¢2 and 0.00217¢~2. Three
concentration contours at three different times are presented in Figs. 7.11-7.13.

There are two basic processes operating to transport chemical species. Diffusion is
the process by which both ionic and molecular species dissolved in a fluid phase (e.g.,
water) move from areas of higher concentration (i.e., chemical activity) to areas of lower
concentration. Advection is the process by which the moving fluid phase carries with
it dissolved species. The process of dispersion acts to dilute the species and lower its
concentration of movement so that it may not move as fast as the advection rate indicates.

Figure 7.11. Concentration for forced convection/dispersion at one time.

Figure 7.12. Concentration for forced convection/dispersion at a second time.
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Figure 7.13. Concentration for forced convection/dispersion at a third time.

If the transverse dispersion is too low, the movement remains narrow and stable. On
the other hand, if the value is too high, the movement spreads rapidly and again remains
stable. It is only at some intermediate values between these two extremes that instability
appears. For more numerical tests, the reader may refer to Chen, Zhou, and Carruthers
(2006) and Chen et al. (2007b).
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Chapter 8

Compositional Flow and
Numerical Solution

The black oil model presented in Chapter 6 involves three phases and three components,
and the transport problem studied in Chapter 7 describes the flow of multicomponents in
a fluid phase. Here we consider compositional flow that involves multicomponents and
three phases, and there is mass transfer between the hydrocarbon phases (i.e., the vapor
and liquid phases). In a compositional model, a finite number of hydrocarbon components
are used to represent the composition of reservoir fluids. These components associate as
phases in a reservoir. We describe the model under the assumptions that the flow process
is isothermal (i.e., constant temperature), the components form at most three phases (e.g.,
vapor, liquid, and water), and there is no mass interchange between the water phase and the
hydrocarbon phases. Furthermore, the diffusion/dispersion effect is neglected. We could
state a general compositional model that involves any number of phases and components,
each of which may exist in any or all of these phases. While the governing differential
equations for this type of model are easy to set up, they are extremely complex to solve.
Therefore, we describe the compositional model that has been widely used in the petroleum
industry.

8.1 Basic Differential Equations

8.1.1 Mass Conservation and Darcy’s Law

Let &, and &,,, be the molar densities of component m in the liquid (e.g., oil) and vapor
(e.g., gas) phases, respectively, m = 1,2, ..., N., where N, is the number of components.
The molar density of phase « is

N,
£ =) b a=o0, g (8.1)

m=1

The mole fraction of component m in phase « is

xma=nma/nav m:1927"'9NL‘7 o =o,g, (82)

157
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where n,,, is the number of moles of component m in the o phase and n,, is the total moles
of this phase (cf. Chapter 7).

Because of mass interchange between the phases, mass is not conserved within each
phase; the total mass is conserved for each component:

9(P&w Sw)
—+ V. (éwuw) =4quw;
ot (8.3)
NP XimoEoSo + XimekeS '
(¢[ é at gég g]) + V. (xmogouo + xmgé:gug) =(qm
form=1,2,..., N, where §, is the molar density of water, and ¢,, and g,, are the molar

flow rates of water and the mth component, respectively. In equation (8.3), the volumetric
velocity u,, is given by Darcy’s law as in (6.4):

kra
U, = ——K(Vpy — papV2), a=w, o, g (8.4)
In addition to the differential equations (8.3) and (8.4), there are also algebraic con-
straints. The mole fraction balance implies that

N, N,
me{, =1, meg =1 (8.5)
m=1 m=1

In the transport process, the porous medium is saturated with fluids:
Sw+ S+ 8, =1. (8.6)
The phase pressures are related by capillary pressures:

Pcow = Po — Pw> Pcgo = Pg — Do- 8.7

These capillary pressures are assumed to be known functions of the saturations. The rel-
ative permeabilities k,, are also assumed to be known in terms of the saturations, and the
viscosities [y, molar densities &,, and mass densities p, are functions of their respective
phase pressure and compositions, ¢ = w, o, g.

Note that there are more dependent variables than there are differential and algebraic
relations combined; there are formally 2N, + 9 dependent variables: X9, Xug, Ue, Po, and
Ses ¢ = w,0,g,m = 1,2,..., N.. Itis then necessary to have 2N, + 9 independent
relations to determine a solution of the system. Equations (8.3)—(8.7) provide N, + 9
independent relations, differential or algebraic; the additional N, relations are provided by
the equilibrium relations that relate the numbers of moles.

Mass interchange between phases is characterized by the variation of mass distribution
of each component in the vapor and liquid phases. As usual, these two phases are assumed to
be in the phase equilibrium state. This is physically reasonable since the mass interchange
between phases occurs much faster than the flow of porous media fluids. Consequently, the
distribution of each hydrocarbon component into the two phases is subject to the condition
of stable thermodynamic equilibrium, which is given by minimizing the Gibbs free energy
of the compositional system (Bear, 1972; Chen, Qin, and Ewing, 2000):

fmo(po» X1os X205 + + + 5 xNCo) = fmg(pg,n X1gs X2gy -+ -xNEg)s (8.8)
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8.1. Basic Differential Equations 159

where f,,, and f,,, are the fugacity functions of the mth component in the liquid and vapor
phases, respectively, m = 1,2, ..., N,.

8.1.2 Equations of State

Several mathematical techniques for handling the hydrocarbon behavior (the distribution of
chemical components among phases) are available. The most common are based on (1) the
K-value approach, (2) equations of state (EOS), and (3) a variety of empirical tables from
experiments. In this section, we discuss the first two techniques.

Equilibrium K-values

The equilibrium flash vaporization ratio for each component is defined by
K = Xmg/Xmo, m=1,2,..., N, (8.9)

where the quantity K, is the equilibrium K-value of component m. At low pressure, these
K-values are readily related to the mixture pressure and temperature (see an example in
Section 9.1.4). In fact, they are easily estimated from the vapor pressure data of pure
components. At high pressure, the K-values are functions of overall compositions. The
introduction of the compositions into the K-value functions adds considerable complexity
to the flash computation.

The Peng-Robinson EOS

While the K-value approach is easy to set up, it lacks generality and may result in inaccurate
reservoir simulation. In recent years, EOS have been more widely employed because they
produce more consistent compositions, densities, and molar volumes. The most famous
EOS is the van der Waals EOS (Reid, Prausnitz, and Sherwood, 1977). Here we discuss
three more accurate and reliable EOS: Peng—Robinson (PR), Redlich—-Kwong (RK), and
Redlich—-Kwong—Soave (RKS).

The PR EOS was introduced for single-phase flow in Chapter 7, which is extended to
multiphase flow here. The mixing principle for the PR EOS is

N. N.
g = Z Z-xma-xla(l - Kml)\/ anaj,

m=1 I=1

N
ba: E xmabma a=o,g,
m=1

where k,,; is a binary interaction parameter between components m and /, and a,, and b,,
are empirical factors for pure component m. The factors a,, and b,, can be computed from

R’T? RT,
am = Qmaam — ’ bm = me o s

cm pcm

2007/¢
page 1

ST



160 Chapter 8. Compositional Flow and Numerical Solution

where we recall that R is the universal gas constant, T is the temperature, T, and p,,, are
the critical temperature and pressure, the EOS parameters €2,,, and €2,,, are given by

Qua = 0.45724,  Q,, = 0.077796,

= (14 A [1—%])2,

Am = 0.37464 + 1.5423w,, — 0.26992&)31,

and w,, is the acentric factor of components m. The acentric factors roughly express the
deviation of the shape of a molecule from a sphere (Reid, Prausnitz, and Sherwood, 1977).
Define b
ad pa apa
Ay = e B, = RT' a=o,g, (8.10)

where the pressure p, is given by the PR two-parameter EOS (Peng and Robinson, 1976)

RT aq(7)

Pa = - , (8.11)
Va[ - b(x Va(va + boz) + ba(Va - ba)

with V,, being the molar volume of phase «. Introduce the compressibility factor

PaVa
RT’

Za = o =o, g (812)

Equation (8.11) can be expressed as a cubic equation in Z,:

3 2 2
Z,— (1 =By)Z,+ (A, 22Ba 3330()20, (8.13)

—(AyBy, — B, — B)) =0.
This equation has three roots. When only one root is real, it is selected. If there are three
real roots, the selection of the right one depends on the dominance of the liquid phase or
the vapor phase (cf. Sections 7.3 and 8.3.4). Now, form = 1,2,..., N, and o = o, g, the
fugacity coefficient of component m in a mixture can be obtained from

by
In Pma= _(Zut - 1) - ln(Zot - Bot)

by
A Z (1 = k) /amay
Xie(1 — k) Sama; — —
2\/_3 w 1 1 1 (8.14)
Zo+ (1 ++/2)B,
-In .
Zo — (1= V2)B,
The fugacity of component m is
fmot = PaXmaPmas m = 17 27"'7N{,‘ﬂ o =o,4. (815)

Finally, the distribution of each hydrocarbon component into the liquid and vapor phases is
given by the thermodynamic equilibrium relation (8.8).
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8.2. Numerical Solution of Compositional Flow 161

The Redlich-Kwong equation of state
The RK two-parameter EOS is given by

RT Ay
VO! _ba Vot(va +ba)’

Pa = o=o,4g. (8.16)

With Z, = p.V./(RT), this equation can be written as the cubic equation
73— 724 (Ay— By — B))Zy — AyBy =0, a=o,g. (8.17)

The correct choice of root can be made as in the PR two-parameter EOS. In the present case,
the EOS parameters €2,,,, 2,5, and ¢, are

Qua = 0.42748, Q. = 0.08664, oy =T/ T,.

All other quantities Ay, By, ay, by, a,, and b,, have the same definitions as in the PR EOS,
m=1,2,..., N, a = o, g The fugacity coefficient of component m in a mixture can be
obtained from the equation

m

In DPma = b_(Zoz - 1) - ln(th - Bot)
N, (8.18)
Ay [ 2 by, Zy+ B,
— 2 Y (1 = i) amar — 2 | In (22
B (aagxz (I = km) v ama ba) n( Z )

The Redlich-Kwong-Soave equation of state

The Soave modification of the RK EOS defines the EOS parameter «, as

2
am=<1+,\m [1—‘/T/Tcm]> . m=1,2,...,N.,

where A, = 0.48 + 1.574w,, — 0.176a),2n and w,, is the acentric factor for component m.
The definitions of all other quantities and of the fugacity coefficients are the same as in the
RK EOS. The PR EOS and RKS EOS have been extensively utilized in predicting EOR
(enhanced oil recovery) phase behavior.

The method of volume translation is widely used for correcting volumetric deficiencies
of the original PR and RKS (Peneloux, Rauzy, and Freze, 1982) equations. The method
involves evaluating a linearly translated volume by adding a constant to the molar volume
computed from the original EOS. Peneloux, Rauzy, and Freze (1982) showed that the volume
shift modifies the fugacity of each component. This correction must be included in the
fugacity formulas used for gradient computations.

8.2 Numerical Solution of Compositional Flow

The choice of a solution technique is crucial for a coupled system of partial differential
equations. In Chapter 6, we discussed several solution techniques that are currently used in
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162 Chapter 8. Compositional Flow and Numerical Solution

the numerical solution of the black oil model. These techniques include the iterative IMPES
(or IMPEC), sequential, SS, and adaptive implicit techniques. They can be also employed
for the numerical simulation of the compositional model. However, a typical compositional
simulator includes about a dozen chemical components; the SS technique would be a very
expensive technique for this type of flow, even with today’s computing power. The iterative
IMPEC and sequential techniques are widely used and are thus studied here. As an example,
we develop iterative IMPEC for the compositional model in detail. An extension from this
technique to the sequential technique can be carried out as in Chapter 6 for the black oil
model.

8.2.1 Choice of Primary Variables

Equations (8.3)—(8.8) form a strongly coupled system of time-dependent, nonlinear differ-
ential equations and algebraic constraints. While there are 2N, 4+ 9 equations for the same
number of dependent variables, this system can be written in terms of 2N, + 2 primary
variables, and other variables can be expressed as their functions. These primary variables
must be carefully chosen so that the main physical properties inherent in the governing
equations and constraints are preserved, the nonlinearity and coupling between the equa-
tions is weakened, and efficient numerical methods for the solution of the resulting system
can be devised.

We use the rotal mass variable F of the hydrocarbon system (Nolen, 1973; Young
and Stephenson, 1983),

F=§,S,+ ‘i:gng (8.19)
and the mass fractions of oil and gas in this system,
0S0 S
L:é , V=—S“. (8.20)
F F
Note that
L+V=1.

Next, instead of exploiting the individual mole fractions, we use the fotal mole fraction of
the components in the hydrocarbon system,

Zm = Lximo + (1 — L)Xy, m=1,2,...,N,. (8.21)
Then we see, using (8.5), (8.19), and (8.20), that

N¢
Z Zm =1 (8.22)
m=1

and
XmoboSo + XmgheSe = Fzp, m=1,2,...,N,.. (8.23)

Consequently, applying (8.4), the second equation in (8.3) becomes

(PFz,, mobokro mg&ekr
0@Fm) _ V. (k[i (Vpo —voV2) + XmgSehrg (Vg — VgVZ)D
ot Mo Hg

=meQU+xmgCIgs m=12,..., N,

(8.24)
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8.2. Numerical Solution of Compositional Flow 163

where y, = pu, @ = 0, g. Adding the equations (8.24) over m and exploiting (8.5)
and (8.22) gives

8(‘;” -V. (k[i (Vpo—voV2) + % (Vp, — yng)D =q,+q, (825)
Equation (8.24) is the individual flow equation for the mth component (say,m = 1,2, ...,
N.—1), and equation (8.25) is the global hydrocarbon flow equation. Finally, the source/sink
terms g, can be defined as (cf. Chapter 4)
Ny My, )
qo =
v=1 =1

2k AR Egkyy
In(re/ry) M

(P8 = pa— valel) —2) 8 (x=x").  (826)
1

where §(x) is the Dirac delta function, N,, is the total number of wells, M,,, is the total
number of perforated zones of the vth well, Ahl(v) and x,(”) are the segment length and central

location of the /th perforated zone of the vth well, pl(;;l) is the bottom hole pressure at the

datum level depth zé';l), rl(”e) is the equivalent well radius, r(” is the radius of the vth well,

and k is some average of k at the wells.
To simplify the differential equations further, we define the transmissibilities

é:akrot
T, = Kk, a=w,o,4g,
l;a . (8.27)
T,y = —22 "k, a=o0,8, m=1,2,..., N..
Mo

We now summarize the equations needed in the sequential and iterative IMPEC solution
approaches. The equilibrium relation (8.8) is recast as

fmo(pm X1os X205 « + - » -xNCo) = fmg(po + Pcgs X1g> X2gs -+ - -xNCg)s (828)
m=1,2,..., N..
Using (8.27), equation (8.24) becomes
N PFzm)
—=V~<TW, VDo — YoV2) + Toe (Vo — 1.V )
or (Vpo = ¥o¥2) + Tg (VPg = 75V2) (8.29)
+ XmoGo + Xmggg, m=1,2,..., N, — 1.
Similarly, it follows from (8.25) that
d(@F)
v V. (Ta (Vpo = ¥oV2) + Ty (Vp, — Vsz)) +qo + qq- (8.30)
Next, applying the first equation of (8.3) and (8.27) yields
(PE, Sy,
W) G (T (T = 1Y) + 4o (8.31)
Finally, using (8.19) and (8.20), the saturation state equation (8.6) becomes
L 1-1L
Fl—+ +S5=1. (8.32)
&o &g

The differential system consists of the 2N, 4 2 equations (8.28)—(8.32) for the 2N, + 2 pri-
mary unknowns: x,,, (0r x,,¢), L (or V), z,,, F, S = Sy, and p = p,,m =1,2,..., N.— 1.
For rate-specified wells, equation (8.26) can be used to find ppy,.
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164 Chapter 8. Compositional Flow and Numerical Solution

8.2.2 Finite Difference Equations

Let the permeability tensor k be diagonal, k = diag(k;;, k22, k33), and letn > O (an integer)
indicate a time step. A time approximation at the (rn + 1)th level for the system of equations
(8.28)—(8.32) is

1 ntl ntl +1
Jmo(Py T XYy s X5 X))
1 1 1 1
= fmg(p"+ x'f; ,xg; . x',‘\,+g) m=1,2,...,N,, (8.33)

= (V[@Fzn)™ = @Fzn)']), 4

_ gn+l n+1 _ n+1 _ n+1 n+1 n+1
= Too1,it1/2,jk (Po,i+1,j,k po,i,j,k) Toot,iz1/2, jk (po,i,j,k Do,i—1 jk)
n+1 n+1 n+1 n+1 n+1 n+1
+ Tm02 i j+1/2.k (po,i,j+1,k P, /k) Tooni i—1/2.k (po,i,j,k Poij—1 k)
n+1
+Tm031]k+1/2(pozjk+1 poljk) mo?ljk 1/2<p01]k poz]k 1)
n n
- (Tmoyo)l’i+1/27j,k (Zi+1,j,k - Zi,j,k) + (Tmuyo)lyl;l/z,j,k (Zi,j,k Zi—1 jk
n+1 n+1
- (Tmayo)25j+1/2k (Zi j+Lk — Zijk) + (Tmoyo)zl‘j 1/2.k (Zijk — Zi,j—1, k)

(Tmnyo)y, ijk+1/2 (Zz Jok+1 — 2, jk) + (Tmo]/o)3l]k 1/2 (Zz Gk = Zi,jik—1 (8.34)

n+1 n n+1 n+1 n+1
+ng11+1/2]k<pg,i+l,j,k pgljk) mgll 1/2]k(pg1]k pgl 1]k>

n+1
+Tg21j+1/2k(pgtj+lk pgl_]k ngzj 1/2k<pgljk pglj lk)

n+1 n+1 n+1 n+1
+ T3 k12 (Pg,i,];k-H Pei ik mg3l]k 172 (pgzjk Peiji— 1)
n+1 n+l
= (Tng¥) 11412,k (Ziﬂ,j,k — Zi,j, k) ( mng)l i—1/2,jk (Zl ik = Ziflqj,k)
n+1 n+1
- (ngyg)z,i,j+l/2,k (Zi,j+1,k - Zi,j,k) + (ngyg)Z,i,jfl/z,k (Zi,j»k - Zi-j—l,k)
n+1 n+l1

- (ngyg)3 i jk+1/2 (i, jhr1 = ziju) + (ngyg)3,i,j,k—l/2 (2ijk = Zijk-1)
+ @m0 Qo) + (emg Qi Th, m=1,2,... Ne— 1,

~ (V[@H" = @P"]),

_ gn+l n+1 _ o+l _ gn+l n+1 n+1
=T, iv1/2,jk (Po,i+1,j,k po,i,j,k) Tz, jk (po,i,j,k Doi—1 Jk)
n+1 n+1 n+1 n+l n+1
+ ToZ,i,j+l/2.k <pa,i,j+l,k po i, ]k) 02 i,j—1/2,k (po i,j,k p()l] 1 k)
+1 n+1
+T311k+1/2<pot]k+l poz;k) T03t]k 1/2(pazjk pot]k l)
n
- (T‘()y())l’i_'_l/ijyk (Zi+1,j,k - Zi,j,k) + (TUVU)I,i—l/Z,j,k (Zi,.llk - Zi—luiqk)
n+1 n+1
- (Toyo)z,i’j+1/27k (Zi,jJrl,k - Zi,j,k) + (Toyo)z,,',jfl/z,k (Zi,j,k - Zi,jfl,k)
n+l1 n+l1
— (ToYo)3 ks )2 (Zi»/‘,kﬂ - Zi,j,k) + (To¥o)3 k-1 (Zi»/‘,k - Zi,j,kfl)

n+1 n+1 n+1 n+1
+ Ty, gl 1+1/2 ik (pg i+1,jk Pg,i,j,k) — T2k (pg,i,j,k Pyi-1, lk)
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8.2. Numerical Solution of Compositional Flow 165

n+1 n+1 n+1 n+1 n+1 n+1
+Tg211+1/2k(pg,i,j+1,k Pguk) Taij-1/2k (Pg,i,j,k Pyij- 1k>

+1 +1 +1 +1 +1
+ Ty, 21,k+1/2 (Pg ijk+1 p;,i,j,k) - T;S,i,j,k—l/2 (Pg,i,j,k Pg i jk— 1) (8.35)

- (Tgyg)’llj-:—l/lj,k (Zi+1,j,k - Zi,j-k) + (Tg)’g)’fﬁuz,j,k (Zi,j,k - Zi—l,j,k)
- (TXVK)ZIIJ'+1/2,1< (@it = Ziju) + (Tgyg);j,lj—l/z,k (ziik = Zij-14)

- (Tgyg);’ﬁ,m/z (2ijk+1 — 2ju) + (Tgyg)g,t;k,l/z (i.jk — zijk—1)

n+1 n+1
+ Qo,i,j,k + Qg,i,j,k’

1
= (V@85 = 96.5.0"]), 4

_ n+l n+1 _ ot _ gn+l n+1 _ o+l
= Tutir12,jk (pw,i+l,j,k l’wﬁl;j.k) Toti-1a.jk (Pw,i,.i,k pzp,i—l,j,k)
n+1 n+1 n+1 n+1 n+1 n+1
F T j+1/2. (pw,i,j+1,k Py, jk) T2 j—1/2.k (Pw,i,j,k Dy, j— 1k)
n+1 n+1 n+1 n+1
+Tw3,i,j,k+l/2 (pw,i,j.kJrl pwljk) wSl/k 1/2 <pwljk pwljk 1) (836)
n+1
— (TwYu)T 12,k (zis1.jk — 2ijk) + (Twyw)it. =172,k (zijk — zi1.jk)
n+l1
- (Twyw)zyl"j_;,_l/z’k (Zi,j+l,k - Zi,j,k) + (Twyw)z,i,j_l/lk (Zi.j,k - Zi,j—l,k)
n+l1 n+1
- (Twyw)3,,‘,_,',k+1/2 (Zi,j,k-H - Zi,j,k) + (TwVw)l,‘yj’k_]/z (Zi,j,k - Zi,j,k—l)
n+1
+ Qw,i,j,k’

and

|:F<£+1_L>+S:|n+l—1 (8.37)
£, & - '

where Qi jx = (Vqo)i,jk» @ = w, 0, g, and the numerical transmissibilities at the gridblock
boundaries

Ai Toti Ai T;noti

, i=1,23 a=w,0,g, m=1,2,...,N. — 1,
h; h;

are still indicated by T, and T},;, respectively, where A; is the cross-sectional area normal
to the x;-direction.

The transmissibility terms in equations (8.33)—(8.37) can be treated as in the black
oil. That is, the rock property (i.e., absolute permeability), fluid properties (i.e., viscosi-
ties and formation volume factors), and rock/fluid properties (i.e., relative permeabilities
and capillary pressures) at internal boundaries of gridblocks should be evaluated using the
harmonic averaging, (weighted) arithmetic averaging, and upstream weighting techniques,
respectively.

In iterative IMPEC, all the saturation functions k., ko, kg, Pcow, and pe,, are evalu-
ated at the saturation values of the previous time step in a Newton—Raphson iteration, and
the fluid formation volume factors and viscosities in the transmissibilities, phase poten-
tials, and well terms are computed using the previous Newton—Raphson iteration values.
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Thus we define

PUD = P = pgu(Sh). pUHD = P 4 pego(SD),
l
e = Sk 2k, =
p /ta e=wo03s (8.38)
k!
Tfrllgl)*z 'i: rak ax=o,4g, m:l,z,...,Nc.
Ha

To apply the Newton—Raphson iteration procedure, we must identify the dominance
of the gas or oil phase. If the gas phase dominates in the hydrocarbon system (e.g., L < 0.5),
the primary unknowns will be x;,, L, z;, F, S,and p,i = 1,2, ..., N.—1, whichisthe L — X
iteration type in compositional modeling. If the oil phase dominates (e.g., L > 0.5), the
primary unknowns will be x;,, V, z;, F, S,and p,i =1, 2, ..., N, — 1, which corresponds
to the V — Y iteration type. As an example, we use the Newton—Raphson iteration in terms
of 6x;,, 8L, 6z;, 6F,6S,and 8p,i = 1,2, ..., N, — 1; a similar calculation can be performed
for the V — Y iteration type.

At the Newton—Raphson iteration level / + 1, the primary variables are updated as
follows:

LI+1 1,1 1,1 1 —
apt L = b L gyt L m=12,...,N.—1,
Z;;;H'H_l — ;+l N + SZ?V,-H l+l, m = ] 2 Nc _ 1’
Ln+1,l+l _Ln+l,l + 8Ln+1,1+1 Fn+1 +1 _ Fn+1 1 + 5F”+1 Z+l
Sn+1 I+1 Sn+1 ! + 85n+1 l+1 pn+1,l+1 — pn+1,l +8pn+1,l+1.

Below, the superscript n + 1 is dropped. Then application of the Newton—Raphson iteration
procedure to equations (8.33)—(8.37) gives the following residuals:

Rfmljk = fmo(pi;vxllo,xlz(,,.. xNa) fmg(pg,xlg,ng,...,xévcg),
m_1,2,..., cs (839)
! !
R% ijk = E (V [(¢Fzm) - (¢>Fzm)"])i,j’k

- Trlr:ol,i+l/2,j,k (pla,i+l,j,k - pf),i,j k) + Tmol i—1/2, ).k (Po ijk pi),i—l,j.k)
- tf:oz,i,j-b-l/z,k (pf),i,j-&-l,k - Pf;,i.] k) muZ i j—1/2.k (Poz ik pi},i,j—lﬁk)
- T151*o3,i,j,k+1/2 (pi),i,j,k+l - pi),i,j,k) + Tmo3,i,j,k—l/2 (po,i,j,k - po,i,j,k—l)
+ (Tmo)/o)afprl/g,j,k (2it1,jk — Zijk) — (Tmo)/o)lﬁ,-,l/z,j,k (zijk — Zi1,jk)
+ (Tmoyo)lzti’j+1/zyk (Zi,jJrl,k — I jk) (Znoyo)lzfi,jfl/zyk (Zi,j,k - Zi,jfl,k)
+ (Tmo)/o)é*,i,j,k-m/z (zi k1 — Zijk) — (Tmoyo)[;i k=172 (zijk — Zijk—1)
- Trln*gl.i+1/2,j,k (plg*,H-l,j,k - Plgfi,j k) + ngl i—1/2,jk (Pg ijik plg*,i—l,j,k)
- T;:gZ,i,Hl/zk (p?,i,j+1,k - p(lg*,i,j k) + ngz ij—1/2.k (Pg ik pfg*,i,j—l,k)
- Trf1*g3,i,j,k+1/2 (pfg*,i,j,k+1 - Plg*,i,j,k) + ngs,i,j,kq/z (Pg,i,j,k - Pg*,i,,-,kfl)

Ix

+ (ngyg)llfi-&-l/z,j,k (ziet ke = zijik) — (ngyg)l,i—l/z,j,k (2ijk = zi-1,jk)
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+ (ngyg);i,jﬂ/z,k (@i 1k = Zigik) = (ngyg)lz*,i,j—l/z,k (zijk = zij-1k)
+ (ngyg)l;,i,j,kﬂ/z (Zi»j,k+1 - Zi,j,k) - (ng)’g)l;,i,j,kq/z (Zi,j,k - Zi,j,k—l)
— Cmo Qo) ik — Cmg Q) e m=1,2,... . Ne— 1, (8.40)
RlF.i,j,k = At (V [(d’F)l - (¢F)n])i,j,k
- TéT,iJrl/z,j,k (Pf;.i+1,j,k - Pf),i,] k) 01 i—1/2,jk (Po i jk Pf),i—l,j,k)
- T(fzij-&-l/Zk (pi)ij+l Kk pi),i,jk) + To2 i j—1/2.k (Po ik pi),i,j—l,k)
T4, k12 (P k1 pi),i,j,k) + ToS,i,j,k71/2 (Po,i,j,k - pf),i,j,kfl)
+ (Tol/o)l,,-ﬂ/z,j,k (zis1k — 2ijk) — (Tovo) i 12,k (zijk — Zi-1,jk)
+ (Tovo)5i i1 o @ik = 2iik) = (To¥o)si im1 ok (@iojik — Zij—14)
+ (Tayo)l;ijk.t,.]/z (zijks1 — Zijk) — (T0V0)3l]k 12 (zijk — Zijk—1)
Tl1 J1/2,jk (Pgm ik p?,i,jk) +T, glt 1/2,j.k (Pguk pg,ifl,j,k)
Tg2 ij+1/2.k (pg,i,j+1,k - P?,i,, k) +T, g2 ij—1/2.k (Pg ik pi:i,j—l,k)
— T iinrir (Poijiet = Paiin) + Tesi o (P = Pt
+ (Tgl’g)q*,m/z,j,k (zit1.k — zik) — ( ng)l 12k (zijk — Zi1,jk)
+ (Tng)Iz*,i,jH/z,k (zi 1k = Zijike) = ( ng)z ij—1/2.k (zi.jk = zij-1k)
+ (Tgyg)l;ijkﬂ/z (zigikr1 = zijie) = ( ng)s i k=172 (zijk = Zijik-1)
— Qi — Qeijno (8.41)
Roie = 2 (V[@0850) — @6us0"),
- Tzij*l,i+1/2,j,k (Plu*;,i+1,j,k - p{;,i,j,k) + Tli)*l,i—l/lj,k (pi:,i,j,k - pi:,i—l,j,k)
- Tzi)*z,i,j-&-l/z,k (Plz;,i,j+1,k - pg.i.jk) + TriTZij 1/2.k (le* ik pi;,i,j—l,k)
- Tti)*3,i,j,k+l/2 (Pi:,i,j,kﬂ - sz,i,, i)+ Tw3 i k=172 (Pw ik pi;,i,j,k—l)
+ Ty v o ik @irrgik = 2igik) = TwVa) Vi o ju (2igik — Zie1jk)
+ (Twyw)lzti,j+1/27k (zij+1k — Zijk) — (Twyw)lzfj’jfl/z’k (zijk — Zij1)
+ (Tuv)si sy @it = 2ija) = Tuya)si juc e (Ziik — Zija-1)
— Qi ke (8.42)
and
; L 1-L !
R, ix= |:F(—+ )-I—S:I - 1. (8.43)
& &g

To find the derivatives of the residuals in the primary variables, we replace the deriva-

tives in x;, by those in these primary variables,i =1,2, ...,

N.. Applying relation (8.21),
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we see that
8.X,‘g _ L 8x,-g _ 1
axip L—1 9z  1-L’
Mg _Xo=Xig 45 N,
aL L—-1
Consequently, the chain rule implies
9 Oxy 0 L 9
iy X O L — 13y
d _Oxy 9 1 0
8z, 9z dxig 1 — L axy
d . Bx,-g d _ Xio — Xig 0
L 9L dx;; L —1 dxy

The following relation obtained from (8.12) is also needed for evaluating the derivatives of

the residuals:
l _ Zut(pou Xlas X2as - -

L xNaRT

&a B Pa

Finally, equations (8.5) and (8.22) are required

oa=o,g.

to eliminate xy,, and zy, .

With all these, application of the Newton—Raphson iteration procedure to equations
(8.33)—(8.37) gives the following residual equations:

Nl i1k OR', i ik
m,i, J, I+1 m,i, J, I+1
— R §(x,)i, + — ST
; a(.Xro)i,j,k ik 8Li,j,k hak
OR!, .. N=laR!, .
i jik o 141 fmi, j.k I+1
T R D Lo TE (8.4)
pijx Zl Az iju

The linear system (8.44) is used to solve for

r=

[
_Rfm,i,j,k’ m=1,2,...,N,..

(0X10, 8X20, - . ., 8X(N.—1)0» OL) in terms of

(8217 8Z21 AL ] SZNL—lv 6p)‘
OR. .. o OR. . .
Zmyby ok o 141 Zmyby ok o 141 Zmsbyy Jok o 141
Y op; k-1 + P opi ikt Y opily ik
Di, jk—1 Di, j—1 Pi—1,jk
! i i
+8Rzm,i.,jqk8 [+1 + 8Rzm,i,j,k /+1 + aRzu,,i,j,ka /+1
3 Di.jk 3 Dit1, )k ) i j+1,k
Di, j.k Di+1, )k Pi, j+1,k (8.45)
R ik o 11y ik s, ORG ik '
+ Pijk+1 T 8F, 1 + 8(zm); ik
i, jk+1 oF; jk 0(Zm)i, jk :
AR, .. R ..
Zm, i, jik I+1 Zm, i, J.k I+1 __ /
-I-—8 S(xmo)i’j’k + FYREY S(Xmg)i,j,k = _Rz,,,,i,j,k'
(xmo)i,j,k (xmg)i,j,k
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Equation (8.45) gives 8z,, in terms of 8p, §F, x5, and 6x,y,,.
! ! .
IRE; jx spitl IR jk syt IRy, ix i
api,j,k—] bjk=1 Bp,;j_],k i,j—Lk api—l,j,k i—1,jk
ORY; i IR, ORL .,
H S P e T oo (8.46)
i jk ik ODit1, ik i+1, jk i1k i j+ 1k

R, AR .
y DRk ety SRRk g pie
api,j,k-H pz,j,kJrl an}k i, jk Fi, jk

This equation solves for § F in terms of &p.

/ / /
8Rw,i,j,k 8pl+1 + aRw,i,j,k 8p[+1 + 8Riw,,j,k
R I R AR R

I4+1
3 OPil1 ik
i k-1

aRivi'k 8R’ ik aRl -
ik gl ik el Tk L] 8.47)
i jk i,j.k Wit ik i+1,jk Pk i Lk
L !
+3Rw,i,j,k Sy OR,,; ik sstl — Rl
i, jk+1 bRkt 0Sw.i, jk w,i, ik w,i, j.k

Equation (8.47) gives §S,, in terms of ép.

N.—1 ! /
aRp,i,j-k I+1 8Rp,i,j,k I+1
Z —8(xr0)i T —SLi ik
0(Xro0)i jk o oLijx "
r=1 o o
Ne—=1 qpl !
¢ R .. oR' ..
+ Y L (et s F (8.48)
; 0(zr)i jik SEQF o Rk
dR! .. oR' ..
Pk o ol+1 Pk o 141 !
— 58 — DRyt — R
+8Sw,i,j,k wiik T i, jk Pijk P 1k
After substituting 8x,,, 6L, 8z, 6F, and §S,r = 1,2,..., N, — 1, into (8.48) using
equations (8.44)—(8.47), the resulting equation becomes the pressure equation, which,
together with the well control equations, is implicitly solved for §p. After §p is ob-
tained, equations (8.47), (8.46), (8.45), and (8.44) are solved explicitly, in turn, for 45,
8F, (8z1, 622, ..., 8zn,—1), and (8x1,, 6x20, . . ., 8X(N,—1)0, OL), respectively.
In summary, iterative IMPEC for the compositional model has the following features:

» The difference between iterative IMPEC and classical IMPEC is that the iterative
method is used within each Newton—Raphson iteration loop, while the classical one
is utilized outside the Newton—Raphson iteration.

* The saturation constraint equation is used to solve implicitly for pressure p.
* The equilibrium relation is solved for (x1,, X2, . .., X(N.—1)0, L).

* The hydrocarbon component flow equations are used to obtain explicitly (z, 22, . -
ZN.—1)-

.

2007/¢
page 1

ST



170 Chapter 8. Compositional Flow and Numerical Solution

* The global hydrocarbon flow equation is exploited to solve explicitly for F.
* The water flow equation is explicitly solved for S,,.

* Relation (8.21) generates (X1g, X2g, . .., XN,g)-

8.3 Solution of Equilibrium Relations

We discuss the solution of the thermodynamic equilibrium relation (8.28), which describes
the mass distribution of each component in the oil and gas phases. As an example, we
concentrate on the PR EOS.

8.3.1 Successive Substitution Method

The successive substitution method is often employed to find an initial guess for the com-
putation of the thermodynamic equilibrium relation (8.28) in the Newton—Raphson flash
calculation discussed in the next subsection. The equilibrium flash vaporization ratio for
component i is defined by

xig .
Ki==% i=1,2,...,N., (8.49)
Xio

where the quantity K; is the K-value of component i. If the iterative IMPEC in the previous
section is used (i.e., the capillary pressure p., is evaluated at the previous time step value
of saturations in the Newton—Raphson iteration), it follows from (8.15) that

fia:pxiawiaa i= 1127"'7NC7 Ol:ng' (8'50)
Then, using (8.8), we see that
Xio®io = XigPig» i = 17 27 sy Nc-

Thus, by (8.49), we have
Ki=%° i=12...N. (8.51)
(pig
where the fugacity coefficients ¢;, and ¢;, are defined in equation (8.14).
A flash calculation is an instant phase equilibrium:

Given p, T, and z;;
Find L (orV), xj, and x;s, i=1,2,..., N.

It follows from (8.21) and (8.49) that

xi():;7 _1725 -7Nca

L+(1-L)K;
Y- K) (8.52)
~ L+(1-L)K:

i=1
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Based on (8.52), we introduce the following successive substitution method for the flash
calculation:

Initially, K; is evaluated by the empirical formula

1 1
Ki= —exp (5.3727(1 + w;) [1 - T—D ,

ir ir
Pir = , T = s
Di

(F1) Given K; and z;, find L by
o n(l—K)
L+(-DK

i=1

(F2) Find x;, and x;, by

Zi

Xig = ——————, X
L+ (1-L)K;

e = Kixip, i=1,2,...,N
(F3) Calculate K; and z; by
Dio . .
Ki=—,zi=Lxjpc+ (1 —=L)xj, i=12,...,N;
(pig

Return to (F1) and iterate until the convergence of the values K;.

In general, convergence of this successive substitution method is very slow. However,
it can be used as an initialization for the Newton—Raphson flash iteration discussed below.

8.3.2 Newton-Raphson Flash Calculation

Introduce the notation
G _ aﬁo ! afio l+ Ll afig : afig :
Y oy, OXN, o 1— L[ \ax, xng) |
af,g !
Gin. = 1 — Ll <3ng Xjo _xjg)) ’
! ofic\ (o)
Hi(p, 821,822, ..., 82w 1) = fip — [+ | | o2 ) — op
op op

e\ (2],
1 - Ll |:<8x_,g) (achg> ] %
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fori=1,2,...,N.,, j=1,2,..., N. — 1. Then equation (8.44) can be written in matrix
form:

G G -+ Gin-1 G, 8x10 H,;
Gy  Gxn -+ Gyn-1  Gop, 8x20 H,
| .| sy
GyN-1,1GN—12 - GN—1,N.~1 GN.—1,N, SX(N.—1)0 Hy,
Gy, Gy - Gan.nv-1 Gaon, sL Hy,
This system gives (8x1,, 8x20, ..., 8X(N.—1)0, 6L) in terms of §z;, 1 = 1,2,..., N, — 1,

and dp.
We point out the difference between the successive substitution method and the
Newton—Raphson iteration in the flash calculation:

* The former method is easier to implement and is more reliable, even near a critical
point. However, its convergence is usually slower; it may take over 1,000 iterations
near the critical point.

e The latter method is faster. But it needs a good initial guess for x;, and L, i =
1,2, ..., N;; moreover, this method may not converge near a critical point.

* These two methods can be combined. For example, the former is used to find a good
initial guess for the latter. Also, in places where the latter is difficult to converge, the
former can be utilized instead.

8.3.3 Derivatives of Fugacity Coefficients

We calculate the partial derivatives involved in the Jacobian coefficient matrix of (8.53).
First, by (8.50), fori, j=1,2,...,N,,a =0, g,

afia + 8(pia afia 8xioz + a(pia
= Xia®i Xig = > =P —9i Xig —— >
ap afin T Pia ap 0X jo paxjag”’“ p “ax,u
where
0Xiy 1 ifi =,
i |0 ifi # j.
So it suffices to find the derivatives of ¢;,, which is defined by (8.14),i = 1,2,..., N,
oa=o0,g.

It follows from (8.10) that

0A, ” 0B, bq
— = o , — = , a=o0,4g. (8.54)
op R2T? ap RT
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Differentiating both sides of (8.14) gives
1 0pie b 0Z, 1 0Zy By
Dia 317 - boz 317 Zot - Bot 317 p
N,
Aqy 2 & b;
— 2\/§B ZZXJ'&(I —Kl-j)./aiaj - E (855)
o j=1
Zy 07,4
2B, (- - ) /(zf, +2v2Z,B, + BY).
p 9
Similarly, we can obtain d¢;,/0x j, using the expressions
04, D 0ay, 0B, P ob,,
axj, RT?dxj,  dxj, RTdxjp
N, (8.56)
Baa - ab[x
axja =2 ;Xia(l — Kij)a /aidj, axja = bj
fori,j=1,2,...,N,,a=o,g.
The Z-factors, Z, (¢ = o, g), are determined by equation (8.13), which can be
differentiated to find their derivatives. Implicit differentiation on (8.13) yields
0Z, 0B, 0A, 0B,
=— 72+ —2[143B,] Ze
ap ap op ap
0A, 0B, .
- By + [Ay — 2B, — 3B]] (8.57)
Ip Ip
/(322 —2(1 — By)Zy + (Aq — 2B, — 3B2)).
Consequently, substituting (8.54) into (8.57) gives 0Z,/dp. A similar argument, together
with (8.56), gives the derivatives 0Z,/0xjo, j = 1,2, ..., N..
8.3.4 Solution of the PR Cubic Equation
The PR cubic equation (8.13) has the form
Z 4+ BZ’+CZ+ D=0, (8.58)
with given inputs B, C, and D. Before discussing the solution of this equation, we consider
a simpler cubic equation:
X*4+PX+Q=0. (8.59)
With
0\> P\3
A== =,
() +(5
—®
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equation (8.59) has three roots,
X =\‘/ 2+¢Z+\/—g—f
2 2
Xo=of-2 4 VAo -2 VA
X3—a)1/——+«/_+w % VA,
where
—14+iV/3  , —1-iV/3
= = — i“=-1.
2 2
Note that
Xi+Xo+X3=0 1+1+1—PXXX—Q (8.60)
1 2 3 = ’ Xl X2 X3 - Q ’ 1 2 3 = . .
If A > 0, equation (8.59) has only one real root, X;. If P = Q = 0, there is solely
the trivial solution X| = X, = X3 = 0. When A < 0, there are three real roots given by
N N 2
X = 2@0059, X, = 2R cos 3 +6),
(8.61)
X3 —2\/_005( 3 +9)
where
P\’ 1
R=, - <§> , 0= garccos <—%) .
To solve equation (8.58),set Z = X — g. Then (8.58) is converted into equation (8.59)
with
P = BZ+C Q—ZB% BC+D
3 27 3 ’
Thus the roots of equation (8.58) are
Z=X B Z =X B Z3=X B (8.62)
1 — 1 3 ’ 2 = 2 3 ’ 3 = 3 3 M .
If Z; is the sole real root, it is selected. In the case where there are three real roots, say,
Z] > Zz > Z3,
we select 2 if the vapor (gas) phase dominates. If the liquid (oil) phase dominates, we
select Z; when Z, < 0; select 2, when Z, > 0 and Z3 < 0; select Z3 when Z; > 0.
Namely, we select the smallest positive root.
—®
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8.3.5 Practical Considerations

We point out a few practical issues in programming the solution of equilibrium relations.

Iteration switch

As noted, depending on the size of L, different variables, either x;, and L or x;, and V,
should be used in the flash calculation, i = 1, 2, ..., N,. If the gas phase dominates in the
hydrocarbon system (e.g., L < 0.5), the primary unknowns will be x;, and L. If the oil
phase dominates (e.g., L > 0.5), the primary unknowns will be x;, and V. This choice can
improve solution accuracy and convergence speed. For example, as L gets close to 1, the
flash calculation may not converge. In this case, the primary unknown needs to be switched
to V. In programming, the switch of iterations should be done automatically.

Determination of bubble points

The following system of N, + 1 equations is solved simultaneously for finding the bub-
ble point pressure p and the compositions x;, by a Newton-Raphson iteration (i = 1,
2,...,N.):

Zi(pio(pv X105 X205 « + - » cho) = xig(p[g(pv Xigs X2gs -+ - xN,g)v
N

Z)Cig =1.

i=1

In the late steps of the iteration (e.g., after ten iterations), the second equation in (8.63) can
be replaced by

(8.63)

N,

io =1 (8.64)
i=1 (pig

to speed up convergence. In the Newton—Raphson iteration, if the successive values of
pressure change less than a certain value (e.g., 0.01 psi), then this iteration is considered to
have converged. We consider that it fails to converge if more than 30 iterations are required
orif |z; — xjg| < 0.001|z;|. In the latter case, the successive substitution method can be
used to obtain p and x;,, 7 = 1,2, ..., N.. A trivial solution occurs when x;, = z; for any
value of p, indicating that a dew point occurs (cf. Fig. 8.1).

Determination of dew points

The dew point pressure p and the compositions x;, satisfy the system of N, + 1 equations
i=1,2,...,N.):

'xi()goi()(p7 X1os X205 « + 5 -xNL.()) = Zl(plg(pa .XIg, ng? MR} -xN[.g)v

NC
E Xip = 1.
i=1

(8.65)
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3,500 1~ Critical|point z;rslgle phase
N dew point

3,000 —— bubble point

2,500 ——
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Figure 8.1. Pressure-temperature phase diagram of a reservoir fluid.

Again, after about ten Newton—Raphson iterations, the second equation in (8.65) is replaced by
Ne o
3= (8.66)
i=1 Dio

Using the same guidelines as in the treatment of bubble points, if the successive values of
pressure in the iteration process change less than 0.01 psi, this iteration is considered to have
converged. We consider that the convergence fails if more than 30 iterations are required or
if |z; — xio| < 0.001]|z;|. In the latter case, the successive substitution method can be used
to obtain p and x;,,i = 1,2, ..., N.. Atrivial solution occurs when x;, = z; for any value
of p, indicating that a bubble point occurs.



Chapter 9

Nonisothermal Flow and
Numerical Solution

The differential equations so far have been developed under the condition that flow is
isothermal (nonisothermal flow was briefly touched on in Section 7.6). This condition can
be removed by adding an energy conservation equation, which introduces an additional
dependent variable, temperature, to the system. Unlike the case of mass transport, where
the solid itself is assumed impervious to mass flux, the solid matrix does conduct heat.
The average temperature of the solid and fluids in a porous medium may not be the same.
Furthermore, heat may be exchanged between the phases. For simplicity, we invoke the
requirement of local thermal equilibrium that the temperature be the same in all phases.

The mass conservation equations and Darcy’s laws for nonisothermal flow are the
same as for the compositional model discussed in Chapter 8; an additional energy conser-
vation equation is required. For the convenience of the reader, we review these equations.
These governing equations are based on the displacement mechanisms of thermal methods:
(a) reduction of crude viscosity with increasing temperature, (b) change of relative perme-
abilities for greater oil displacement, (c) vaporization of connate water and of a portion of
crudes for miscible displacement of light components, and (d) high temperatures of fluids
and rock to maintain high reservoir pressure. They can model the important physical factors
and processes:

* viscosity, gravity, and capillary forces;

* heat conduction and convection processes;

¢ heat losses to overburden and underburden of a reservoir;

* mass transfer between phases;

« effects of temperature on the physical property parameters of oil, gas, and water;
* rock compression and expansion.

177
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178 Chapter 9. Nonisothermal Flow and Numerical Solution

9.1 Basic Differential Equations

9.1.1 Mass Conservation and Darcy’s Law

We assume that the chemical components form at most three phases (e.g., water, oil, and gas),
N, chemical components may exist in all three phases, and diffusive effects are neglected.

Let ¢ and k denote the porosity and permeability of a porous medium  C R3, and
let Sy, s Pos Uy, and k., be the saturation, viscosity, pressure, volumetric velocity, and
relative permeability, respectively, of the o phase, « = w, o, g. Also, let §,,, represent the
molar density of component m in the « phase, m = 1,2,..., N, « = w, 0, g. The molar
density of phase « is given by

N.

&, = Zéma, a=w, o, g. ©.1)

m=1
The mole fraction of component m in phase « is then defined by
Xma = Uma/Ra, m=1,2,...,N;, ® =0,g, 9.2)

where n,,, is the number of moles of component m in the o phase and n,, is the total moles
of this phase. The total mass is conserved for each component:

9 8 8
a_ Z xmasasvt + V. Z xmagotua
d oa=w oa=w (93)

8
=§ Xmaas m=1,..., N,
a=w

where ¢, stands for the flow rate of phase « at the wells. In equation (9.3), the volumetric
velocity u,, is given by Darcy’s law:
krot
u, = ——k(Vp, — p.0V2), a=w, o0, g, 9.4
Ha

where p, is the mass density of the « phase, g is the magnitude of the gravitational accel-
eration, and z is the depth.

In addition to the differential equations (9.3) and (9.4), there are also algebraic con-
straints. The mole fraction balance implies

mea =1, a=w, o, g. 9.5)

In the transport process, the saturation constraint reads
Sw+ S+ 8, =1. (9.6)
Finally, the phase pressures are related by capillary pressures

Pcow = Po — Pws  Pcgo = Pg — Po- CN))
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9.1.2 Energy Conservation

The energy conservation equation takes the form

a 8
o <¢ Z PoSalUs + (1 — ¢>)pscyT>
o= 9.8)

8
+V > pulyHy =V - (kr V1) = e —q1,

o=w

where T is the temperature, U,, and H,, are the specific internal energy and enthalpy of the «
phase (per unit mass), p; and C, are the density and the specific heat capacity of the solid, k7
represents the total thermal conductivity, g, denotes the heat source item, and g, indicates
the heat loss to overburden and underburden. In (9.8), the specific internal energy U, and
enthalpy H, of phase « can be computed from

Uy = Cy, T, H, = CpaTv (99)

where Cy, and C, represent the heat capacities of phase « at constant volume and constant
pressure, respectively. In addition, the bulk thermal conductivity can be defined by

kr = K9k} 72,

where k; and k; are the fluid and rock thermal conductivities, respectively. Substituting
relation (9.9) into equation (9.8) gives the energy conservation equation which we will
solve:

3 8
— S Cva T 1— CsT
o <¢§p voT + (1 = ¢)p )

T (9.10)

+V. ZpauacpotT — V. (krVID) = qdec —4qL-

o=w

In thermal methods used in the petroleum industry, heat is lost to the adjacent strata
of a reservoir, or the overburden and underburden, which is included in the term g, of
equation (9.10). We assume that the overburden and underburden extend to infinity along
both the positive and negative x3-axis (the vertical direction); see Fig. 9.1. If the overburden
and underburden are impermeable, heat is transferred entirely through conduction. With all

overburden
N T

reservoir

/—\f

underburden

Figure 9.1. Reservoir, overburden, and underburden.
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180 Chapter 9. Nonisothermal Flow and Numerical Solution

fluid velocities and convective fluxes being zero, the energy conservation equation (9.10)
reduces to

ad
E (pobcp,obTob) =V. (kabVTob)9 (911)

where the subscript ob indicates that the variables are associated with the overburden and
C).0p 1s the heat capacity at constant pressure. The initial condition is the original temper-
ature T, ¢ of the overburden:

Top (Xv 0) = Toh,O(X)-

The boundary condition at the top of the reservoir is
Top(x1, X2, X3, 1) = T(xy, X2, X3, 1).

At x3 = 00, Ty, is fixed:
Top(x1, x2,00, 1) = To.

On other boundaries, we use the impervious boundary condition
kopyVTop-v =0,

where v represents the outward unit normal to these boundaries. Now, the rate of heat loss
to the overburden can be calculated by k,, VT, - v, where v is the unit normal to the interface
between the overburden and reservoir (pointing to the overburden). For the underburden,
the heat conduction equation is

d
E ()Oubcp,ubTub) =V. (kubVTub)s (912)

and similar initial and boundary conditions can be developed as for the overburden.
Equations (9.3)—-(9.7) and (9.10) provide N, + 10 independent relations, differential
or algebraic, for the 3N, + 10 dependent variables: x4, Uy, po, T, and Sy, @ = w, 0, g,
i=1,2,..., N, If equations (9.11) and (9.12) are included, two more unknowns, T, and
T,», are added. The additional 2N, relations will be provided below (cf. (9.17)). With proper
initial and boundary conditions, there is a closed differential system for the unknowns.

9.1.3 Rock Properties

The rock properties for nonisothermal flow are similar to those for the isothermal black oil
and compositional models; but now these properties depend on temperature. In particular,
the capillary pressures are of the form

Peow(Sw, T) = Po — Pus pcgo(ng T = Pg — Po- (9.13)

Similarly, the relative permeabilities for water, oil, and gas are

krw = krw (Sw» T)a kmw = kmw(Sw’ Dv
krg = krg(Sg, T), krog = krog(Sg, T), (914)
kro = kro(Sw, Sgs 7).
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9.1. Basic Differential Equations 181

Stone’s models (cf. Section 2.5.2) can be adapted for the oil relative permeability k,,, for
example.

As an example, the relative permeability functions k,,, and k,,,, for a water-oil system
can be defined by

kry = krwro(T) ( Sw = Suir{1) ) s

1 - Sorw(T) - Swir(T)

R o 9.15)
krow = krocw(T) < - OrlU(T) ) >
1 - Sorw(T) - ch(T)
and for a gas-oil system, k., and k., by
S, — S* "
krg = krgro . ’
# ¢ (T) <1 - SU)C(T) - Soinit - S;r)
(9.16)

-5, — ch(T) - Sor (T) nos
krog = kmcw(D ( K £ > s

1- ch(T) - Sorg(T)

where nw, now, ng, and nog are nonnegative real numbers measured in the laboratory;
Swes Swirs Sorws Sorg, and S;r are the connate water saturation, irreducible water saturation;
residual oil saturation in the water-oil system, residual oil saturation in the gas-oil system,
and residual gas saturation; Ky, krocw, and k.4, are the water relative permeability at the
residual oil saturation for the water-oil system, the oil relative permeability at the connate
water saturation, and the gas relative permeability at the residual oil saturation for the gas-oil
system, respectively; and S,;,;; is the initial oil saturation in the gas-oil system. Finally,
for the rock properties, one must consider the thermal conductivity and heat capacity of the
reservoir, overburden, and underburden.

9.1.4 Fluid Properties

The thermodynamic equilibrium relation (8.8) discussed in Section 8.1 can be used to
determine mass interchange between phases. Because of the complexity of nonisothermal
flow, however, an equilibrium K-value approach is often used to describe the equilibrium
relations (cf. Section 8.1.2):

Xmw = me(Pa Dxpo, Xmg = ng(P, DNxypo, m=1, 2,..., N, (917)

One example of evaluating the K-values K,,, uses the empirical formula

1 Krzncr 3 Kﬁm
Kma = Kmot + 7 +Kma P ] eXp _T——/(Sma . (918)
where the constants Kfm are obtained in the laboratory, m = 1,2,..., N, =1,2,3,4,5,
o = w, g. For the notational convenience, we use K,,, = 1,m =1,2,..., N,.
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182 Chapter 9. Nonisothermal Flow and Numerical Solution

Water properties

Physical properties of water and steam, such as density, internal energy, enthalpy, and
viscosity, can be found from a water-steam table (Lake, 1989). Such a table is given in
terms of the independent variables: pressure and temperature. In the case where all three
phases coexist, a reservoir is in the saturated state. In this case, there is free gas; pressure
and temperature are related, and only one of them is employed as an independent variable.

Oil properties

While any number of hydrocarbon components can be treated in the differential system
describing the nonisothermal multiphase, multicomponent flow considered in this chapter,
computational work and time significantly increase as the number of components increases.
It is often computationally convenient (or necessary) to group several similar chemical
components into one mathematical component as in the treatment of compositional flow
(Chen, Huan, and Ma, 2006). In this way, only a few components (or pseudocomponents)
are simulated in practical applications.

The oil phase is a mixture of hydrocarbon components, and these components range
from the lightest component, methane (CHy), to the heaviest component, bitumen. One way
to reduce the number of components is to introduce pseudocomponents, as noted. According
to the compositions of each pseudocomponent, one can deduce its physical properties,
such as its pseudomolecular weight (which may not be a constant), critical pressure and
temperature, compressibility, density, viscosity, thermal expansion coefficient, and specific
heat. These properties are functions of pressure and temperature.

The most important property is the oil and gas phase viscosity dependence on tem-
perature:

Hio = €Xp (alTbl) +c1, Mig = a2Tb27

where T is in absolute degrees, a;, by, c1, a, and b, are empirical parameters that can be
measured in the laboratory, and 1, and p;, are the viscosities of the ith component in the
oil and gas phases, respectively.

9.2 Numerical Solution of Nonisothermal Flow

In simulation of nonisothermal flow, three parts must be treated: the oil reservoir, over-
burden, and underburden. Because of the weak coupling between the reservoir and the
overburden and underburden, the equations in these three parts can be decoupled; that is,
they are solved in a sequential manner. In the reservoir domain, the IMPES, sequential,
and SS techniques introduced for the black oil model in Chapter 6 can be applied. For the
nonisothermal flow, because there exist strong nonlinearity and coupling in the governing
equations, pressure and temperature greatly vary, and mass and energy transfer frequently
between the oil and gas phases, the SS technique should be used for the reservoir system.
The heat conduction equations for overburden and underburden are simple enough that a
fully implicit scheme in time can be employed for their solution.
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9.2. Numerical Solution of Nonisothermal Flow 183

9.2.1 Choice of Primary Variables

As discussed earlier, equations (9.3)—(9.7), (9.10), and (9.17) form a strongly coupled system
of time-dependent, nonlinear differential equations and algebraic constraints for 3N, 4 10
unknowns. Although there are the same number of equations for these dependent variables,
the entire system can be rewritten in terms of certain primary variables, with other variables
being obtained from them.

Undersaturated state

As discussed in Section 6.1.4, if all three phases coexist, a reservoir is in the saturated state.
When all the gas dissolves into the oil phase (i.e., there is no free gas; S, = 0), the reservoir
is in the undersaturated state. The choice of primary unknowns depends on the state of a
reservoir.

We define the transmissibilities

akrot
T, = el
;‘“ . (9.19)
T,y = —22 "k, m=1,2,...,N.,, a =w,o,g.
Ha
Moreover, we use the total mole fraction
g
xm:mea, m=12,...,N,. (9.20)
Using (9.17), equation (9.20) becomes
1
Xpo = —————— X1 m=1,2,..., N, 9.21)
meog(p’ T)
where K0 (p, T) = Ky + 1 + K,pg. As aresult, we see that
Knw K
X = Xy Xmg = e X m=1,2,...,N,. (9.22)
meDg meﬂg

Thus x,, should be used as a primary unknown,m = 1,2, ..., N.. Dueto (9.5), only N, —2
unknowns are independent. Consequently, in the undersaturated state, (p, S, x1, x2, ...,
Xn,—2, T) are chosen as the primary unknowns, where p = p, and § = S,,. The differential
system for these unknowns consists of the N, component mass conservation equations

(P FmXm)

8 8
=2V e Vpo = vaVaD + ) Smadar m=1,2,..., N, (923)

o=w o=w

and the energy conservation equation

3 8
o (¢> > paSaCraT + (1 — ¢)pscsT>

o=w

A (9.24)
-V. Z CpozTTa (Vp(x - VaVZ) -V. (kTVD ={q4c — 4L,

a=w
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184 Chapter 9. Nonisothermal Flow and Numerical Solution

where y, = pqg and

8
Fy = Z K §aSa.

iwog

o=w

Saturated state

In the saturated state, there is free gas. Pressure p and temperature T are related; their
relationship may be given through a saturated steam table. Thus only one can be used as a pri-
mary unknown. In this case, we choose the primary unknowns (p, Sy, S,, X1, X2, ..., XN.—2),
where p = p,. The system of differential equations is composed of the N, component mass
conservation equations (9.23) and the energy conservation equation (9.24).

9.2.2 Finite Difference Equations

Assume that the permeability tensor k is diagonal. For n > 0 (an integer), a time approxi-
mation at the (n + 1)th level for the system of equations (9.23) and (9.24) is

1
— (V[(@Fnxn)"" — @Fnxa)"]). .
= (V[@Fwsn)™! = @Fuin)]),
8
_ n+1 n+1 n+1
= Z{(mel)iﬂ/z,j,k (pa,i+1,j,k - pa,i,j,k)
a=w
n+1 n+1 n+1
- (Tmal)ifl/z,j,k (pa,i,j,k - Pa,iq,j,k)
+(T, )n+1 n+1 _ ntl —(T )n+1 n+l _ _n+l
ma2)i j+1/2.k \ Poi,j+1.k — Pai,jik ma2)i j—172.k \ Poijk — Pajij—1,k
n+1 n+1 n+1 n+1 n+1 n+1

+ (Tned )i j k4172 (pa,i,j,kJrl - Pa,i,j,k) = (Tnad)i jk—12 (Pa,i,j,k - pa,i,j,k71> 9:25)
+1 +1

- (Tmayot)rll,i+1/2,j,k (Zi+1,j,k - Zi,j,k) + (Tmaya)rll,i_l/zyj,k (Zi,j,k - Zi—l,j,k)
+1 +1

- (Tmaya)g’i’J#l/z,k (Zi,j+1,k - Zi,j,k) + (ﬂna)/a);,,-,j,l/lk (Zi,j,k - Zi,jfl,k)

1 1
- (];naya)gl’tj.k_,_l/z (Zi,j,k+1 - Zi,j,k) + (Y;nayot)gjj,k_]/z (Zi,j,k - Zi,j,k—l)}
8
+1
+Z(xmaQa)Zj’ka m=l72a"'7NCa
a=w
and

! % 23: SeCveT + (1 )CTnJrl
At ¢ Padal va ¢ps K

a=w

oa=w

g n
— (¢> > paSaCraT + (1 — ¢)pscsT>

i,j.k
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g
+1 +1 +1
= Z{(CPQTTQ)T,i-&-l/Z,j,k (pz,i+1,j,k - pg,i,j,k)

)
)

n+1 n+1 n+1

- (CP“TTa)l,i—l/Z,j,k (Pa,i,j,k ~ Doji—1,jk
_ n+1

Poijk = Pai,j—1k

n+1 n+1 n+1

+(CpaTT)3; 410k (pa,i,j+l,k = Puijk
n+1 1

- (Cporna)z,i,j—l/z,k (

n+1 n+1 n+1
+ (CpaTT)3 ) i1 (pot,i,j,k+l - pa,i,j,k)
(722 )

+ n+1

n+1 n
—(CpaTT)3; k12 \ Pasii jk = Pai jk—1

1
- (CpaTTaVoz)?L_]/z’j,k (Zi+1,j,k - Zi,j,k)

n+1

+ (CoaTTuve) oy o ja @ik = 2im1,58) (9.26)
- (C,,O,T'Taya);fjﬂ/zk (zij41k — Zijk)
n+1

+ (CpaTTua 2,0, j—1/2,k (ziik = Zij-14)

)
)n+l

= (Cpa T,V 30kt (2ijk+1 — Zijik)

n+1
+ (C[’“YTCYVO‘)S,i,j,k—I/Z (Zi,j,k - Zi,j,kl)}
n+1 n+1 n+1 n+1 n+1 n+1
+ (kT)l,i+l/2,j,k <Ti+1,j,k - Ti,j,k) - (kT)l,i—l/Z,j,k (szk - Ti—l,j,k)
n+1 n+1 n+1 n+1 n+1 n+1
+ (kT)Z,i,j+1/2,k (Ti,jﬂ,k - Ti,j,k) - (kT)Z,i,j—l/Z,k (Ti,j,k - Ti,fl,k)
n+1 n+1 n+1 n+1 n+1 n+1
+ (kT)3,i,j,k+1/2 <Ti,j,k+1 - Ti,j,k) - (kT)3,i,j,k71/2 (szk - Ti,j,k71>
+1 +1
+ 00k~ ik
where Qi = (Vqu)ijk> Ocijk = (Vqe)ijks Qrijk = (Vgr)ijk, and the numerical
transmissibilities at the gridblock boundaries
Akt ATy AiTyai
hi hi h;
are still indicated by T;, Tnei, and ky;, respectively, where A; is the cross-sectional area
normal to the x;-direction.

As in the previous chapters, the transmissibility terms in equations (9.25) and (9.26)
must be properly averaged. That is, the rock property (e.g., absolute permeability and solid
heat capacity), fluid properties (e.g., viscosities and densities), and rock/fluid properties (i.e.,
relative permeabilities, capillary pressures, and thermal conductivity) at internal boundaries

of gridblocks should be evaluated using the harmonic averaging, (weighted) arithmetic
averaging, and upstream weighting techniques, respectively.

, =123 a=w,0,g, m=1,2,...,N,,
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186 Chapter 9. Nonisothermal Flow and Numerical Solution

Undersaturated state

Recall that the capillary pressures pco, and p,, and relative permeabilities &, are known
functions of saturation and temperature, and the viscosities 1¢,, molar densities &,, and mass
densities p, are functions of their respective phase pressure, compositions, and temperature,

a=w,o,§.
Since the system of equations (9.25) and (9.26) is nonlinear in the primary unknowns
(p, S, x1,x2, ..., xn.—2, T), it can be linearized via the Newton—Raphson iteration. For a

generic function v of time, set

vn+1,l+1 — vn+1,l 4 (SUIH_I’H_],

where [ refers to the Newton—Raphson iteration number and §v"+!/*! represents the incre-
ment in this iteration step. When no ambiguity occurs, we replace v"*1/*! and v"*!! by
v'*1 and v/, respectively (i.e., the superscript 7 + 1 is omitted).

The residuals at the Newton—Raphson iteration level / for equations (9.25) and (9.26)
are (recalling that S, = 0 in the undersaturated state)

1 n
Ryyiix = 57 (VI@Fuxn) = @Fuxn)]), ,,

o
I ! !
- Z{(Tmal)i+1/2,j,k (pa,i+l,j,k - pa,i,j,k)

a=w
- (Tmal)é—l/lj,k (pfx,i,j,k - pét,i—l,j,k)

+ (Tm012)£,j+1/2,k (pfx,i,jJrl,k - pfx,i,j,k) - (Tm(XZ)f',j—l/Z,k (pfx,i,j,k - Pfx,i,jq,k)
+ (Tma3)ﬁ,,;k+1/2 (pfx,i,j,k+1 - pfx,i,j,k) - (Tm013)§,j,k71/2 (pfx,i,j,k - pfx,i,j,kfl)
- (Tmaya)ll.i+l/2_j,k (2is1,jk — Zijk) + (Tmaya)ll,,-_l/g_j,k (zijk — zZi-1,jk)

! I
= (TnaYa)2i j+1/2.k (zi 41k — 2ijk) + (TnaYa)2i j—1/2.4 (zijk — Zij—1.k)

1 1
- (Tmozya)3,i,j,k+1/2 (Zi,j,k-H - Zi,j,k) + (Tma)’az)li,j,k_]/z (Zi,j,k - Zi,j,k—])}

- Z (xmot Qa)ij’k s m = 1’ 2v ceey NCa (927)

o=w

and

0 l
1
Rriju=7 |V (¢ZpasacvdT+<1—¢)pscsT>

oa=w

- (¢ Y PuSuCraT + (1 = ¢)pscsT)

a=w ik
o
i i i
- Z{(Cpana)l,iﬂ/z,_i,k (pa,i+l,_j,k - Pa,i,j,k)
o=w

I I i
- (CPOtTTO!)l,ifl/lj,k (Pa,i,j,k - pa,ifl,j,k)
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+ (CpaTTa)lz,i,jH/z ¢ (Pl 1k Pfx,i,j,k)
- (Cpana)lz,i,j—l/z ¢ (Pl ik pot,i,j—l,k)
+ (CpaTTot)g,i,j,k+l/2 (Pfx i jk+1 Pfx,i,j,k)
- (Cpana)é,i,j,k_l/z (Pfy, - pfx,i,j.k—l)
—(CpaTTyya)" 12,7k (2itt,jk — Zijk)
+ (CpaTTaVa)l i—1/2,jk (2 = 2i-1,5)
(9.28)

(CPaTTwVa)zl J+1/2.k (i, 1k — Zijk)
+(C paTTaya)z L1k (zijk — Zij-1.k)
(Cpanaya)3 i jk+1/2 (@it = Zijk)

+ (CpaTTaJ/a)ém,k_l/z (Zi,j,k - Zi,j,k—l)}

- (kT)ll,i+1/2,j,k (TiIJrl,j,k - Ttl]k) + (kT)ll,ifl/Z,j,k (Tzlj - T‘lfl j,k)
- (kT)I2,i,j+1/2,k (Til,jJrl,k - Tiljk) + (kT)IZijfl/Z k (T'Z' le lk)
= k)5 jarrp (T = Thj) + ) jacrn (T = T jac)

; I
— Qi+ QLijk

Accordingly, the residual equations for the increments of the primary unknowns are

! ! !
8Rmuk5 I+1 +8Rmuk8 l+1 +8Rmtjk8 1+1
o OPijk-1 — —1Lk T o %P1k
i, jk—1 i, j—1k pi—1,jk
oR! dR! aR!
gyl g gyl gyl
opi,jk OPit1,jk i, j+1.k
R .. R! OR!
+ m’l"l’kﬁ I+1 + m,i, 1k551+1 + mi, ]k6S1+1
8Pijk+l l]k+1 aS k-1 L Jk—1 8Slj Lk i,j—1,k
! [ [
+ 8Rmz ]k8Sl+] . + 8le]k Sl+}( + 8le}k8SllI]1 .
0Si—1,jk o Sijk "M 0Sipajk J
R IR!
+ mljk Slj+1k+ mljkBSll_;,j_lkJrl
asz Jj+1.k Gl i, jk+1

m,i, j,k I+1
5(x,
" Z{a(xr)ljk ( )l]k
dR!
+ 5 (x,)
a(-xr)ljk+l
i

8le}k 5( )
+— xr
a(xr)lj 1,k

aRm i, j.k 8( )1+1
a(xr)H—l Jik o

1+1
i, jk+1

1+1
i,j—1.k

+

+

i+1, jk

[

aanl k
s (x,)!

a( r)z 1, ),k

lejk 8(x,)l+1
a( r)l]k 1

i, j,k—1

1+1
i—1,jk

[

JdR
+ ()
8( r)l Jj+1.k

!

i,j+1,k
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[
+

[

_l’_
oT; j«

[
+

= —R
and

IR i
i jk—1
IR, ik
IR i

+

+ -
OPi, ket 1
/
+
0Si-1,jk
/

N OR7; ik

08 j+1.k

oR

N2
_l’_
; { 0(xr)i, jk

+

+

)
ORT; ji
0T jk—1

[

R
oT; j«

/
RT»i»j,k

+

+

+

0T; j k41

Rm,i,j,k
0T jk—1

Rm,i,j,k

Rijik
0T j41,k

I+1
8p; k1 +
itk +

R... .
Ti,, jik ¢ ql4+1
—BSi—l,j,k_‘_

0(x,)i, jk+1

0(x))i, j—1,k

I+1
8Ty g +

0
41
8T, i +

[
m,i, j,

I+1
8T, yy +

[

I+1 + 8Rm,i,j,ks I+1
i, jk

T4,k
/

8T!+1 aRmsisjak 5T1+1
T j k+1

ikt

ik M= 1,2, ..

[
Reijk o 1v
i,j
opij-1k
[
Reijk
3Pi+1,j,1<

[
Sy IRT; jk
i, jk+1
b S jk—1

[
R7i

i, jk

!
I+1 + aRT,i,j,k
A i, jk+1

[
T, j.k
i,] S(Xr)fjlk +

i
BRTvl'vjsk 8(xr)l+l

1
RT.i,j,k

)
Rk

ij—1.k
1

i+1, .k

I+1 i
oT, —R7; ik

ijk+1 =

oR.,, .
Pt ool

i+1, .k 3171',_/

I+1
88k +

0(X)it1,jik
ikl T ax
RIEAIARIES

I+1
8T, 1Ly +

[

k 8Rm,i,,JZk (STI'H
i—1,jk

I+1
8T, 1kt

i1k Ti—1,jk

i+1,jk

i, j,k+1

.. N, (9.29)

!

i—1,j,k
opi—1,jk /
i
I+1 aRTJﬁJlk S I+1
Dij+1,k

+1,k
)
ssit o ORmigk g
i, jik—1 asi,j—l,k i,j—1k
[
R ik

I+1
88T

i+1, ).k
Sit1,jk J

141
6Si,j,k+l

R... . oR... .
T.i, j.k I+1 T,i, j.k I+1
()it i+ ———8(x);
1,jk i, j+1,k
by 0(X,)i, j+1,k hit

aRZT,i,Jlk 1+1
5(xr)i.j,k—1
i jk—1 ’
i
R ik

0(xX))i—1, )k

[
Rk

8(x)iH ,,k}

I+1
8Ti—1,j,k
i—1, ik

!

RT,i,j,k I+1 + 8RTJ,j,ka I+1
i+1, .k 9T i,j+1,k

i1,k

(9.30)

The linear system of equations (9.29) and (9.30) is solved for the increments of the primary
unknowns, and then the following update is performed until a tolerance in error is reached:

pH-l — pl + 5pl+l, Sl+1

I+1 I+1 I+1
Xy =x,+éx, ", T

— SI +(SSI+1,

=T +6T"", m=12,...,N..
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Saturated state

In the saturated state, all three phases coexist, and the primary unknowns are p, S, S,, and
x,i=1,2,..., N. — 2. The residuals are

—_—

Ry i = (V[@Fuxw) — @Fuxn)"]), .

i,j,k
g
i i i i i i
- Z{(Tmal)i+1/2,j,k (pa,H—l,j,k - pa,i,j,k) - (Tmal)i—l/lj,k (pa,i,j,k B por,i—l,j,k)
o=w
i I i i i i
+ (Tna2)i j1/2. (pa,i,j-H,k - pa,i,_j,k) — (Ta2)i j-12k (pa,i,j,k - pa.i.j—l,k)
I I i I I I
+ (Tma3)i,j,k+1/2 (pa,i,j,k+1 - Pa,i,j,k) - (TmaS)i,j,k—l/z (Pa,i,j,k - pa,i,j,k—l)
- (Znaya)ll,pruij,k (Zi+1,j,k - Zi,j,k) + (meya)ll,ifuij,k (Zi,j,k - Zifl,j,k)

l l
- (TmaJ/a)z,,-,jH/z,k (Zi,j+1,k - Zi,j,k) + (Tmaya)zyi,jfuz,k (Zi,j,k - Zi,jfl,k)

1 1
- (Tmozya)3,,',j,k+1/2 (Zi,j,k+l - Zi,j,k) + (Tmaya)3,,‘,j’k_1/2 (Zi,j,k - Zi,j,k—l)}

8
_Z(xmaQot);,j.k, m=1,2,..., N,

a=w

and

a=w

l
! 1 Zg
RT,i,j,k = At 14 ¢ PaSeCveT + (1 — @) p;C; T

a=w

¢ n
- <¢ Z paSaCVaT + (1 - d))psCsT)
i,j.k
&
1 1 l
- Z{(CpaTTa)l,;H/z,j,k (Pa,i+1,j,k - pa,i,j,k)
a=w
] !
_(C])Olna)],i—l/Z.]k Pa.ij, p(xl ljk)
]
_(CpotTTa)zyi,j—l/Zk Paijk paz; lk)
]
+(CpaTT)3 k12

1
- (CPWTTQ)SJ,j,kfl/Z

1 l

+ (CpotTTa)z,i,j+l/2k (po:l j+1Lk pal Jik
l
(Pl

(l’fu,k+1 pou]k)
(Pfu Pa,,k 1)
— (CpaTTu¥e)' i1 o,k (@1, = Zijk)

+ (CWYTQV“)U 1/2, )k (2 = Zi-1.k)

(CWTTO[)/Q)2 Ltk (zij+1.k — Zijk)

2007/¢
page 1

ST



2007/¢
page 1

ST

Chapter 9. Nonisothermal Flow and Numerical Solution

+ (CpaTTaVa)zz J—1/2,k @ik = 2ij-1.k)
(CpaTT Va)s i k172 \Zh k1 Zi’f”‘)

+ (Cpanaya)szjk 1/2

I
= (k) i1,k ( i1,k
I
= (k1)3i 12, ( ij+lk

I
— (k1)3; jkt1)2 ( ikl

Zijk — Zi,j,k—l)}

(
(
)
i)

k) T (kT)ll,ifl/Z,j,k (7} Tilfl,j,k)
Jik + (kT)l2,i,j71/2,k (TZ - Til,jfl,k)

k) + (kT)é,i,j,k—l/Z (Til,j,k - Til,j,kfl)

! !
— Qi+ QLijk

The corresponding residual equations for the increments of these variables are

9R! aan,i,j,k ,
i, j—1.k

m,i, jik o 141
i jk—1
y !
oR m ik o 141 8Rm,i,j,k
ijk
opi,jk / i1, jk
OR

ik 41
—4S,
+8Swljk 1 b k= 1+

+

Rl !
IR IR, i jx sty
w,i+1,j,k
08w,i+1,jk u

+ ml]ka [+1 +
8Swt],k bk
l
+ R m,i, j.k 851+1
aSwt],k+1
R,
L VATt
aSot 1,j.k Lik
i
aleJk P I+
BSoz]Jrlk

i, jk 141
5(x,
+Z{8(xr)t/k ( )ljk

[
lejk

+

o sl +

8(xr)l Jiok+1

!
m,i, jk

oR
oS () L+

a(xr)z j—1.k

[
Rmt]k’

8le]k
—(SSI+1 4
8wt/ 1,k hi=LE

R .
m,i, j, I+
- 8S01/k 1+

1t
b 080, jk—1

aRmt]k Sl +
aSOl_]k 0,i, jk

+ 8Rm,i,j,k Sl+1
0,1, j+1,k
] 0801, jk+1

oR

m.ijik I+1
08X t+
a(xr)z-‘rl ik Tk

/
aRm,i,,j,k 1+1
T Pl ik
pi—1,jk /
! ]
I+1 + aRm,i,j,k pl-H + 8Rm,i,/‘,k pl-H
i+1,j,k i, j+1.k i,jik+1
o pijrie pi i1 7
;
Oy ik o aitt
BS 8Swl I]k
w,i—1,jk
!
IR, i ik s+
i+ 1.k
8*S‘w,i,j-H,k e
/
R ik ¢ i
as 8S0!j 1,k
0,0, j—1,k
;
R, i ik - i (9.3D
__MLAE seit
oit1,jk
080,i11,jk /

0.i, j.k+1

l [

aRm i, j,k (S(.xr)H—l
)i I
!

aRmth I+1
SR ()t
8( r)t]k 1

Banl Lk I+1
85y
3( r)l 1,j.k

m=1,2,..., N,
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and

! ! I
IRk o 11 IR ik o 1o IR ik o 141

) D j, ) 9 pi—l,j,k
Di, jk—1 Pi, j—1,k Pi—1,jk

I I ! [
+8RT,i,jJ<8 I+1 + 8RTt/k I+1 + 8RT,i,jk(S l+11k+ 8RTle(S I+1
+

i1,k Di,jk+1
opijk i1, jk / pijrix Wi

/ /
aRTl Lk 8S1+1 aRZiajsk 8S1+1 aRTsis’jsk
i gkt oe T 00kt o
08w,i, jk—1 0Sw,i, j—1,k

ORY, ORY., R, .
Lk I+1 Ti, j.k I+1 Ti, j.k
——4S, 4+ — sS4
8Sw1]k i, j.k w,i+1, j,k
[ [ [

IRT; j sS4 R7i ik T Rei ji sl
k+1 k—1 1,k
bl 3Soi k1 O 08, j—1k "7

I+1
88
w,i—1,jk
08w,i—1,jk b

I+1
8Sw,i,j+1,k

0S8w,it1,jk 08w,i j+1.k

+
aSw,i,j,k+1

l 1 l (9.32)

+ 8RT,i,,Lk I+1 + 8RTle I+1 + 8RTt/k S
o 991,k ik T me 0,it1, jk
08,,i-1,jk J 0S0.i jk L T u

IR ik IRY; i
R I S L
3o jr1k OIS, gy AR
oR... . R .
Ti jik I+1 Ti, jk I+ Ti, j.k I+1
+ 8(x)i =8+ ——E8(x);
Z{a(xr)zjk rli ik (X )i,k o +l]k 0(xr)i jr1.k i
R . oR..
ot B o
0(Xr)i, jk+1 S 0(x)i, jk—1 o
Ko Ry
n i, 1+1 n gk s VI _R
e A R T WP forke

Again, equations (9.31) and (9.32) produce a linear system for the increments of the primary
variables. Once these increments are obtained, the primary variables are updated until a
convergence criterion is achieved.
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Chapter 10

Practical Topics in
Reservoir Simulation

This book has concentrated on the development of reservoir simulators using finite difference
methods. These methods can be replaced by other discretization methods such as finite
volume and finite element methods. In this chapter we discuss some practical topics that
must be addressed at certain stages in petroleum reservoir simulation, no matter which
discretization methods are used. The major steps in a reservoir simulation study are sketched
in Fig. 10.1, with more details given in Table 10.1. Here we briefly touch on some of the
basic elements of the simulation study: design of study objectives, analysis of reservoir
data, development of simulation models, selection of simulation grids, history matching,
and prediction of reservoir performance. Other practical topics such as upscaling, recovery
optimization, and surface network systems can be found in Chen, Huan, and Ma (2006).

10.1 Design of Study Objectives

The main goal of reservoir simulation is to predict future performance of a reservoir and
find ways and means of optimizing the recovery of some of the hydrocarbons under various
operating conditions. Its major study objectives involve estimating fluid movement and stor-
age, impact of operating strategies, distribution of fluid and heat, production profiles for
profitability decision making, reservoir management, and evaluation and design of novel
production technologies. The design of these study objectives is the most crucial and fun-
damental step in the application of any reservoir simulator. They dictate the scope and type
of the simulation model to be employed, the amount of company resources to be allocated,
the quality of history matching to be performed, and the type of prediction cases to be made.

The design of study objectives depends on the stage of hydrocarbon recovery of the
subject reservoir (the appraisal (preproduction), primary, secondary, or enhanced recov-
ery stage), the quantity and quality of available production and reservoir data, and time
frames. For example, (1) in the appraisal stage, the available data from the drillstem tests
from exploration and appraisal wells are very limited and can be used solely for a prelim-
inary history matching of the reservoir model; the objectives in this stage may include the
determination of the range of reserves and timing of production for the field. (2) As for the
data availability, if oil/gas relative permeability data are not available, a simulation study
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194 Chapter 10. Practical Topics in Reservoir Simulation

Study objectives
| Compositional |—| Black oil model H ThermalH Chemical|
|
Sectional |—| Single well HRegional|
Gridding
Cartesian |—| Corner point |
|

| Initial conditions |—| Fluid properties H Rock properties |
|

Water saturation |—| Water/oil contact Pressure Gas saturation Gasfoil contact

Solution

| Well management data |

| Production/injection schedules |

Figure 10.1. Major steps in reservoir simulation study.

Table 10.1. More details on reservoir simulation steps.

Reservoir description Input data

Recovery mechanism Water flood, gravity drainage, . ..
Mathematical model Black oil, compositional, . . .
Numerical model Finite difference, finite elements, . ..
Computer model Fortran, C++, ...

Model validation Pressure vs. time, . ..

History match Gas/oil ratio, water/oil ratio, . . .
Performance prediction | Production vs. time, ...

of potential gas flood will not produce any reliable prediction. (3) Regarding the timing of
the study, if simulation results are required in a short period of time, detailed predictions
cannot be made.
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10.2 Analysis of Reservoir Data

Reservoir simulation is the most powerful predictive tool available to the reservoir engineer;
it involves far more geological and reservoir data than any other reservoir performance
forecast tool. As a result, it requires much more data than others. A list of data sources
available to the reservoir engineer are shown in Table 10.2 (Ertekin, Abou-Kassem, and
King, 2001), and data for reservoir simulation are listed in Table 10.3. Here we briefly
describe some of the more common data required in reservoir simulation.

Table 10.2. Reservoir data.

Depth Structure area Gross thickness

Net thickness Lithology Production rate
Mechanical properties Contacts Pressure

Porosity Permeability Fluid saturation

Pore sizes Production mechanism Hydrocarbon properties

Water properties

Table 10.3. Data for reservoir simulation.

Static data

Rock
D Formation top (structure)
h; Gross formation thickness
hy Net pay thickness
¢ Porosity at initial pressure
Peow Drainage (water/oil) capillary pressure
Pcgo Drainage (gas/oil) capillary pressure
Fluid
B, Water formation volume factor
B, Oil formation volume factor
B, Gas formation volume factor
Puws Water density at standard conditions
Pos Oil density at standard conditions
Pgs Gas density at standard conditions

Data for water/oil displacement

Rock
k Absolute permeability
krw(Sw) Water relative permeability
kro(Sw) Oil relative permeability
Peow(Sw) Imbibition (water/oil) capillary pressure
CR Rock compressibility

Fluid
By, (p) Water formation volume factor
B,(p) Oil formation volume factor
Hw(p) Water viscosity
o (p) Oil viscosity
Cy Water compressibility
Co Oil compressibility

Data for gas/oil displacement

Rock
kro(So) Oil relative permeability
krg (So) Gas relative permeability
Fluid
Ry (p) Gas solubility
B, (p) Gas formation volume factor
He(p) Gas viscosity
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196 Chapter 10. Practical Topics in Reservoir Simulation

10.2.1 Geophysical Data

Geophysical and geological data are required in any reservoir simulator. In general, the
geophysical data describe the envelope of areservoir, and the geological data give the internal
anatomy. Seismic data are the most widely used geophysical data in reservoir simulation.
These data are generated using acoustic energy at the earth’s surface, transmitting this
energy toward the subject formation, and measuring and recording the time required for
this energy to be reflected back to the surface through subsurface strata (cf. Fig. 10.2 for
a 2D seismic process). Fig. 10.3 presents seismic lines for a cross section through the

Sour\ce Registers

X & m

Figure 10.3. Seismic lines for a cross section.

2007/¢
page 1

ST



10.2. Analysis of Reservoir Data 197

reservoir and the adjacent underburden and overburden strata. These cross sections are
used to provide the structure top and base and identify faults, formation pinchouts, reservoir
continuity, unconformity, and variations in reservoir thickness (Ertekin, Abou-Kassem, and
King, 2001). A drawback of seismic data is their relatively poor resolution. Any reservoir
property on a scale smaller than the resolution of the seismic survey cannot be detected by
the seismic technique.

10.2.2 Geological Data

Reservoir simulation is the only predictive tool that rigorously takes into account reservoir
geology. In fact, all available geological data must be properly incorporated into a simula-
tion study to meet the objectives. A geological model determines the distribution of reservoir
properties such as porosity, permeability, net pay, and flow barriers and is the basis on which
the reservoir simulation model is built. The requirements of the geological model for reser-
voir simulation are given in Table 10.4. The map requirement can be either a single value
for each reservoir layer or a contour map. The geological data sources include stratigraphy,
mud logging, geochemistry, paleontology, thin section, scanning electron microscopy, and
outcrop studies.

10.2.3 Engineering Data

Geological data are concerned with rock properties and the processes that control the dis-
tribution of these properties, while engineering data are concerned with the dynamics and
statics of reservoir fluids. The raw data used in the construction of geological models are the
same as those in engineering studies: core samples, openhole logs, and pressure-transient
data; however, the methods in which the data are processed and the study objectives are
distinct.

Core samples provide geologists and engineers with the sole opportunity for directly
measuring how actual reservoir rock and fluids behave under constraints. Table 10.5 indi-
cates some of the data obtained from core measurements for reservoir simulation. These
data may come from visual inspection, routine core analysis, or special analysis. Visual
inspection is a procedure of observing and handling the core material to obtain fundamental

Table 10.4. Geological data.

Structure top Net formation thickness Gross formation thickness
Porosity Horizontal permeability ~ Vertical permeability
Initial saturations Endpoint saturations Fluid contacts

Table 10.5. Engineering data.

Lithology Net formation thickness Gross formation thickness
Porosity Horizontal permeability ~ Vertical permeability
Initial saturations Endpoint saturations Rock compressibility
Relative permeability ~Capillary pressure
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198 Chapter 10. Practical Topics in Reservoir Simulation

Table 10.6. Openhole log data in reservoir simulation.

Lithology Water saturation Gas saturation
Porosity Net formation thickness Gross formation thickness
Vertical pressure gradient

Table 10.7. Pressure-transient data in reservoir simulation.

Horizontal permeability Formation damage Fluid samples
Shut-in well pressure Static reservoir pressure

rock properties, including lithology, presence of shale laminations and crossbeddings, gross
reservoir thickness, and net- to gross-thickness ratio. Routine core analysis measures basic
formation properties such as the porosity, absolute permeability, and initial saturations of
core samples. Special analysis deals with more complex reservoir properties such as end-
point saturations, relative permeability, capillary pressure, and compressibility, along with
many other reservoir properties.

Well log data are critical in measuring formation properties at in situ conditions and
at the reservoir scale. As a result, the degree of scaleup for these data is less than core data.
Furthermore, openhole logs are run on almost drilled wells. Thus the well log data are the
most abundant data available to geologists, petrophysicists, and petroleum engineers. A
list of reservoir simulation input data from openhole logs is given in Table 10.6 (Ertekin,
Abou-Kassem, and King 2001).

Pressure-transient data are measured at a scale appropriate for numerical reservoir
simulation and need little scaleup before use in the simulation as with well log data. These
data are concerned with cell permeabilities and well data in the simulation model. A list of
pressure-transient data is shown in Table 10.7.

We have so far considered the reservoir-rock properties, i.e., those for the hydrocarbon-
bearing rock associated with a subsurface hydrocarbon reservoir. In some petroleum reser-
voirs, there exist sections of the producing formation that are not hydrocarbon-bearing.
The performance of the reservoir can be greatly affected by this nonreservoir rock, such as
shales and aquifers. The effect of the nonreservoir rock may need be taken into account in
reservoir simulation.

10.3 Development of Simulation Models
10.3.1 Model Selection

The discussion of data sources in the previous section applies to general reservoirs. The
development of a reservoir simulation model deals with gathering these data to build an inte-
grated, coherent mathematical representation of the underlying reservoir. Basic components
in reservoir modeling are listed in Table 10.8, and some of these parts are briefly discussed.

The two important characteristics of a petroleum reservoir are the nature of the rock
and of the fluids filling it. A reservoir is usually heterogeneous; its properties heavily depend
on the space location. A fractured reservoir is heterogeneous, for example. It consists of a
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Table 10.8. Choice of modeling approaches.

Reservoir type Single porosity, dual porosity, dual porosity/permeability

Fluid model Black oil, compositional, thermal, chemical

Recovery processes | Primary, secondary, enhanced oil recovery (miscible, thermal, and chemical)
Model scope Single well, cross-sectional, window, and full field models

Model dimension 0D (tank type), 1D, 2D, and 3D models
Nonlinear solvers IMPES (IMPEC), sequential, SS, and adaptive implicit
Linear solvers Direct, iterative, preconditioned methods

set of blocks of porous media (the matrix) and a net of fractures. The rock properties in such
areservoir dramatically change; its permeability may vary from one milli-darcy (md) in the
matrix to thousands md in the fractures. While the governing equations for the fractured
reservoir are similar to those for an ordinary reservoir, they have additional difficulties that
must be overcome. The mathematical models presented in this book take into account the
heterogeneity of a porous medium but are limited to heterogeneous reservoirs (i.e., single
porosity reservoirs).

The concept of dual porosity (and dual porosity/permeability) has been utilized to
model the flow of fluids through fractured reservoirs (Pirson, 1953; Barenblatt, Zheltov,
and Kochina, 1960; Warren and Root, 1963; Kazemi, 1969). In this concept, the fracture
system is treated as a porous structure distinct from the usual porous structure of the matrix
itself. The fracture system is highly permeable but can store very little fluid, while the matrix
has the opposite characteristics. When developing a dual-porosity model, it is critical to
treat the flow transfer terms between the fracture and matrix systems (Chen, Huan, and Ma,
2006). To some extent, most petroleum reservoirs are naturally fractured.

The nature of the fluids filling a petroleum reservoir strongly depends on the recov-
ery processes occurring in the reservoir. In the very early stage, the reservoir essentially
contains a single fluid such as gas or oil (the presence of water can usually be neglected).
Often the pressure at this stage is so high that the gas or oil is produced by simple natural
decompression without any pumping effort at the wells. This stage is referred to as primary
recovery (primary depletion), and it ends when a pressure equilibrium between the oil field
and the atmosphere occurs. Primary recovery usually leaves 70—85% of hydrocarbons in
a conventional oil reservoir. During primary depletion, either the black oil or composi-
tional model can be used in reservoir simulation, depending on the importance of the phase
behavior.

To recover part of the remaining oil, for example, a fluid (water or gas) is injected into
some wells (injection wells) while oil is produced through other wells (production wells).
This process serves to maintain high reservoir pressure and flow rates. It also displaces some
of the oil and pushes it toward the production wells. This stage of oil recovery is called
secondary recovery (water or gas flood). For gas-displacement processes in volatile oil
reservoirs and pressure maintenance processes in gas condensate reservoirs, mass transfer
can significantly influence reservoir behavior. Incorporation of mass transfer effects can be
achieved only with the computational model.

Water or gas flood is not very effective, and after this stage 50% or more of hydrocar-
bons often remain in the reservoir. Due to strong surface tension, a large amount of oil is
trapped in small pores and cannot be washed out using this technique. When the oil is heavy
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200 Chapter 10. Practical Topics in Reservoir Simulation

and viscous, for example, the water is extremely mobile. If the flow rate is sufficiently high,
instead of producing oil, the production wells primarily produce water.

To recover more of the hydrocarbons, several enhanced recovery techniques have been
developed. These techniques involve complex chemical and thermal effects and are termed
tertiary recovery or enhanced recovery. Enhanced oil recovery is oil recovery by injecting
materials that are not normally present in a petroleum reservoir. There are many different
versions of enhanced recovery techniques, but the main objectives of these techniques are to
achieve miscibility (and thus eliminate the residual oil saturation) and reduce viscosity. The
miscibility is achieved by increasing temperature (e.g., in situ combustion) or by injecting
other chemical species like CO,. Flows of other types involve thermal methods, particularly
steam drive and soak, and chemical flooding, such as alkaline, surfactant, polymer, and foam
(ASP+foam) flooding. All flows of these types in petroleum reservoir applications, except
chemical flooding process, are considered in this book. The chemical flooding process has
special characteristics, such as chemical reaction, adsorption, and non-Newtonian fluids,
that must be addressed specifically (Chen, Huan, and Ma, 2006).

10.3.2 Grid Selection

Model discretization involves partitioning of a time interval and a spatial domain into
discrete segments. Time discretization results in time steps used to advance the simulation
model, while the discretization in space generates a finite difference grid or another type of
grid that gives the areal and geologic features to the model.

Gridblock structures

Various gridblock structures used in reservoir simulation are displayed in Fig. 10.4. The
issues related to grid selection include the dimension of the reservoir problem (1D, 2D, or
3D), the geometry of the reservoir system (Cartesian, radial, or distorted), and the fineness
of the grid (how many gridblocks are required).

The number of dimensions required by simulation depends on the reservoir and study
objectives. Zero dimensional (0D) models, or models of tank type, describe only reservoir
energy and cannot distinguish flow direction. The material balance method mentioned
in Chapter 1 is one such example. The objectives of using 0D models are to determine
initial fluid distribution in place, predict field production, estimate water encroachment, and
measure average saturation and pressure.

1D models allow for fluids to flow in a single direction and have limited applications for
modeling reservoir performance. These models are used to study various flow mechanisms
using core and slim tube displacements in laboratory. They can also be used for the study
of 1D gravity drainage and calculation of vertical transmissibility.

2D models are historically the most widely used models in reservoir simulation studies
since they can be employed for single-well models in an (r, x3)-coordinate system, cross-
sectional models in the x;- (or x,-) and x3-directions, and areal flooding problems. Stacked
areal models are composed of several 2D areal models that do not communicate within the
reservoir due to vertical transmissibility barriers but may communicate through the wellbore

2007/¢
page 2

ST



10.3. Development of Simulation Models 201
Grid structure Possible application
0D: Material balance, Single materialbalance

single cell

1D:

-Across bedding planes 1D gravity drainage
(vertical) Vertical transmissibility

computation

-Along bedding planes 1D Buckley-Leverett
(horizontal) @ type water flood

2D:

-Areal Areal flood

-Cross section

Cross-sectional

flood
3D:
-Full 3D~ 777 Full field
\ development
-Radial Coning study
geometry

Well pressure
response

Figure 10.4. Gridblock structures.

due to commingled production or through the surface production/injection facilities. They
can be used to study commingling and workover/recompletion strategies and tubing/surface-
facilities capacities.

With the advent of powerful computer architectures and improved reservoir charac-
terization technologies, many traditional 2D models now become the 3D standard models
for full field simulation. 3D models allow for fluid flow in all directions and can be used for
most of the simulation studies. A drawback of these models is the requirement of tremendous
computational time, particularly for multiphase, multicomponent flow.

In addition to the dependence of the grid selection on the problem dimension, the
reservoir flow problem itself also determines the grid geometry. For example, an (r, x3)-
grid should be used near a well, a 2D Cartesian grid is appropriate for a cross-sectional
problem, and a complex geology needs a possibly distorted grid.
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202 Chapter 10. Practical Topics in Reservoir Simulation

Grid orientation

As mentioned in Section 3.3.8, the 2D five-point finite difference method and the 3D seven-
point finite difference method are sensitive to the spatial orientations of a computational grid.
Grid orientation effects can cause a variety of problems, for example, in history matching
of individual well performance and in evaluation of sweep efficiency.

To be mathematically and numerically correct, the finite difference grid must be
oriented in the directions of the principal permeability axes of a reservoir since the finite
difference formulation does not incorporate all cross-derivative terms. In general, however,
the directions of these axes are unknown in the reservoir and should be replaced by other
directions. An approach is to use the orientation that minimizes the total number of active
gridblocks in the model. This approach also minimizes the computational time because
the latter depends on the number of the active blocks. Another approach is to select the
orientation that maximizes the number of potential wells that fall on or near block centers.
Finally, if strong permeability anisotropy is known to exist in the subject reservoir, the finite
difference grid must be oriented in the direction of the permeability trend, which is the sole
way to handle the anisotropy.

Distorted grids

In reservoir simulation, many important physical and chemical phenomena are sufficiently
localized and transient that local grid refinement is necessary to resolve them, such as flow
behavior near the wellbore, fluid streaking due to stratification, and coning/cusp phenomena.
Fig. 10.5 lists various types of local grid refinement techniques used in the finite difference
method. In these techniques, the grid is automatically refined or unrefined depending on a
local error indicator. They can lead to a very complex data management problem because
they involve the dynamic regeneration of a grid, renumbering of nodal points and elements,
and element connectivity.

When significant faults are present, the use of a distorted grid may be justified to
allow for a proper computation of fluid flow across these faults (cf. Fig. 10.6). This is

Extended refinement

Local refinement
(rectangular)

Local refinement
(radial and hybrid)

Figure 10.5. Types of local grid refinement.
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Figure 10.6. Distorted grid.

accomplished using corner point geometry. However, the reader should keep in mind that
the distorted grid stills bears the weakness of grid orientation relative to the locations of
wells.

10.4 History Matching

Much of reservoir engineering often involves, first, tuning uncertain parameters of a given
reservoir to dynamic data and, second, using the tuned model to predict the performance
of the reservoir under different operating scenarios. The tuning process is termed history
matching and usually requires many simulation runs to determine the sensitivity of the results
to the uncertain parameters. Once the sensitivities have been established, the reservoir
engineer adjusts the values of the model input parameters to improve the match between the
targeted field data and the simulation results. Using the history matched model, different
production strategies are tested in which well placement, operating pressure, injectant rate
schedules, and other well controls are altered to improve performance of the reservoir. In
general, the number of development strategies examined depends on the size of the model,
the available computing hardware, and expertise of the engineers.

The main objective of history matching is to improve and validate the reservoir sim-
ulation model developed. In practice, for a given production schedule, the matching data
usually are (1) observed gas/oil ratios and water/oil ratios; (2) observed average pressures
(shut-in pressures) or pressures at observation wells; (3) observed flowing well pressures;
and (4) observed oil production rates. The process of history matching is time consuming
and extremely difficult. It often represents a large portion of the cost of a petroleum reservoir
study.

History matching can be done manually or automatically by adjusting model parame-
ters through a trial-and-error procedure. Manual history matching runs the simulation model
for the historical production period and then compares the results with the known field per-
formance. After the comparison is made, the reservoir engineer will adjust the simulation
data in an effort to improve the match. The choice of the input data to adjust is made by the
engineer and requires knowledge and experience of the engineer on the subject field.
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204 Chapter 10. Practical Topics in Reservoir Simulation

Automatic history matching is the same as manual, except that computer logic is
employed to adjust the reservoir data rather than direct intervention of the reservoir engineer.
The use of automatic history matching can remove specific knowledge and experience of
the field under study. Many approaches are used to do the automatic history matching, and
each one attempts to minimize an objective function. This objective function is defined as
a function of the difference between the observed reservoir performance and the simulated
reservoir behavior during the historical period.

No industrial standard exists as to what constitutes a successfully matched simula-
tion model. The determination of a successful history match varies individually. What is
important is that the history match be consistent with the simulation study objectives.

10.5 Prediction of Reservoir Performance

In history matching, a simulator is used to match historical reservoir performance. In the
prediction stage, the matched simulator is utilized to predict future performance of a well or
a reservoir under different operating strategies. The reservoir engineer studies a variety of
scenarios and chooses a strategy that will likely generate the most desirable performance.
The engineer also has an opportunity to show the potential benefits of new ideas and give
results of high interest to a company or client. Predictions can be made through the use of the
black oil, compositional, or thermal simulator described in this book. The prediction process
involves the selection of prediction cases, preparation of input data for predictions, proper
use of history matching, review and analysis of predicted performance, and evaluation and
report of the predicted performance. The reader can refer to Mattax and Dalton (1990) for
more information on each of these parts.
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1D models, 200

2D areal grid, 20

2D cross-sectional model, 20
2D models, 200

3D models, 201

Absolute permeability, 8
tensor, 26
Acceleration loss, 78
Acentric factor, 135, 160
Adaptive implicit methods, 94, 127
Air density, 108
Amplification factor, 46
Analogical methods, 1
Analytic solution, 31, 91
Analytical formulas, 68
Analytical methods, 2
Analytical solution, 68
Anisotropic, 8
Anisotropic media, 71
Archie’s law, 142
Arithmetic average, 21, 53

Backward difference quotient, 35
Backward difference scheme, 43
Backward Euler, 44
Basin models, 131
Binary interaction parameter, 135, 159
Block seven-point stencil, 116
Block transmissibility, 53, 97
Block-centered grid, 38
Boltzmann change of variable, 32
Bottom hole pressure, 70
Boundary conditions, 30, 39, 59, 89
first kind, 31, 39
second kind, 31, 40
third kind, 31, 41

215

Breakthrough time, 91
Bubble point, 175

pressure, 108

problems, 118
Buckley-Leverett equation, 88, 89
Buckley-Leverett method, 3
Bulk density, 152
Bulk specific heat capacity, 152
Bulk thermal conductivity, 152, 179

Capillary pressure, 14, 15, 84, 107
Centered difference quotient, 36
Centered second difference quotient, 37
CFL condition, see Courant—
Friedrichs-Lewy condition
Characteristic, 92
Charge rates, 131
Chemical equilibrium, 147
Chemical flood, 4
Chemical potential, 147
Classification of differential equations, 88
Component, 9
Compressibility, 10
Compressible, 9
Compressible flow, 29
Conditionally stable, 43
Connate, 13
Consistency, 44
Constrictivity, 145
Conventional recovery, 4
Convergence, 47
Core samples, 197
Corey’s model, 16
Coupling
of flow and well equations, 75
of wellbore-hydraulics and reservoir
models, 78
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Courant-Friedrichs-Lewy (CFL)
condition, 48
Crank—Nicolson difference scheme, 44
Critical saturation, 15
Cubic equation, 160
Cumulative production
liquid, 92
oil, 94
water, 93
Curvature, 83
Cylindrical coordinates, 31

Dankwerts boundary condition, 31
Darcy velocity, 23

Darcy’s Law, 25, 84, 104, 132, 158, 178
Decline curve methods, 2

Density, 23

Dew points, 175
Diffusion/dispersion, 136
Diffusive flux, 146

Dirichlet boundary condition, 31
Discrete problem, 20

Distorted grids, 202

Distribution function, 92
Drainage, 13

Dual porosity, 199

Dual porosity/permeability, 199

Effective permeability, 84

Elliptic, 88

Elliptic equation, 28

Empirical relations, 141

Energy conservation, 22, 183

Energy conservation equation, 177, 179

Enhanced recovery, 200

Enthalpy, 179

EOS, see Equations of state

Equations of state, 26, 159
parameters, 135

Equilibrium K-value approach, 159,

181

Equilibrium relations, 158

Equivalent radius, 69, 70

Experimental methods, 1

Explicit approach, 48, 56

Exponential integral function, 33

External work loss, 78
Extrapolated, 39
Extrapolation approach, 59

Fick’s law, 136
Finite difference methods, 34
First difference quotients, 34
Five-point stencil, 42
Flash calculation, 170
Flow rates, 105
Flowing bottom hole pressure, 67
Fluid compressibility, 26
Fluid density, 11
Fluid properties, 107, 181
Fluid viscosity, 12, 133
Forced convection, 152
plus dispersion, 154
Formation resistivity factor, 141
Formation volume factor, 11, 25
Formulation in phase pressures, 85
Forward difference quotient, 35
Forward difference scheme, 43
Forward Euler, 43
Fractional flow, 15, 86
Fractured reservoir, 198
Free gas, 107
Friction loss, 78
Fugacity coefficient, 160
derivatives of, 172
Fully implicit approach, 60

Gas cap zone, 110
Gas compressibility factor, 10, 29
Gas formation volume factor, 105
Gas law, 10, 29
Gas solubility, 104

factor, 11
Gas/oil transition zone, 111
Geological data, 196, 197
Geological model, 197
Geometric averaging, 53
Geophysical data, 196
Ghost point, 40
Global formulation, 87
Global pressure, 87
Gradient operator, 26
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Gravity equilibrium condition, 31, 52

Gravity segregation, 146

Grid orientation, 21, 202
effects, 51

Grid selection, 200

Grid structure, 20

Grid systems, 38

Gridblock structures, 200

Harmonic average, 21, 54
Heat capacity, 152, 179
Heat conduction equation, 88
Heat source/sink term, 152
Heptadiagonal, 58
Heterogeneous, 7, 198
History matching, 203
Homogeneous, 7
Horizontal wells, 72
Hydraulics model, 78
Hydrostatic head, 78
Hydrostatic relation, 110
Hyperbolic equation, 88
Hysteresis, 14

Imbibition, 13
Immiscible flow, 83
IMPEC, 162
iterative, 163
Impervious boundary, 31, 90
IMPES, 83
classical, 99
improved, 83, 94, 101
iterative, 124, 127, 162
solution techniques, 124
Implicit schemes, 49
Incompressible, 9
Incompressible flow, 28
Inflow boundary condition, 48
Inflow performance, 81
Initial conditions, 30, 31, 52, 90,
95, 110
Intermediate wet formation, 12
Interstitial velocity, 92
Isotropic, 8
Iteration switch, 175

L — X iteration type, 166
Laplace equation, 28

Laplacian operator, 28

Lax equivalence theorem, 47
Leakage, 131

Linearization approach, 57
Lobe-shaped protuberances, 152
Local thermal equilibrium, 177
Lohrenz correlation, 133
Longitudinal dispersion, 137

Mass accumulation, 24
Mass conservation, 22, 84, 132, 158, 178,
183
Mass conservation equations, 25, 103
on standard volumes, 106
Mass flux, 24
Mass fractions, 105, 162
Material balance, 22, 63
analysis, 63
equation, 92
methods, 2
Mathematical methods, 1
Matrix, 199
Mechanical equilibrium, 147
Method of separation of variables, 32
Midpoint weighting, 98
Miscible displacement, 4
Mixed kind, 31
Mixing principle, 159
Mobility, 15
Modeling stages, 1
Molar density, 132, 157
Mole fraction, 132, 157
balance, 158
Molecular diffusion, 137
Multilayer well models, 74

Naar—Henderson model, 17
Naar—Wygal model, 19

Natural ordering, 58

Neumann boundary condition, 31
Newton—Raphson flash calculation, 171
Newton—Raphson method, 61

No-flow boundary, 90

No-flow boundary condition, 31
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Nonisothermal flow, 151
Nonwetting phase, 83
Numerical dispersion, 22, 50
Numerical method, 20

Off-centered wells, 73

Oil formation volume factor, 104
Oil recovery methods, 13

Oil viscosity compressibility, 108
Oil wet formation, 12

Oil zone, 111

Oil/gas contact, 112

Oil/water zone, 111

Overburden, 179

Parabolic, 88

Parabolic equation, 29

Parabolic problem, 42

Peng—Robinson equation of state (PR EOS),
135, 159

two-parameter equation of state, 135,

160

Pentadiagonal, 58

Permeability, 8

Permeability-porosity correlation, 9

Petroleum reservoir, 1

Phase, 9

Phase equilibrium state, 158

Phase mobilities, 86

Phase states, 108

Point sources and sinks, 67

Point-distributed grid, 38

Poisson equation, 28, 88

Pore throats, 7

Pore velocity, 25

Pores, 7

Porosity, 7, 23

Potential, 27

Prediction of reservoir performance, 204

Pressure equation, 86

Pressure-transient data, 198

Pressure-transient method, 3

Pressure-volume-temperature, 10, 29

Primary depletion, 199

Primary recovery, 199

Process simulation models, 13

Pseudopotential, 27

Raw gas density, 108
Redlich—Kwong equation of state
(RK EOS), 161
Redlich-Kwong—Soave equation of state
(RKS EOS), 161
Reflection point, 40, 59
Relative permeability, 15, 17, 85
Reservoir data, 195
Reservoir engineering methods, 1
Reservoir simulation, 1, 3
applications, 4
stages, 3
Reservoir simulator classifications, 4
Residual saturation, 13, 15
gas, 13
oil, 13
Robin boundary condition, 31
Rock compressibility, 8, 28
Rock properties, 180
Rock/fluid properties, 106

Saturated state, 108
Saturation, 13, 83
Saturation equation, 87
Second difference quotients, 34, 36
Secondary recovery, 199
Seismic lines, 196
Selection of time steps, 123
Semi-implicit methods, 63
Semipervious boundary, 31
Sequential, 94
Sequential solution techniques, 120
Seven-point stencil, 96
scheme, 57

Simultaneous flow, 83
Simultaneous solution, 94, 112
Single-layer well models, 69
Single-point upstream weighting, 98
Slightly compressible, 9
Slightly compressible flow, 28
Solution gas, 107
Solution of Peng—Robinson cubic

equation, 173
Soret effect, 146
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Source/sink terms, 95, 133
Sources and sinks, 23

Spatial discretization, 21, 53, 96
Specific internal energy, 179
Specific weight loss, 78

Spill, 131

Spontaneous imbibition, 13

SS, see simultaneous solution
Stability, 43, 45

Stability condition, 46

Stable operating point, 81
Stacked areal models, 200
Stationary problem, 41
Statistical methods, 2

Stone’s model I, 19

Stone’s model II, 20, 107

Study objectives, 193
Successive substitution method, 170
Surface tension, 83

Temporal discretization, 21
Ternary diagram, 17
Tertiary recovery, 200
Theoretical relations, 138
Thermal recovery, 4
Threshold pressure, 14
Time discretization, 52
Tortuosity, 138

Total compressibility, 29
Total mass variable, 162
Total mobility, 86

Total mole fraction, 162
Total velocity, 86
Transient problem, 42
Transmissibility, 21, 105

Transverse dispersion, 137
Tridiagonal, 58

Truncation error, 42, 50

Tubing performance, 81
Two-point upstream weighting, 98

Unconditionally stable, 44
Underburden, 179
Undersaturated state, 108
Units, 6, 26

Universal gas constant, 10, 29
Unstable operating point, 81
Upstream weighting, 21
Upwind, 48

Upwind implicit scheme, 49

Viscosity, 182
Volumetric deficiencies, 161
Von Neumann criterion, 46

Water formation volume factor, 105
Water wet formation, 12
Water zone, 112
Water/oil contact, 112
Wave equation, 88

Wave problem, 48
Weighted averaging, 54
Weighted fluid gravity, 95
Weighted formulation, 87
Well constraints, 128
Well coupling, 128

Well log data, 198
Wellbore, 34

Wettability, 12

Wetting phase, 83



